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General formulas for a two-electron operator for open-shell atoms in a coupled tensorial form are presented. Various rep-
resentations of a two-electron operator in coupled tensorial form are studied. The consideration covers the cases when the
two-electron operator represents atomic interactions or some effective interaction, for instance, arising from a perturbation the-
ory. The second quantization technique is used. General formulas are derived in LS coupling. Two consistent approaches to
make the coupled tensorial form for a two-particle operator are studied in detail.
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1. Introduction

For many-electron atoms and ions the ability to
present a two-electron operator and its matrix elements
in a form optimal for the considered task may be deci-
sive for successful calculation solutions of many theo-
retical spectroscopy problems. For instance, to produce
highly precise atomic structure data the large-scale con-
figuration interaction (CI) calculations [1] and many-
body perturbation theory (MBPT) [2,3] are used at
present. The combined approach CI+MBPT, where CI
and MBPT methods are applied in cooperation, are in-
tensively developed [4]. All these methods need very
large sets of the matrix elements for two-electron oper-
ators associated with atomic interactions or with some
effective interactions of MBPT. However, the genera-
tion of such sets is consuming much time and demands
large storage space in a computer. Note that the ma-
jor part of calculations is the determination of the an-
gular parts of matrix elements (angular integration) of
a two-electron operator. Therefore, a variety of tech-
niques and methods [5] allowing to derive the formulas
which enable one to write efficient (economic) com-
puter codes of calculations of the matrix elements for
a two-electron operator is developed.

Traditionally the calculations are carried out [1, 6]
with the wave functions and operators in a coordi-
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nate representation [7,8]. However, recently the ef-
fective methods employing the operators given in a
second quantization representation (SQR) in a cou-
pled tensorial form have been constructively devel-
oped [9-11]. The possibility of manipulation with the
creation and annihilation operators as the irreducible
tensors to achieve the most favourable shape for two-
electron operator for a multishell atom gives some ad-
vantage over the coordinate representation, where the
variety of forms for the tensorial products are more lim-
ited.

In SQR a coupled tensorial form of a two-particle
operator was developed in a number of papers ([12—15]
and references cited therein). Here we point out the
paper [14] where the detailed consideration of a two-
particle operator and matrix elements has been given by
suggesting the special orderings and coupling schemes
for the tensorial products of creation and annihilation
operators. In [15] the expressions in a coupled tenso-
rial form for an effective two-particle operator used in a
second-order MBPT were presented. However, the or-
derings and coupling schemes used in [15] were slightly
different than in [14]. In [15] also the formula for the
matrix element of a two-particle operator was given.

In the present paper we continue the previous studies
[15] by considering two consistent approaches to make
a coupled tensorial form for a two-particle operator.
Special attention is paid to the approach when the ex-
pressions for the operator considered are given in terms
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of submatrix elements of the coupled two-electron wave
functions. This gives more freedom in choosing a con-
venient way for the calculations of matrix elements for
open-shell atoms.

In Section 1 various ways to obtain a coupled tenso-
rial form for a two-electron operator are studied. Sets
of expressions in SQR for two-electron operator are pre-
sented. To illustrate the application of the method de-
veloped, the operator of the spin—other-orbit interaction
is considered in Section 2. The Appendix contains for-
mulas necessary to find expressions for the recoupling
coefficients.

2. Two-particle operator in coupled form

In this section we present two different sets of ex-
pressions obtained in two approaches which use differ-
ent ways of coupling for a two-particle operator given in
a second quantization representation. Consider a two-
particle g;; operator for N-electron atom [7]

N
G:Zgij:%zgij- (0

i<j i£j

Here it is assumed that g;; = g;;. For many atomic in-
teractions the operator g9 is presented as the following
tensorial product [7]:
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where g(71, r2) is the radial part of g;9. The first factor
on the right-hand side of (2) represents the Clebsch—
Gordan coefficient. gl(k"'”) is an irreducible tensorial
operator of ranks k; and x; in [ and s space of electron
1, respectively. The resulting rank I' = k£ 4 k. We use
the following notations: v = kk, m, = mym,, and
A= ls.

The second quantization representation of G is given by the following expression [9]:
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Here a,,. »..,. and a7, ,, , denote electron creation and annihilation operators. In our considerations 4, 7, 5, 4" indi-
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In (3), a matrix element
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In the present paper we develop the approaches when uncoupled (first approach) and coupled
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(second approach) two-electron wave functions are used to determine the matrix element of gEZ)TI;LF in (3). In addition,
for both approaches we also study the representations of G starting the summation over m, with the antisymmetric

matrix element ([16])
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Note that in the above discussion it has been assumed
that the second factor in expression (3) is the matrix el-
ement of a two-electron operator g1 with the definite
tensorial structure and symmetry properties and repre-
sents some atomic interaction in an atom. However, the
expressions like (3) also appear when studying the per-

turbation theory expansion terms (diagrams). In this

(mr

case, instead of (i j ‘ G1a'mp | 7' j'), the sums of products

of the matrix elements for operators involved in a per-
turbation theory expansion emerge. These products can
be considered as the matrix element (7 j ‘eff Or | 7"
eff (7)

Y12 mp
. I .
of some effective operator " g, ;- With the more com-

plicated tensorial structure and symmetry properties

than those of gﬁjlf;r. Nevertheless, our consideration

is developed in the way that covers the both cases.

In order to perform the sums over m) (to present
G in the coupled form) one needs to take into account
that a%\i = axm, and a(’\) = (=)™ aj\’_mA are
the irreducible tensorial operators of rank A. After the
summations are carried out, the operator G can be ex-
pressed as a multiple sum of the product of two factors.
One factor represents the irreducible tensorial product
of creation and annihilation operators, whereas another

one is a scalar (c-number) which involves the subma-
(kz"iz)

trix elements of g; and the recoupling coefficients
arising while constructing the tensorial product.

There is a number of ways a coupled tensorial form
for a two-particle operator G can be obtained. The par-
ticular way and the corresponding expression for G are
determined by the specific coupling scheme which is

used to make the irreducible tensorial product from aq({@\z
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and 6%\2. The coupled tensorial form also depends on

the tensorial structure of the second term in (3), i.e.
(T

on the matrix element (i j ‘912 mr‘ i’ j') or on the cor-

responding PT term which represents a particular dia-
gram. In the present paper the creation and annihilation
operators are given in the order proposed in [15]. The

(M) (/\)

operators a,,, and a,,; which act on the same shell are

placed side by side, whlle the operators a%\i and agni

acting on the first (second, third) shell of many-electron
wave function are situated to the left of those acting on
the second (third, fourth) shell. The summation over
m, was performed by using Jucys, Levinson, and Vana-
gas theorems [17]. Depending on the approach devel-
oped, we have carried out several recouplings of ranks
to make the irreducible tensorial product of creation and
annihilation operators. In the first approach, we applied
the Wigner—Eckart theorem [7] to the second term of
(3) and after the summation over m., the generalized
Clebsch—Gordan coefficient was obtained. Then, the
angular momenta of the generalized Clebsch—Gordan
coefficient was recoupled in the way that the resulting
ranks of tensorial products of a,(é‘i and a’ﬁﬁi associated
with particular shells should be coupled in a consecu-
tive order. More details of such technique can be found
in [15]. In the second approach, firstly Eq. (4) was used
to obtain the generalized Clebsch—Gordan coefficient
and after that the irreducible tensorial product was build
by recoupling angular momenta.

The final result of our study is a large set of the ex-
pressions for G. For convenience, these expressions are
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Table 1. The quantities for generation of the expressions for the operator GG in two-shell case.

AN, AN, o e GUMO 9950, 9950,
0,0 11 T21(—1,1,—-1,1)  (=1)72Fhrathz —cz1912D3%,
X (b1212D =+ tt1)
+(b1221Dl27+tt2)
—2, 2 2 1 T21(—17—171,1) —b1122D 621122D52
27_2 5 1 T21(1717_17_1) 99321 99521
-1, 1 3 1 "T22(-1,-1,1,1) (_1))\2+A2+71+V2 (01115 czin126(Ay, u) D3y
X(S(Al,’YQ)P—Fttl)
2 *T23(-1,-1,1,1) (=)@, cz12226 (A, d)
Xé(A1772)P|A1<—>)\2+ttl) XD§3|>\1<—>/\2,u<—>d
1,-1 4 1 "T24(-1,1,1,-1) (=1)" "2 ggb, (—)M M gg5,
2 °T25(1,-1,-1,1) (1) " ggb. (—1)* " gg3,.

Table 2. The quantities for generation of the expressions for the operator G in three-shell case.

AN1,AN, ANy o  GLH»0) 995, 9930

0,-1,1 2 T31(~1,1,-1,1)  —(by,sEN +tt)) —c21213D31 [uc—sa
+(612316(A1’ 71)TN + tt2)

0,1,—1 1 T31(1,-1,1,-1) (=1)*'ggb, (-1 g9z,

-2,1,1 4 T31(=1,-1,1,1)  (b,195D5+tt1) cz1123D%5

2,-1,—1 3 T31(1,1,-1,—-1)  ggi, 9972

—-1,1,0 5 T32(-1,1,-1,1) (=1)"2™273(p PN 4+ tt;)  czi303D5s
+(61332Dg+tt2)

1,-1,0 6 T32(1,-1,—-1,1) (=1)*2 ggb, (=1)*2 g9z,

-1,-1,2 7 T32(—1,-1,1,1)  (bypss PN +tt1) cz1233 D55

1,1,-2 8  T32(1,1,-1,—-1) ggb, 995

1,0,-1 9 T33(1,-1,1,—1) (=1)MFMTgg0 |y o, ()M g02 o

—-1,0,1 10 T33(=1,1,—-1,1)  (=)MFR2ggb 1y on, ()M 02 o

-1,2,-1 1 T33(—1,1,1,-1) (=DM Hhh2ggb |y o, (—1)M TR gz o

1,-2,1 12 T33(1,—1,—-1,1)  (=)MFA 7 R2g08 15 6n, (—D)M A2 002 I o

collected in Tables 1-3. Bellow, the detailed explana-
tion of the notations used in tables will be given.
For both developed approaches we write

G= Z Gy + Z Gy + Z Glijky
{i} {ij} {ijk}

+ Y Gl -
{ijkl}

(N

The operators Gy, Gy; vy Gyijikys Giijik,y actin the
space of the states of one, two, three, and four shells,

respectively. The sums in (7) run over all possible dis-
tributions {i}, {ij}, {ijk}, {ijkl} of shells of the N-
electron wave function. It is assumed that i < j < k <
l. Each operator in (7) is presented as

Gpy = Z *GUAIAO 967 (a, 0e, A1A2,T), (8)
ArAs
a e

where x = b, z denotes the quantities obtained in the

first and second approaches, respectively. * ngiAz)(V)nl;F

stands for the irreducible tensorial products of the
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Table 3. The quantities for generation of the expressions for the operator GG in four-shell case.

AN1, AN, AN5, AN, o G0 994, 993,
—-1,—-1,1,1 1 T41(-1,-1,1,1) ( 43DV+tt1) —cz1243 D%
( )71+A2+A3(bg143D21+tt2)
1,1,-1,-1 4 T41(1,1,-1,-1) g4, 9
-1,1,-1,1 2 T41(~1,1,-1,1)  —(by, 4, D% +tt1) (=DM FreFhitl
b z
F(bg1940(Ay,72) Dy ttt2) XCZ3142D42‘)\1<—>)\2
17_1717_1 6 T41(17_1717_1) gZQ %
1,-1,-1,1 3 T41(1,-1,-1,1) (=1 thtis cz3241 D%
><(63241DV—|—tt1)
( )”/2+X1 A2
X (bgy146(A 1,72)D22+tt2)
-1,1,1,-1 5 T41(—1,1,1,—1) g, 9Zs
operators a%\z and 57(7’1\2 with the intermediate A, Ao tum numbers can be transformed into the single prod-

and the resulting v, I' ranks. Further for simplicity we
(AlAZ)(mL instead of G&Agih)m,gr.
Note that the submatrix element of G, (A1A2)MF
(AlAz)(

use the operator G
- canbe

easily obtained from one of G 7)7 by using sim-
ple relation presented e. g. in [9, 10]. The expressions
for the scalar factor gg”(«, ge, A1 A2, T") will be dis-
cussed later. The indices a and g, characterize the set
{n; Xinj A; n] /\; n; \;} of quantum numbers in (8). «
specifies the number of shells the operator GG acts on.
Note, the maximum number of shells the operator G
can act on is four. We collected the terms of the opera-
tor G with definite « into groups and labelled them by
0e- The operators of a particular group connect only the
configuration states (...Ny,...No,... N3, ... Ny...|
and|...Nj,... N}, ... N§, ... Nj...) with the specific
electron occupation numbers N; and N of the shells

the operator G&gj; 2)(7) acts on. In Tables 1-4 the in-
dex p is associated Wrth the specific collection of num-
bers {ANl N{ — Nl, ANQ = Né — NQ, ey
ANy = Nj — N4}. The terms of each group . are

characterized by the following sets of the quantum num-
bers:

o stl = {n; \in; \jn); N} nj A},

o st2= {n;\j n; \inj A\;n; N} },

o st3 = {n; \in; Aj nj Ajn; XL},

o std = {n; \jn; \;in; Nonj AL}

e denotes the sets with different arrays of n; \;, n; Aj,
n; )\;, n; \,. The terms with st1 (st2) and st3 (st4)
represent the direct and exchange interactions, corre-

spondingly. Four products of creation and annihilation
operators associated with the previous sets of the quan-

uct (we denote it by ng)i/\z) 7T

and a&éﬁ. In general, the factor gg* (v, ge, A1 A2, T') has
four terms corresponding to the stl, st2, st3, st4 sets.
However, due to the symmetry properties of atomic in-
teractions, the term in gg”(«, 0., A1A2,I") associated
with the set st1 (st3) is equal to the term desribed by
st2 (std).

The expressions for the operator G and their analyses
when it acts on one shell (n; \; = nj \; = n; )\;
n; ;) are commonly known (see, for example, [10, 14,
15]), therefore they are not presented here.

Let us study the case when G acts on two

shells (o = 2). The expressions for IG(AlA”(”ZnF and
99%(2, 0e, A1 A2, T") are presented in Table 1.

(M)

) by permuting a;,;

To re-
duce a number of expressions that should be written for
G&/ZIEAQ)(W) we use the convention T'a3(by, ba, bs, by)
to describe the tensorial products of creation and anni-
hilation operators with different coupling schemes. If
the argument b; = —1 or 1, then the ith operator in
Tap is a® or a™. For instance, T21(by,ba, b3, by)

(12)()

describes three operators G, When o=1,2,and

5. Note that in our study the operators ”G( ! 2)(7) for

= band x = z are indentical for three and four-
shell cases and only for two-shell case “G,, (A IAQ)(V)  they
are different for x = band x = z. Furthermore this
happens only if {ANy, ANQ} ={-1,1} and {1, -1}
(0 = 3,4). Exclusively for these cases there are two op-
erators IG(A1A2 ) (e = 1,2) for fixed o, and the index
e has been 1ntroduz:ed to separate them. While consid-

(A1A2)(’Y)F and qg (a Oe, A1A27 ) fOr Other

)

My

ering “Gap
cases, we skrp the 1ndex e. The operators G(A1A2)
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Table 4. The relations for determination of the recoupling coefficients.

Two-shell Formula

Dj 6(A1,71) 6(A2,72)A(71,72,7)

D3, D(A1, A2, u,d, v, A1, A2)

D3, O(A1,u)d(Az, d)A(u, d, )

D3 (—1)7 MR PN Ny d, w7y, Ag)

Three-shell Formula

DS (—n)Mtr22 By

D% (—D)MFrFu=Mtre BN (A A, A3, u, d, Y, A1, A2)

D3, (=12 PN (A1, A, A3, u, d, 7y, Ag, Ag)

D3s TN (A2, A3, u,d, v, A2)d(A1,u)

Four-shell Formula

DY, (=)A= ML DY Xy Ay, Az, Aa, Y1, 2, 7, A, Az)
Dj, (=13 T2 P(Xg, A, 71, 72,7, A2)

Di (=)0 §(Ay u) P(As, Aa, d,u, v, A2)

D3, (—1)He= 2= 2 M DY (X, Ay, A3, Agy u, d,y 7y, Ag, A)

are described by tensorial products with the following
schemes of coupling:

T21(-1,1,-1,1)

- ~ N1
= |:T(A1) ()\1,)\1) X T(AZ) <>\27>\2)i| ! ) (9)
My
bT922(—1,-1,1,1)
. (A2) (€D}
- Haw x TA) (Al,Al)} x’d”ﬂ , (10)
M~
bT23(~1,-1,1,1)
" (A2) ()
= [a()‘l) X {T(Al) <>\2,)\2) XE(A2)} } , (1D
M~
*T22(-1,-1,1,1)
(A2) (’Y)
_ HT(AI) (A1, A1) X a@l)] x a“?)] (12)
My
ZT23(_17_17171)
R . A/~ o~ \1() Q0]
_ [a< D« [a< 2) (M) (>\27)\2)} } (13)
My

bT24(-1,1,1,-1)

) ) )

= HT(A” </\1,X1) X Ei(’\l)}(Az) X a(&)}

bT95(1, -1, —1,1)

= [5()‘1) X {aW) x TM) <)\2,X2)}(A2)}

*T24(-1,1,1,—1)
:[p@nxfmn(ajgy“)xaMﬂ

and

*T25(-1,1,1,-1)

= [a0 s [ (e 32) ] ]

where

()

My

()

M~y

(7

My

()

My

I

I

(14)

5)

16)

amn

(18)
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Gél‘;l A2)(7)

For three shells, the operators m., are defined

by the tensorial products (Table 2)
731(-1,1,1,-1)

~ A 60
— “T(Al) ()q,)q) xa(Az)}( 2) x a(As)} , (19)
My
T32(-1,1,-1,1)
~ ~\1
= [T (A1, Xg) x TN2) (x5 X , (20)
70 (A Ba) X 70 (0. )|
and
T33(1,-1,1,-1)
00 70 (. 5D g00]
- [a 1) 5 T (AQ,AQ)} xa®)| @1
My
Finally, for four-shell case (Table 3)
T41(-1,-1,1,1)
(A2) Q0]
- HT(AI) (Al,Ag)an)} x’dw] - (22)

My

Now consider the factor gg*(cv, 0, A1, A2, ). In the
first approach we obtained that

99" = 99" (v, 0, A1, s, 7)

= Z { [MDQQ(7> Ai )‘j7 )‘97 )‘;‘771/727 A17A2)

Y172
X b(/% )‘i7 )‘]7 )‘;7 )\;771772) + ttl]
+ [MEQQ(77 )\ia )‘ja /\;7 A;v 71,72, Al? A2)

X b(Fyv )\i7>\j7)‘;a)\;'a’)/1772) +tt2]} y (23)

Here

bijjrir = bxixj xj i = 0(, Aiy g, A, Al 1, 72)

= (nilingly lg(r, ro)| nf 1} ) 1))

1 [)\ia Aj]1/2 COIBY
X2 [/71772}1/2A(7a717’72) [)‘ZHg HAZ]
x [AllgO2 | X (24)

where (n; l;n;l; |g(r,m2)| n} 1 n l;) is a radial part
of G. A(v,71,72) denotes a triangular delta and

[Adll g(“/)H)\j] is the submatrix element of ¢g(V)[7]. A
shorthand notation [k] = 2k + 1 is used wherever
representation dimensions appear. The expressions for
g9°(cv, 0, A1, Ao, ) are presented in the fifth column
of Table 1 and the fourth column of Tables 2 and
3. The factors MD,, and M E,, arrive due to the
recoupling procedures. The explicit expressions for
these factors are found by using the relations of Ta-
ble 4 and the expressions (A1)—(A6) of the Appendix.
The formula for the term ¢t (tto) linked to st2 (st4)
is obtained from the expression of the first term in
braces associated with st1 (st3) by replacing b;;;/y
(biji’j’) with bjii’j/ (bjij/i’)7 interchanging ~; and o
(71 ¢ 72), and multiplying the obtained formula by
the factor (—1)"1%72=7 = . In addition, the notation

ggg o In tables means that the expression for a° o 18

found from the one of ggfv o when b;;;/; is replaced
with by ;/;; and the obtained formula is multiplied by
(—1)NHAFAHN 11792 Note again that for atomic in-
teractions where g;; = g;;, the term ¢ty (tt2) is equal

to the term associated with stl (st3). The expres-

. . . r . .
sion for (G for effective interaction effgg)mr is obtained

when the factor b(v, A, Aj, A}, Aj, 71,72) is replaced

with the submatrix element of (i j|effg§;)7gr 7' 5"). To
obtain the expression for gg°(c, 0, A1 A2, ) in the case
of the antisymmetric matrix element (5), the factor
b(y, Nis A, )\;-, X, 71, v2) of the term with st1 in (23)
must be replaced with the

1
béj/i/ - 5 [b(')’, )\’L'a )\j7 )\;7 )\;7 ’yl’ 72)

-> (=N [y py, o] V2
P1p2

Ai X p1
X )\; )\jp2 b(va)‘i>)‘j>)‘;7)\;‘7plap2)i| ) (25)
Y12 Y

whereas the remaining terms in (23) (corresponding to
st2, st3, and st4) must be skipped out.

To illustrate the derivation of a particular expres-
sion for G, consider a two-shell case (o« = 2) with the
electron occupation numbers N1, No and N = Nj —
1, N, = Na+1(0=3),{AN;,ANy} = {-1,1}. By
using Eq. (8) and the formulas in the rows of Table 1
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corresponding to ¢ = 3, and by recovering the notations
introduced above, we find that

G2y

>

A1A2v1y2

{1T22(=1, =1, 1,1) (1) Aemee

X [b1112 O(A1,72)P + b1121W5(A1771)P|71H72}
+ 5723(—1,—1,1,1)(—1)M1 A2 +7

X [51222 (A1, 72) Playesas

+ b2122 w 5(A17 VI)PHIHW’)‘IHAQ] } . (26)

Let us consider the second approach, when at the be-
ginning of the construction of a coupled form of G the
coupled two-electron wave functions (4) are used. As it
was noted earlier, except for the two-shell case, the ten-
sorial products ZG((X/Z,iAQ)y(Jg are equal to ng:,iAQ)m.
The general formula for g¢g* (x = z) is presented as

follows:

e

99" =997 (@, 0, A1A2,7)
:Z UEag(Al,Ag,’y, )\i,)\j,)\;,)\;,u, d)
ud
X cz(’y,)\i,)\j,)\g,)\;,u, d). 27)

The expressions of factors U Eqn (7, Ai, Aj, A;, Nou, d),
which represent the recoupling coefficients in the sec-
ond approach, are given in the last column of Ta-

bles 1-3. The factor

czijjrir = €2(s iy Njy Ny Aj

70 Mo

u,d)
= zijjr + (L= 6(6, )] ()M TV g0
F =83 (=DM s 4+ (1= 6(4, )

X [1— (&, g (—1) TN, (28)

In the case of (2),
Zijtit = z(’y, )\i, )\j, )\;, )\;7 U, d)
_ L [u]'/?
2 [y]1/2
™)
X Z [ni)\i nj/\j uH |:g(’71) X g(’Yz):| 7 ‘n;/\; n;)\; d:|
Y172
X <nz l; njlj]g(rl,rg)]n; lg n; l;) . (29)

~
A submatrix element of operator [g(“) X g(W)}
equals to [17]

[)\i )\juH [g(%) % 9(72)](7)‘

XN = [, Ay, )2

A
17
X9 7172y

[)\i Hg(%)
)\i )\ju

Aol

x| - G0)

For atomic interactions the first (second) term in (28)
gives the same contribution as the fourth (third) term.
When studying the effective interaction,

29 M g Xy Nty d) — (—1)¥ee¥—a (472
(RO CRAVERAY ERA S t] [7]1/2
ff
X [)\i )‘juHe gg)nrlr )\;- /\g d} . (31)

For the antisymmetric coupled two-electron wave func-

tions the submatrix element of the operator gﬁfg is given
by

sl

Z (nz l; njlj‘g(rl,rg)

Y172

Xixjd| =

Bl ! g/
n; l; njlj)

% {)\i \j uH {9(71) > 9(72)} (7)‘

XA d]

— (71))\¢+>\j_7 Z (nl ll n]l]‘g(rl,rg)‘ TL; l; TZ; l;)
Y172

« {)\i \j UH [9(71) > g(“/z)} (7)‘

X;Xid|. (32)
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Then

cz(*y,)\i,)\j,)\’- Noyu, d) =

YRR Al

1 ( B 1) NN —d [u] 1/2

(-0 bl

NN, d} L 633)

In tables the notation gggg, means that the expression
for ggz, is found from the one for gg; g,\qu, where
zij;4 1s replaced with z;;/;; and the obtained formula
is multiplied by the phase factor (—1)*"% XA,
Consider the special case of G when o« = 2, p = 3.
By using the similar steps as in the first approach, we

can write

G2

-5

A1A2u d

[ZT22(—1, “1,1,1)

X 62(77 >\13/\17>\17)‘2au7d) 5(A1,U) DgS

+ ZT23(—1, —1,1, 1) CZ(’)/, A1, A2, Ag, Ao, u, d)

X 8(A1,d) Dis s rrguera - (34)

In summary, the expression for a specific term of the
operator GG is obtained in steps. In the first step, the
shells the operator GG acts on (i.e. those defined by «
and g, in (8)) are selected by considering

(...N1,...Na,...Ns,...Ny..|

and
|...N{,...N3,...N3,...Ny...) ,

which are used to calculate the matrix element. Af-
ter that, the expressions for “’”Gg:,iw)mfgr and
99" (e, ge, A1 A2, T') are chosen from Tables 1-3. In the
second step, the final formulae for gg* (v, ge, A1 A2, T)
are obtained from Table 4 and the expressions (Al)—
(A6) given in Appendix. In the case of the consecu-
tive coupling of the resulting moments of the shells of
many-electron wave function, the formulae for matrix
elements of operators G gAglAQ)SZl can be easily obtained

by using the general formula presented in [15].

3. Spin-other-orbit interaction

To illustrate the application of the second approach,
consider the operator of the spin—other-orbit interaction
(y=kk=1landT' =0) [7]:

kN 9
X DKT<>], 35
< 1T§+1 87'1 ( )

where

5 E,K:k—l,
pk=—_4¢ 7 (36)

or k

Y K=k+1,

and

PEIE) —\/3 apeper [C(K) v [C(U xL(l)} (1)} (K’)’

COMN — e [0 x c] ™

agrr = K [k, KK VR T R 1

" [k:lK] {k 1 K}

\ 000 | 1K' 1["
(37)
Note that K, K' = k+1,k+1;k+1,k;k—1,k; k —

1,k—1. Keeping inmind (29) (v = LS andd = L'S’)
and (35), we write that

Z’fjoz)’l’
=1+ 2(=1)5[1 4+ (=) P(ky < k)]

X (2500 + 20 - (38)
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The factors

mz: \[Z

kKK’
k1=K’
ko=k

VK 4 k1)

X (—1)li,+lj/+L/+1[li,lj,L, S, [//7 Sl]l/2

x Ire (i, 3 )l P 151 C 421

{1/21/2 1 } ]i ﬁngl a9
X , 1 k2 )
S S 1/2 LLL
and
III —1/2 1/2
Al =—v3 > T k1)

kKK’

k1=K’

ko=k

« (—1)li/+lj'+L/+1[li,lj,L, S, L/’ S’]l/Q

x Iy (i, §3") IO 1111 C 421

><{1/21/2 1 } i; ﬁngl w0
/ 1 2
s sl

describe z;;;/# in case of the coupled two-electron
wave functions. The radial integrals I (i7’,j7’) and
I} (it', j3") [7] are equal to

Ig (i, jj') = Ik (nilinirly, mjlingl;)
9 k
e 1 K T<
= Z <nllln]l] - (D k+1>

and
I (i, jj") = I (nalinaly, njlyngly)

2 k
o« K T< 9
=T <n,l n;l; <D k+1> o
respectively. For the normalized antisymmetric cou-
pled two-electron wave functions

ni/li/nj/lj/> (41)

TG li’ nj/ lj/) y (42)

|7”LZ' nj)\i )\j u mu>A
= T(’i,j) \nz)\l nj /\j umu>

— (=D)NTATY g g A umy,)

(T(i,5) = [1 —6(i,5)(1 — 1/v/2)]/v/2 is a normal-
ization factor), the submatrix element of H}5° has the
following expression:

[)\i)\ju||Hf%°H)\i/)\j/d]A

= 12(= 1N T G, T 5 ) ]

X [1 Ry Y (P j’)} 20, (43)
This expression coincides with the formula for the an-
tisymmetric submatrix element given in [7]. Then, tak-
ing into account (35) and (43), we obtain

CZSOO

(_1)li/+l]~/+L'+S'+1 {T (Z,j)

T(.q)}

x [L, ST [N jul 3| v Ajed] - (44)

| =

Note that the spin—other-orbit operator has a com-
plex structure described by several terms with dif-
ferent tensorial products (35). In the first approach,
M Do, Ais Ajs Xoy Noy 1,72, Aty As) and GGy 200
depend on the internal ranks 1,y = k, K’ (see also
[18]) of each term in H{5°. Differently, in the sec-
ond approach, only the resulting ranks v = kx = 11
and I' = 0 are involved in the determination of the
submatrix element of G&;AZ)(V) and recoupling coef-
ficients U Eap(A1, A2,7, iy Aj, A}, A, u, d). All spe-
cific information about spin—other-orbit interaction is
included only into the factor cz (v, Ai, Aj, A}, A, u, d)
which can be found prior to the calculation of the
submatrix elements of G’(AIAQ)(7 (the most computer
time-consuming part of calculatlons) Thus, this sit-
uation can be more preferable in the case of studying
jointly several operators with different tensorial struc-
ture.

4. Summary

In a second quantization representation two ap-
proaches were considered to express an arbitrary two-
electron operator in a coupled tensorial form for multi-
shell atoms. The expressions of both approaches are
applicable to the study of the operators representing
atomic interactions as well as the opearators describ-
ing some effective interactions appearing, for instance,
in an atomic MBPT or a coupled cluster method. The
first approach is more suitable when one seeks effec-
tively to calculate the matrix elements of (one) par-
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ticular operator because the internal ranks of operator
are involved in the calculation of many-electron angu-
lar part G ((XAQI A2) (%L (the most computer time-consuming
part of calculations). The second approach is superior
for the problems where several operators with different
tensorial structure are considered, for example, the for-
mation of energy matrix of atomic Hamiltonian in the
Breit—Pauli approximation. In this case, only the result-
ing ranks of operators enter in the expressions for sub-
matrix element of ng,lAQ)%L and the computer codes
used for such calculations could be more efficient if they
are based on the second approach. The method used in
[14] can be explained as the combination of the parts of
the first and second approaches. The expressions for G
are presented in the mode (i. e. tables and some simple
rules to generate the expressions for terms explicitly not
given in tables) suitable for easy development of the ef-
ficient computer codes which enable to calculate matrix
elements for two-electron operator for multishell atoms.

In the case of the consecutive coupling of the result-
ing moments of shells of many-electron wave function,
the matrix element of G&AQIA"’)(,%L is expressed as simple
sums of the products of 65 and/or 95 symbols and ma-
trix elements of operators acting in the space of states

formed from a shell of equivalent electrons.
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Appendix

In the Appendix we present the data necessary to
find the expressions for the factors M D, ,, M E,, and
UEq, of ggq,- In the first column of Table 4, the no-
tation of quantities which enter the expressions for fac-
tors M D, M Eqp, and U E,, are given. The second
column presents the formulas for the considered quan-

tities. To complete the derivation of expressions for the
factors M Doy, M E,,, and U Eq,, the formulas

D= D(Al, )\27717’72777 Al’AQ)

AL A2
A1 X272 ¢, (A1)
Ay Aoy

- [717 Y2, Al? A2]1/2

PEP(A13A2771772a77A2)

_ 1/2 | A2 A1 72
— [717A2] {71 ~y )\2} ) (A2)

TN =TN (X2, A3,71,72,7, Ao) = (—1)7T71HAe+As

A3 A
LRI o B

ENEEN()\L >\27 )‘3771)’)/2777 A17A2)

— (_1)*’71+)\17)\3 [71772’/\17[\2]1/2

A1 A3 M A2 A1 72
A4
X{’Y’YQA2}{)\1A2A1 ’ (A9

PN =PN (A1, M2, A3,71,72,7, A1, Ag) = (—1)1 742

A1 Az
A2 Az2 ¢, (A5)
A1 Ag v

X [717 Y2, Alv A2]1/2
DV =DV (A1, A2, A3, Ag, 71,72, A1, Ag)

— (_1)—7+>\3—>\4+A1 [ ]1/2

Y1, Y2, A1, Ao

A1 A3 M A2 A2
X A6
{Az)\2/\1 v A (46)
have to be used. For example, from Table 2 it follows
that the factor U E35 of gg35 equals to

DZ, = (=1)12 PN (A1, Mo, A3, u, d, 7y, A, As)

where PN is defined by (AS).
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DVIDALELIO OPERATORIAUS SURISIMO BUDAI ATOMINIUOSE SKAICIAVIMUOSE
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Santrauka

Aptarta keletas dvielektronio operatoriaus antrinio kvantavimo

vaizdavime reiSkimo buidy. Vienas i§ jy yra labiau priimtinas, kai
tiriame vieng koki nors pasirinkta operatoriy. Kitas reiSkimo ba-
das efektyvus, vienu metu generuojant dviejy ir daugiau operato-

riy, turinciy skirtingas tenzorines savybes, matricas. Pastarasis uz-
davinys, pavyzdZiui, iSkyla formuojant atomo hamiltoniano mat-
rica. Darbe pateiktos iSraiSkos ivairiems dvielektronio operatoriaus
pavidalams LS rysio atveju leidZia parengti efektyvius algoritmus
konkrecioms problemoms spresti.



