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One- to two-exciton transitions have been examined in molecular aggregates with linear and circular
geometries at various strengths of the exciton—exciton interaction. For the interaction pammeter
sufficiently different from its critical valua;= 1, the exciton—exciton interaction has been shown

to have little influence on the transition dipole moments, as well as on the corresponding transition
energies between the one-exciton states and the dissociated two-exciton states. The interaction
between the excitons then may be represented in an effective manner by the replacement of the
actual numbeiN of molecules per aggregate by a nearby effective numlgr, the latter being
a-dependent. Hence, inclusion of the exciton—exciton coupling does not affect substantially the
previous analysis of one- to two-exciton transitions based on the model of noninteracting
one-dimensional excitons. That is, effects such as the blue shift of the excited-state absorption and
the enhancement of nonlinear susceptibilities are not sensitive to the exciton—exciton interaction.
These findings are relevaimter alia, to J-aggregates in which there is no evidence for the coupling
parametem to be in the critical region or beyond. On the other hand, for the critical value of the
exciton—exciton interactiona=a;;), the blue shift is either totally absent in the excited-state
absorption, or extremely small compared with the ordinary case. The above is in full agreement with
earlier calculation of the pump—probe spectrum showing a weak dependence on the exciton—exciton
interaction fora<<l, as well as a strong bleaching of the exciton band in the critical region.
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I. INTRODUCTION molecules in the light harvesting antenna of the photosyn-

épetic purple bacteri&’ To explain the differential spectra, a

Recently there has been a great deal of interest in optic
properties of molecular aggregates due to states with mor%'rcUIar structure has been propoSetbr the BChi aggre-

than one exciton. The interest was motivated, to a consided?€S . . .
able extent, by time resolved experiments performed on Recently, questions have been raised with respect to the

J-aggregate:® The J-aggregates are one-dimensional mo_mfluence of the exciton—exciton interaction on tkvo

lecular structures exhibiting a narrow absorption bathe 0100 pump—p_rot;ezgpectrum of molecular aggregates with
J-band of excitonic origin shifted to the red from the mono- inéar geometrie$?~** The analysis has been carried out in

mer band® The J-band is due to absorption to the bottom oft€MSs of two-particle Green functions adopting the con-
the exciton band of one-dimensional J-aggregitetye  tinuum limit for the states forming the exciton baficf? To

sharpness of the absorption line being due to motionai@ke into account the finite size of the aggregates, numerical

. i i isAed? )
narrowing!o11 simulations have also been accomplisfi&d? The calcula

The two color pump—probe technique serves as a convdions showed that the differential spectrum experiences sig-
nient means to study exciton states in J-aggregates. In tHaficant changes if the strength of the exciton—exciton inter-
pump—probe experiments by Gadonas and co-auftfoss, action is close to a critical value corresponding to the
transient blue shift of the J-band has been observed. A simformation of biexcitonic states below the band of two disso-
lar effect has been reported in a number of recenf:iatEd excitons. It is noteworthy that the calculated pump—
experiments—8 The blue shift of the J-band may be under- probe spectrum appeared to be almost independent of the
stood on the basis of the optical transitions between one- anagnitude of the exciton—exciton couplig?® if the latter
two-exciton state$?'® invoking the concept of one- does not exceed the critical value.
dimensional Fermi-exciton$: The analysis of such In the present paper we shall examine further the effects
transition$?>*® demonstrated an increase of energy of theof the exciton—exciton interaction on the one- to two-exciton
excited-state absorption, as compared with the ground-stateansitions in molecular aggregates with linear geometries;
absorption. The influence of static disorté® and the circular arrangement of the transition dipoles will also be
phonon$® on the phenomenon has also been considered. It isonsidered. We shall explicitly derive and analyze the matrix
noteworthy that the shiftlike optical changes have been obelements for one- to two-exciton transitions in the presence
served in the transient absorption for other molecular comef exciton—exciton coupling: These quantities, lacking a pre-
plexes as well, including the bacteriochlorophyBChl)  vious systematic treatment, are the key elements in studying
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size-dependent quantities, such as the third-order suscepti- N

bilities due to exciton effects in molecular aggregate¥. H= > [etity—L(tity  +th, to) —pthtat! it 1],
The investigation is carried out analytically and also without n=1 5
adopting the continuum limit in which size-dependent effects 2.5
are lost. It will be demonstratedhter alia, that the exciton—  \yhere —L is the resonance coupling energy and is the
exciton interaction may be taken into account in an effectiquynamica) interaction energy between the excitons.

manner through the replacement of the actual nunberf In solving the Hamiltoniar{2.5), we shall assume cyclic
molecules forming the aggregate by an effective numgr  poundary conditionsy . ,=t, . In fact, it is quite common to
(with [Ne—N|<N) for a wide range of system parameters gypjoit the periodic Hamiltonian in studies of the multiexci-
beyond the critical regime. This fact provides a natural exyg states in linear geometries as w2 For finite aggre-
planation of the weak dependence of the pump—probe spegytes, the cyclic boundary conditions alter to some extent the
trum on the magnitude of the exciton—exciton coupling re-gnergies and transition matrix elements of excitons, as com-
ported in Refs. 21 and 22. The brief outline of the paper is agared to excitons under free-end boundary conditions. Nev-

follows. In the next section the system is defined. Sectionytheless, effects such as the blue shift of the excited-state
Il A contains the general consideration of the “No‘exc'tonabsorptioﬁ3 persist also in the case of cyclic boundary
eigen-states and the matrix elements for the one- to twosgngitions25-28

exciton transitions. Section Ill B analyzes the specific cases Eor gne-exciton states. the eigen-vectors and eigen-
at various strengths of the exciton—exciton coupling. Theenergies redd

concluding Sec. IV summarizes the findings.
N

Il. FORMULATION OF THE MODEL ||o>=N_”2n§l In)exp(i 27l on/N), (2.6)
Consider a molecular aggregate consistingNoftwo-

level molecules. The dipole operator for the interaction of  E(27lg/N)=e—2L cog27ly/N), 2.7

the aggregate with light is

(I,=0,%£1,... taking N integer values where the state-
vectors|n)=t!|g) form a basis for the one-exciton states,
|g) denoting the ground electronic state. For transitions be-
tween the ground and the one-exciton states, the matrix ele-

wheret,, (tl) is the Pauli operator for annihilatidicreatior) ments for the operator€.3) forming the dipole operator
of an excitation at the moleculg, u, being the correspond- (2.4) are

ing transition dipole moment. For cyclic or linear geometries
of interest, the lattej,, can be represented as (lo]3.+(a)|g)= N1’25|0,q, (2.9

N
M= 2 (sitot pato), (2.

Mn= X COg2mN/N)+ Yy sin(27nIN) + w1z, (2.2
so that the optically allowed transitions can take place to the

(X, y, and z being the unit Cartesian vect@rswhere the one-exciton statelsy) with q=0,+ 1.

componentu, rotates in thexy plane; another component In what follows we shall concentrate on the states with

My is parallel to thez axis for all the molecules forming the two excitons. Separating the motion of the “center of mass”
aggregate. In the case wheue =0, the above arrangement oy the relative motion in the usual way?"*a basis set
of dipoles is relevant to aggregates with linear geometries ass the two-exciton states is

well. In that case we chooseto be parallel tow,,. In what

follows, we shall use the term “linear aggregate” to refer to N

such a situation. In passing we note that the size of the ag- |l,s)= 2 |m,m+syexd il (2m+s)/N], (2.9
gregate is supposed to be much smaller than the wavelength m=1

of light. Hence, the retardation factors have not been in- +

with |[m,m+s)=t!t! . |g), where the index, characteris-

cluded in the operatd2.1): Incorporation of such factors is . . .
peratai2. ) P ing the motion of the center of mass, can tdkeinteger

straightforward. Denoting

N values O+ 1,... . Since
J+(q)=n§1 th exp(i2qan/N), (2.3 1,s)=I,N=s)(—1)", (2.10
(g=0,%x1), the transition operatq.l) takes the form there are up to
_ WXty XY . (N—1)/2, for odd N
M=puy 2 J (1) +uf 2 Ji(=1)+pu;z3 . (0) Smax= N/2, for evenN , (2.11
+h.c. (2.9

different values o6 describing physically different states. In
We shall deal with interacting Frenkel excitons and con-the case wher&\ is even and is odd, one ha$l,Sy.0=0.

sider nearest-neighbor interaction only. The Hamiltonian forAccordingly, the total number of different basis states is

such a system is N(N—1)/2 both for even and odd values Kf as required.
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IIl. ANALYSIS OF TWO-EXCITON STATES AND _ , a expik)—1
TRANSITION DIPOLE MOMENTS exp(ikN)=(—-1) m (3.1)
A. General Equation(3.11) determines the possible values laf (Evi-
1. Two-exciton eigenstates dentally, k and —k describe the same physical stat€he
The eigenstates corresponding eigen-energies of the two-exciton states are,
through Eg93.7) and (3.9
H|ILky=E(l,k)|l,k) , (3.1 gh Eqs3.7 39
. ) , E,(l,k)=E(@l/N+Kk)+E(7l/N—k), 3.12
may be written in terms of the basic get9), as
N-1 where E(---) are the one-exciton energies defined by Eq.

(2.7). Itis noteworthy that for- 1<a< 1, all the values ok

are real. Under this condition, there can be no bound bi-
exciton levels outside the band of the dissociated two-
exciton states. Foe<—1 (a>1) a bi-exciton level is
formed below(above the band. The bi-excitons have been
Manalyzed in detail previousf:?”*Hence the present paper
will concentrate on the dissociated states characterized by
real values ok. Exploiting the condition3.4), the normal-
Un_s(ILK)=Ugl,k)(—1)". (3.3 ization constant reads for the dissociated states

sin(N—1)k] %2

[1ky=(2N) 722 2, |1 s)Us(1,k), (3.2

wherek is an index(to be specified lat¢rcharacterizing the
relative motion of the two excitons.

To avoid double counting of the basis states, the expa
sion coefficients fors=s,,, are to be related to those for
S<s,,ax through the following constraint

In addition, the normalization condition(I¢k|l,k)=1)

C=|N-1+(-1) (3.13

yields sink
N—-1
2 |Ug(1,k)[?=1. (3.9 2. Transitions between one- and two-exciton states
s=1

he e | . val he followi Consider the transition matrix elements between one-
infi T € elgefnc\j/_?fue Eq3.D) is _equ!va ent to the following 54 two-exciton states. Using the state-vect®$) and
Infinite set of difference equations: (3.2, the matrix elements of the operatats(q), forming

Us 1(IL,k)+yUdl,k)+Ug 1(1,k)=0, (3.5  the dipole operato(2.4), become

where the finiteness of the system and the exciton—exciton 2 N1 .

interaction are reflected via boundary conditions (Lk[I (a)]lg)=(2) 5I,Io+q521 us (k)

| Uo(l,k)=aU4(l,k), Uyn(l,k)=aUy_1(1,k), (3.9 sccog m(l—2q)s/N], (3.14

with with g=0,% 1. Calling on Eq.(3.10 for U(l,k), one finds
y=[E(l,k)—2¢&]/2L coqwl/N) (3.7  more explicitly

and (LK. ()|l0)=C8} (1T, +11_) (3.19
a=y/2L cogml/N). 3.9  where
The boundary condition$3.6) incorporate effects of sin(Nki27d. — 1 7/2)

both the kinematical repulsion between the excithse to n.== — , (3.16

. ; o . sin(d.)
the Pauli exclusion principje and also the dynamical
exciton—exciton interaction, the latter acting at the separation  d. =[ 7 (I —2q)/N=k]/2, (3.17

distancess=1 ands=N-1. It is to be emphasized that for : . .
s=N (or s<0), the coefficientdJ(I,k) are fictitious quan- andk is again assumed to be real. Alternatively, E8.16
may be written as

tities that have been introduced for mathematical conve-

nience only in order to convert the original finite set of dif- (qwzwz)sir[(N—l)di]
ference equations fol(I,k) (s=1,2,...N—1) into the I.=(-1) - sin(d.) 318
infinite one (3.5).%2 In particular, the auxiliary coefficients _ B
Uo(l,k) and Uy(l,k), that are generally not equal to zero N the case of linear geometry.( =0) only theq=0
unlessa=0, by no means represent the probability amp"_term contributes to the dipole operat@.4), giving for the
tudes for two excitons to reside at the same site. transitions originating from the lowest one-exciton level
Substituting 1,=0
- sif (N—1)k/2
y=—2 cosk, (3.9 Y |0>=2CM|Z5|,0% (3.19
a solution to Eq(3.5), subject to the constrairi8.3), is
For such a geometry, the ground electronic state is optically
_ 01/ _
Us(l,k)=272C cog(s—N/2)k+1 /2], (3.10 connected to a single one-exciton state wigk-0. Hence
the boundary condition€3.6) leading to subsequent transitions to the two-exciton states do take place
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from the statel0), unless other mechanisfphonons, etg. N— Ngg . (3.29
cause population of higher one-exciton levels during the o -
excited-state lifetime. The replacement affects the quantization condition Kor

We conclude the general analysis by noticing that the@-z“) as well.(HoweverN is not to be altered in the expres-
above expressions hold for arbitrary strength of exciton-Sion(3.17) for d...) _ o
exciton couplinga, the a-dependence emerging implicitly For long aggregates\N>1), the dominant contribution

via the eigenvalue equatidB.11) that gives us the spectrum to the one- to two-excitqn tran;itions is concentrated at
for k. d.<1. Thus, the assumptiof3.22 implies that

INg— N|/N<1, (3.30
B. Specific cases
] ) ) o in the case of transitions from the lowest levels of the one-
Suppose first thaa=0, i.e., the exciton—exciton interac- exciton bandi,<N.33 In this way, the exciton—exciton cou-

tion is ignored. _ pling has very little influence on the spectrum lofvalues
Then the general equations lead to (3.24), on the transition dipole moment3.28, as well as on
k=(2j+1+1)m/N (3.20 the transition energie&,(l,k) —E(2mly/N). The interac-

tion between the excitons appears in an effective manner

through the replacement of the actual numiiesf molecules

( ,k|J+(q)|Io)=(—1)"N*1/25,’,0+q[cot(d+)—cOt(d_)], per aggregate by a nearby effective numNegg. Therefore,
(3.21 inclusion of the exciton—exciton coupling should not affect

considerably the previous theorté$®1823242%55ed on the

model of noninteracting one-dimensional excitons. Specifi-

‘cally, such effects as the blue shift of the excited-state

and

wherej can take integer values for whisfs 0. The above is
in agreement with the previous results for the one- to two

exciton IF"""”SL},'Z%”S Idn thellggstem of the noninteracting EXClabsorptioh?318 and the enhancement of the nonlinear
tons in lineaf™""and cyclic ' geometries. susceptibilitie§>?* persist in the present case of interacting
Consider next a specific, yet a very important case forexcitons
the optical absorption where The assumption$3.22) and (3.30 are relevant as long
|ka(l—a) Y <1. (3.22  asthe parameteris not too close to its critical valug,;= 1
Equation(3.11) then reduces to la—1|>1/N. (3.31)
. _ I . . .
explikN)=—(—1)" exdizka/(a—1)], (823 For 0<a<1, the effective numbeN is less thanN; for
giving the following spectrum fok: a>1, one has the oppositdt.>N. In the latter situation, a

) biexcitonic level is formed below the band of the dissociated
k=(2j+1+1)m/Neg, (3.24 two-exciton levels: The biexciton “borrows” some oscilla-
with tor strength from the optically active dissociated states at the
bottom of the two-exciton bantf. Note that our analysis
Newr=N+2a/(1-a), (329 does not cover the biexciton statebaracterized by a purely
where j can take integer values subject to the conditionimaginary wave numbek) for which the localization length
(3.22. In passing we note that the conditih22 is always |k| ! is too small to comply with the assumptia8.22).
obeyed in the absence of the exciton—exciton couplingptical transitions due to biexcitons have been considered in
(a=0). In other words, the present case incorporates thdetail recently!® the present paper concentrates on transi-
previous case of the noninteracting excitons in the limittions to the dissociated two-exciton states.

a=0. Fora=a.=1 one has
Exploiting the condition3.24), the solution(3.10 takes .
the foan ) k=(2j+1)m/(N-1), (3.32
Ul k)=2Y2C(—1)! sin{[s+a/(1—-a)]k}, (3.26  Wherej can take integer values. The soluti¢8.10 then
reads
with /
=212c(—1)i —
C— [N+ [2Ka/(1—a)]cot k)l 22 (3.27) Ug(l,k)=2Y2C(~1)! cog(s—1/2)k], (333
(C=N_2 for k<1), so that thek=0 value is again to be With
excluded from the s€B.24). The transition matrix elements - (N=1)"Y2  for O<k<w
are now C= [2(N—1)] Y2 for k=0" (3.39

PN~ 172
(LK (@)[10) = (= 1)'Nets “6),1 gL cot d —cotd_]. Note that unlike in the previous cases, #w0 value is now
(3.28 allowed provided is even.
Obviously, the above matrix elements have the same form as Consider first the one- to two-exciton transitions that
the previous relationshifB.21) for noninteracting excitons, take place from one-exciton states different fromy. The
subject to the replacement corresponding transition matrix elements are
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(k|3 (a@)|lo) dependence is small compared with the usual
K@M 2 ; - 23,24
J. 1 N~ 2-dependent increase of the excitation enetgy>**
== (=1)8,+q(N=1) characteristic for noninteracting excitons in one dimension,

. as well as for the previous ca$g.22).

XD — sinL (| —2q)/2N] , In this way, the present situation exhibits a number of

= sin(m(l-2q)/2N*7(1+2))/2(N-1)] unusual features for the optical transitions from the excited
(3.35 states. Nevertheless, this is a rather specific case that might

be relevant only in a very small narrow critical region in

which the assumptiof3.31) breaks down.

(Io#4q). In the case of large aggregatddf 1), the matrix
elements withj = —q are the dominant ones, the other ones
are smaller by at least a factor bf. Neglecting the terms |\, ~oNCLUSION
with j# —q, the formula(3.35 may then be approximated,

by One- to two-exciton transitions have been examined in

B j 2 molecular aggregates with linear and circular geometries at

(LI (a)]a)=(-1) 5I,I0+q(N_7/2) S,—q> various strengths of the exciton—exciton coupling. For the
(ly# ). (3.36 coupling parametea sufficiently different from its critical

value a.;=1, the exciton—exciton interaction has been
At this point it is instructive to mention quite general sum shown to influence only slightly both the transition dipole
rules that apply for transitions from the excited states of thanoments and the corresponding transitions energies between
aggregate$>’® For the ordered molecular aggregates inthe one-exciton and the dissociated two-exciton states. The
question, the following sum rule may be formulated for theinteraction between the excitons then may be represented in

operatorJ, (q): an effective manner through the replacement of the actual
numberN of molecules per aggregate by a closeby effective
% [(1,k| I (a)|lo)|?=N—2+ NS q- (3.3 number Ng which is a-dependent. Hence, inclusion

of the exciton—exciton coupling does not affect substan-
Since nowly#q, the total strength of the one- to two- tially the previous analysis of one- to two-exciton
exciton transitions i&l— 2, the share of the dominant one- to transitions>**182%24?based on the model of noninteracting
two-exciton transition$3.36) beingN— 7/2. The energies of One-dimensional excitonsome extra features might appear
the dominant transitionj& —q) read: for a>a,,;; from the contribution due to a bound bi-exciton

leveP%). That is, effects, such as the blue shift of the excited-

AE=E;(lo+9,k)—E(27l/N) state absorptidd'>!8 and the enhancement of nonlinear

— E(27q/N) + AL 72(1— q)2INS, (3.39  susceptibilities>>* are not sensitive to the exciton—exciton
. 4 interaction fora<ag;. These findings are relevanter
up to terms proportional tdl™~. alia, to J-aggregates in which there is no evidence for the

.Consider ne>§t the transitions originating from the one-coupling parametea to be in the critical region or beyond.
exciton statdq), i.e., the case wherlg=gq. Then one has o the other hand, for the critical value of the exciton—
<|,k|3+(Q)|Q>=(—1)j5|.zq(2N—2)1/25|,7j, (3.39  exciton coqpling (a=_acm), the blue shift is either totally
. . ) ) i supressed in the excited-state absorption of the aggregate, or
i.e., transitions are strictly forbidden to two-exciton stateSextremely small compared with the ordinary case. These
with j # —q. The energy of the allowed one- to two-exciton fingings are in full agreement with the calculation of the
transition (=—q) is pump-probe spectruth??showing a weak dependence of the
AE=E(27q/N). (3.40  spectrum on the exciton—exciton interaction &xac;, as

] ] ] .. well as a strong bleaching of the exciton band in the critical
Note that the intensity of the one- to two-exciton transition iSregion.

now proportional to A —2, rather than ttN—2. An extraN
compensates a downward transitigr) —|g) described by
the Hermitian conjugate operatdfq)" that features in the
transition operatof2.4) along withJ(q). It is also apparent
that the transition moment8.39 comply with the sum rule
(3.37).

The transition energy3.40 appears _to be precisely AckNOWLEDGMENT
equal to the energy of the allowed transiti@)— |q) from
the ground state. Note that this fact has been already ob- The support from the Deutscher Akademischer Austaus-
served by Spano and Marfasvho pointed out the absence chdienst(DAAD) is gratefully acknowledged.
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Note added in proofAfter submitting the manuscript we
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