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Abstract
The freeze-out (FO) in high-energy heavy-ion collisions is assumed to be
continuous across finite layer in space–time. Particles leaving local thermal
equilibrium start to freeze out gradually till they leave the layer, where all
the particles are frozen out. To describe such a kinetic process we start from
Boltzmann transport equation (BTE). However, we will show that the basic
assumptions of BTE, such as molecular chaos or spatial homogeneity do not
hold for the above-mentioned FO process. The aim of the presented work is
to analyse the situation, discuss the modification of BTE and point out the
physical causes, which yield to these modifications of BTE for describing FO.

1. Continuous freeze-out and Boltzmann transport equation

For introduction let us describe the continuous freeze-out (FO) process in the layer. FO is
an important phase in dynamical processes and is mostly assumed to be discontinuous in
space–time (ST) and described by three-dimensional hypersurface, separating local thermal
equilibrium phase and fully frozen, i.e. non-interacting matter. In order to have more realistic
description of the FO let us take two closed and disjoint three-dimensional hypersurfaces S1

and S2 in ST. At early times, centrally in the collision region we have intensively interacting
matter, which is equilibrated and thermalized; this is the fluid-dynamical domain bordered
by the S2 hypersurface, which has a normal 4-vector dσµ and can be space-like or time-like
[1]. The location of this surface is given by the fact that the interacting fluid is cooling
and expanding, and reaches a point when interactions are not frequent enough to maintain
full thermal and hydrodynamical equilibrium locally. Some particles will not interact any
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more beyond this hypersurface. Later on in the expansion and cooling we reach an other
hypersurface, S1. By reaching surface S1 on their way, all particles become non-interacting
or free. Thus, when reaching this surface the FO process is completed. The phase-space
distribution of particles does not change any more. Between S2 and S1 we have a layer, where
frozen particles are produced. To describe such a far from equilibrium process one can use
Boltzmann transport equation (BTE), which may describe equilibrium and non-equilibrium
processes equally well.

The BTE can be derived from the conservation of charges in a ST domain, "4x,
assuming the standard conditions [2]: (i) only binary collisions are considered, (ii) ‘molecular
chaos’ assumption, i.e. that the number of binary collisions at position x is proportional to
f (x, p1) × f (x, p2) and that (iii) f (x, p) is a smoothly varying function compared to the
mean free path.

For the PS integration over the momenta of the other three particles participating in the
binary collision we use the notation: 12D3 ≡ d3p1

p0
1

d3p2

p0
2

d3p3

p0
3

. Shortening the notation further, by
dropping the momentum arguments of the PS distributions and keeping the indices only, BTE
reads

pµ∂µf = 1
2

∫
12D4f1f2W

p4
12 − 1

2

∫
2D34ff2W

34
p2. (1)

Now, aiming for the description of freeze-out, let us split up the distribution function, f , into
two distribution functions: f = f i + f f , where f f is the phase-space distribution function of
the ‘free’ or frozen-out particles, which do not collide any more, while f i is the interacting
component [3, 4]. Thus, the freeze-out process is represented here by gradually populating
and building up the ‘free’ component while draining particles from the interacting component.
As the particles belonging to the free component may not collide any more, they do not appear
in the initial state components of collision integrals! The gain term, f1f2W

p4
12 ≡ f i

1f
i
2W

p4
12 ,

populates both the interacting, f i, and free, f f , components, so we will introduce a FO
probability, Pf , which ‘feeds’ the free component. The probability is phase-space dependent,
but it may depend on the positions and momenta of both incoming particles, and it can weight
the outgoing phase space for one (or both) outgoing particles. In the most simple case we have
to assume that it depends at least on the momentum of the outgoing particle, which belongs to
the component f f : PFO(x, p) ≡ Pf . Thus, the complete BTE yields

pµ∂µ(f i + f f) = 1
2

∫
12D4f

i
1f

i
2

[
PfW

p4
12 + (1 − Pf)W

p4
12

]
− 1

2

∫
2D34f

if i
2W

34
p2. (2)

We can separate above equation into two equations. Sum of them returns BTE:

pµ∂µf f = 1
2

∫
12D4f

i
1f

i
2PfW

p4
12 (3)

pµ∂µf i = −1
2

∫
12D4f

i
1f

i
2PfW

p4
12 +

1
2

∫
12D4f

i
1f

i
2W

p4
12 − 1

2

∫
2D34f

if i
2W

34
p2. (4)

The free component does not have a loss term because particles in the free component do not
interact anymore and cannot be lost. The first term of the second equation is a drain term,
describing the escape or FO of particles from the interacting component. It is the inverse
of the gain term for the free component. The last two terms are influencing the interacting
component, and do not include the FO probability factors! Thus, these two terms drive the
interacting component towards re-thermalization. For these the relaxation time approximation
can be used [5, 7]:
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pµ∂µf i = −1
2

∫
12D4f

i
1f

i
2PfW

p4
12 + p0

f i
eq − f i

τrel
. (5)

2. Modified Boltzmann transport equation

Now, the question arises, can the BTE handle realistically the FO process? We have seen
that the structure of the kinetic equations, used earlier to describe freeze-out [4–7], and the
separation of the ‘escape’ and ‘re-thermalization’ terms come out in a simple, straightforward
way from the BTE.

The usual structure of the collision terms in the BTE is not adequate for describing rapid
FO in a layer, which is comparable to the mean free path. If we assume the existence of
such a layer (where density gradient in the dσµ direction is very high), this immediately
contradicts assumption of BTE (see point (iii)): the change is not negligible in the direction
of dσµ. The assumption of ‘molecular chaos’ is also violated in a FO process because the
density of interacting particles is much higher near hypersurface S2 and goes to zero on the
hypersurface S1. Thus, number of collisions is not proportional with f (x, p1) × f (x, p2),
but it is delocalized in the normal direction, dσµ, with f (x1, p1) × f (x2, p2), where xk is the
origin of colliding particles, i.e. the ST point where the colliding particles were colliding last,
xk = x − ukτk, τk is the collision time, u

µ
k = (γk, γk$vk), γ = 1/

√
1 − $v2 and $vk = $pk/p

0
k .

The appropriate equations to describe continuous FO can be a modified Boltzmann transport
equation (MBTE), following equations (3) and (5):

pµ∂µf f(x, p) = 1
2

∫
12D4PfW

p4
12 f i(x1, p1)f

i(x2, p2), (6)

pµ∂µf i(x, p) = −1
2

∫
12D4PfW

p4
12 f i(x1, p1)f

i(x2, p2) + p0
f i

eq − f i

τrel
. (7)

This is an essential modification if the PS distribution has a large gradient in the space–
time. This gradient defines a ST 4-vector, characterizing the direction of the process, dσµ.

A simple general solution of the MBTE (6), (7) cannot be given, but it serves as a basis
for simplified, phenomenological kinetic models describing the freeze-out process.

3. Lorentz–Boltzmann linear approximation and escape probability

The starting point to solve MBTE may be Lorentz–Boltzmann linear approximation, where
deviation from locally equilibrated distribution, f

(0)
k (x, pk), is taken into account as a small

correction, φ(xk, pk), around x [8]:
fk(xk, pk) = f

(0)
k (x, pk)[1 + φ(xk, pk)] (8)

where φ(xk, pk) is delocalized function and it keeps the norm of the distribution function
fk(xk, pk). The deviation, φ(xk, pk), from equilibrated distribution is due to (i) on the
interacting side, momentum distribution is more spread out than on the FO side, because
of the cooling; (ii) the density of interacting particles decreasing going towards FO side
(in the direction of dσµ). φ(xk, pk) can be approximated as φk(xk, pk) ≈ φk(x, pk) +(
x

µ
k − xµ

)
∂µφk(x, pk) + cpφp

µ
k dσµ. Particles with momentum p

µ
k propagates from x

µ
k to

xµ, so that
(
x

µ
k − xµ

)
= −cxφp

µ
k , then φk(xk, pk) ≈ φk(x, pk) + cφp

µ
k dσµ.

Now using above approximation and inserting (8) into the MBTE (6), we get

pµ∂µf f(x, p) = 1
2
f (0)(x, p)

∫
12D3f

(0)
3 PfW

3p
12 (φ1 + φ2), (9)

where f (0)(x, p) is locally equilibrated interacting distribution and f
(0)
3 is distribution of the
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particle leaving the collision. Such a form of MBTE is more transparent, because just the
φ1 = φ(x1, p1) and φ2 = φ(x2, p2) are influenced of ST configuration of the FO layer.
Performing the integral over p3 leads to an averaging over transition rate. And assuming
small angle scatterings, that the transition rate W

3p
12 ≈ ωδ(p − p1)δ(p − p2), we can rewrite

equation (9) as

pµ∂µf f(x, p) = f (0)(x, p)ni(x)Pf
(pµ dσµ)2

p0
, (10)

where ni(x) =
∫ d3p3

p0
3

f
(0)
3 (x, p3).

In order to solve the continuous emission of particles in a layer, we introduce escape
probability: dσµ∂µf f(x, p) = f i(x, p)P ∗

esc. It depends on the ST coordinates, on the
interacting part of the PS distribution, on the transfer properties and FO probability:
P ∗

esc(x, p, f i, dσ,w,Pf). The derivation above did neglect several details and features,
however, reflects the basic structure of ad hoc kinetic FO models [4–7]. The invariant
escape probability, within the FO layer (length of a layer denoted by L), covering both the
time-like and space-like parts of the layer, P ∗

esc = 1
λ(x̄1)

(
L

L−xµ dσµ

)a(pµ dσµ

pµuµ

)a
*(pµ dσµ). The

more detailed investigation about escape probability P ∗
esc(p) for different dσµ can be found

in [9, 10].

4. Conclusions

The freeze-out process was discussed in the four-dimensional space–time in a layer of finite
thickness. Arising from the physical process this layer is directed, it has an inside and outside
boundary, which are not identical. The processes in the layer are not isotropic, they must be
sensitive to the direction of the layer. It is shown that, as a consequence, the basic assumptions
of the Boltzmann transport equation are not satisfied in this layer, and the equation should be
modified. It is also shown that earlier ad hoc kinetic models of the freeze-out process can be
obtained from this approach in a fully covariant way, and freeze-out in space-like and time-like
directions can be handled on the same covariant footing.
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