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Abstract. Analytical expressions {for dipole mairix elements between high atomic states of
non-hydrogenic and perturbed hydrogenic atoms are derived. The theoretical investigation
is fulfilled for discrete and continuum atomic states and for the one-dimensionat atom. It
is shown that the quantal transition probabilities between perturbed atomic states depend
on the nature of perturbation, e.g. matrix elements for the hydrogenic atom in an electromag-
netic field differ from those of the non-hydrogenic atom. The results obtained generalize
and increase the accuracy of some known expressions for the non-hydrogenic atom and
extend them for the perturbed hydrogenic atom. Further, the analysis of classical dynamics
and the derivation of mapping equations of motion for the one-dimensional atom in a
harmoni¢ field is fulfilled. The relationship between the energy change of the classical
atom in a harmonic field and expressions for dipole matrix elements is revealed and
analysed.

1. Introduction

The progress in experimental laser spectroscopy of high atomic Rydberg states and
the great attention being paid to the non-linear and multiphoton ionization requires
computation of transition probabilities between non-hydrogenic atomic states of high
effective principal quantum numbers », »'. For a hydrogen atom exact quantum
mechanical expressions of the dipole matrix elements between non-perturbed states
of integer principal quantum numbers n, n’ are available {(Gordon 1929, Bethe and
Salpeter 1957). However, their complex analytic structure means that one needs to
look for approximations as the quantum numbers grow larger. The semiclassical
approximation for the discrete spectrum of hydrogen-like atoms has been performed
by Bureeva (1968). The generalization of the semiclassical approximation for electric
multipole transitions and the test of the applicability of the jwks approximation and
classical perturbation theory for hydrogenic atoms has been fulfilled by Heim et al
{1989).

The extension of the semiclassical formulae for dipole matrix elements to non-
hydrogenic Rydberg states using the quantum defect method has been undertaken by
Davydkin and Zon (1981) for discrete spectrum and by Delone et al (1989) for
continuum states. Although the results of Davydkin and Zon (1981) are widely used
they contain some imperfections, The main formulae of this paper contain some terms
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with erroneous sign and thus they do not fulfil some well known exact results, e.g. the
limiting result when s =#"—» > (.

On the other hand, the considerable interest in the non-linear ionization of the
hydrogenic atoms by a microwave field (for review see Casati et al 1987, 1988) requires
computation of transition probabilities between states of high fractional effective
principal quantum numbers of the perturbed hydrogenic atom. The transitions between
strongly perturbed states may be considered either as transitions in the continuum
(Gontis and Kaulakys 1987) or as transitions between photonic states of a Rydberg
atom in a harmonic field (Casati et al 1987, 1988, Gontis and Kaulakys 1991). These
transition amplitudes are related to some characteristics of stochastic dynamics of the
hydrogenic atoms in a microwave field such as the diffusion coefficient of the electron
in the energy space and the localization length of quantal suppressed diffusion. The
diffusion coeflicient can be obtained from the mapping form of the classical equations
of motion, As was noticed by Gontis and Kaulakys (1987) the energy change of the
electron during the period of classical intrinsic motion in the Coulomb field, due to
the interaction with a harmonic field and diffusion coefficient expression, depends on
the starting condition, i.e. on the integration interval. The local diffusion coefficient in
the energy space may be derived on the basis of quantum mechanics as well. It follows
from the correspondence principle that the classical and quantum descriptions have
as a consequence the same conclusions, j.e. a great number of uncorrelated one-photon
transitions result in the diffusion of the electron in the energy space identical to the
diffusion due to the stochastic classical motion (Gontis and Kaulakys 1987)7F. Thus,
the analysis of the quantal transition probabilities may clarify some vagueness in the
mapping description of the classical dynamics of the hydrogen atom in a microwave
field.

In this paper it is shown that the quantal transition probabilities between perturbed
hydrogenic atom states with fractional effective principal quantum numbers depend
on the nature of perturbation. Thus, for the non-hydrogenic atoms the perturbation
of the Coulomb potential is considerable only at small distances while for the hydro-
genic atoms in an electromagnetic field the perturbing potential is long range. As a
result of this difference the expressions for the dipole matrix elements between atomic
states with high effective principal quantum number of the perturbed hydrogenic atom
(see equations (23) and (24) below) differ from those for the non-hydrogenic atom
{equation (16) below). In addition, the relationship between the dipole matrix elements
and the energy change of the classical atom in a harmonic field is revealed and analysed
and the mapping equations of motion are derived.

Note that by the term ‘non-hydrogenic atom’ we understand to mean the real atom,
quantum states of which differ from the hydrogenic due to the deviation of the atomic
core potential from the Coulomb potential; while the term *perturbed hydrogenic atom’
means the hydrogenic atom in an external field, quantum states of which differ from
the hydrogenic due to the perturbation by the external field. Of course, one can examine
the quantum transitions between perturbed states of the non-hydrogenic, e.g. alkali-
metal atom states. However, the behaviour of the non-hydrogenic atoms in a strong
electromagnetic field, e.g. the mechanism of multiphoton ionization, differs from that
of the hydrogenic atom {see, e.g. Stoneman ef al 1988 and references therein) and,
therefore, those problems are beyond the scope of this paper.

+ Here we do not discuss the quantum localization phenomenon which is related with correlations of
one-photon transitions and manifests four times larger some diffusion time (see Casati er af 1987, 1988).
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The paper is organized as follows. After an introeduction we present the analytical
expressions for the quasiclassical radial wavefunctions of the non-hydrogenic and
perturbed hydrogenic atoms (section 2). In section 3 the derivation and analysis of
the quasiclassical dipole matrix elements between high discrete states of the non-
hydrogenic and perturbed hydrogenic atoms are given, while sections 4 and 5 are
devoted to the dipole matrix elements for the continuum states and one-dimensional
atom, respectively. The results of these sections generalize and increase the accuracy
of some known expressions for the non-hydrogenic atom and extend them for the
perturbed hydrogenic atom. Section 6 is devoted to the analysis of the classical dynamics
of the one-dimensional hydrogen atom in a harmonic field, to the connection of the
energy change of the classical atom in a harmonic field with expressions for the dipole
matrix elements and to the derivation of the iterative (mapping} equations of motion
for the classical hydrogen atom in an oscillating electric field. In section 7 some
conciusions are drawn.

2. Quasiclassical approximations for wavefunctions

Calculation of the matrix elements for the dipole momentum between atomic states
requires the radial wavefunctions of the excited atomic states. For high states one can
use the quasiclassical approximation. The quasiclassical solution R,, of the radial
Schrédinger equation for a highly excited atom can be expressed as

2 1/2 r
Pw:rR.,r=(—,*‘) Cos[j k(r) dr—%ﬂ'] ' (1)
v k(r) "
in the classical

ally allowed region of motion and some exponentially decreasing functions
outside this region (see e.g. Landau and Lifshitz 1960). The local wavenumber k(r)
in equation (1) is given by

1429 1/2
U_+L] )

k(r)z[zE—zuup

where the potential U(r) which defines the motion of the Rydberg electron may be
expressed as a sum of two terms-~the Coulomb potential and the perturbation potential
AU(r), ie.

Uin= —%+AU(r)_

The energy of state E is, in the usual way, related to the effective principal quantum
number v and the quantum defect y,

R

20°
The roots of the wavenumber k(r), r, and r,, are two turning points which delimit the
region of the classical motion.

If the perturbation potential AU(r) is small ([AU|« 1/r) the wavenumber k(r)

according to equation (2) can be expressed in the form (see Beigman. and Bureeva
{1981) for an analogy)

V=0 gL (3)

k(r) = k(r) —%ﬁ? @
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where the local wavenumber for the Coulomb potential

_2_12 &_ H_%zuz_ ¢ sin &
kC(r)_f[ (V) +V2_(T):| _v(l—scosf) 3)

is introduced. For the Coulomb potential it is convenient to introduce the parametric
equations of motion

1+ 0\ 272
r=1v*1-¢cos e=[1—(——2)]
¢ , (6)
t=v*({—esin £) ri,=v{(1Te)
here ¢ denotes the eccentricity of the classical orbit and ¢ (—co < £ < o0) is the parameter.
The quasiclassical quantization condition for the excited state can be expressed as

F k() dr=(n+Ym )

where the radial quantum number, n.=n—1-1, is equal to the number of zeros of
the radial wavefunction. According to equations (3}-(7) we have

ra mAU
[ ®)

with 8, being the non-Coulomb scattering phase related to the quantum defect u, by
the relationship 8, = mu,.

Finally, the radial part of the perturbed hydrogenic or non-hydrogenic atom
waveflunction may be approximated as

1

1/2 r
P,= (ric(r;) cos[L k() dr+6,(r)—%n-] (9
where
sn=- [ 8504 5-am. (10)

Note that using equations (7) and (8}, the initial equation (1) for the radial wavefunction
can be written as

1/2 r
P,,,(r)=(—l‘)“"_‘(—2—) 005[5 k(r)dr+},w} 1)

ar’k(r) v

which contains the right sign of the asymptotic at r->r, (see, e.g. Landau and Lifshitz
1960}+.

3. Quasiclassical dipole matrix elements for discrete states

The radial dipole matrix element of a transition »/—> »'I' is given by the well known
expression

g

(vl}r|v'l')='|' P (r)P, (r)rdr. (12)

¢

+ One should note the missing phase in the analogous equation (2) of the paper by Davydkin and Zon
{1981} which results in the erroneous signs of the main final expressions in that paper.
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Our calculations of the matrix element (12) are similar to those by Heim er af (19%9).
Substituting equation (9) into equation (12} one replaces the product of the two cosines
by half the sum of the cosines of the difference and the sum of their arguments.
Neglecting the rapidly oscillating cosine of the sum of the phases and holding only
linear terms in the expansion of the difference of the phases in powers of s=v"—»
and A=1{"—! one finally finds that

(Vl!r|v'l’)=£:— [ {1—£ cos £)?

T 4o

><cos[s(§—e sin £) — Al cos‘(—m——g_f—)+A(§)]d§ (13)
l—ecosé

where

M) = 8,(8) - 8,(8) §=cos-‘(” ‘2’)

SV PPN
4[1A(I+If+])2]1/2 (14)
£ dvy! ’

For the dipole transitions, Al ==+1 and that is why equation (13) reduces to

CUEPEESY =VTVr [“ {cos[s{&—&sin £)+ A(£)](cos £—¢)

1—e”sin[s(&— ¢ sin &)+ A(&)} ] sin £H1 — ¢ cos &) dE (15)

Later in this section we will analyse the different special cases of equation (15), i.e.
we will derive expressions for the matrix elements of the non-hydrogenic atom and of
the hydrogenic atom in an external field.

3.1. Non-hydrogenic Rydberg atoms

For the non-hydrogenic atoms the potential which defines the motion of the Rydberg
electron deviates appreciably from the Coulomb potential only at small distances, i.e.
the perturbation potential AU(r) is short-range, while the main contribution to the
radial integral (15) occurs at large distances, i.e. r~v”. Thus, in equation (15) the

ML o aoames Al cantbacing nbhacas £Y mmayy ha camlanad ha tha constant

dillcle”‘l\.c Uf i11C BIvin- \,;UulUll].U bbdl,l.cl‘ll].s Piiasvay u\s; laay uUv Ivipiiacveua U'y I.ll\.o wvurliowali

A = 8§ — 8;. Therefore, integration of equation (15} by parts yields

||ty =(-1)*" ; |:J’_5(ss)+1—~w—smswir(J_s(sg)_SinSﬂ)}

s

(16)

An=n'—n s=v -
Here J,(z) and J'{z) are the Anger function and its derivative with respect to the
argument z In addition, the identity A= w(An—s) was used. Equation {16} with
accuracy to the signs of some terms coincides with equation (9} by Davydkin and Zon
(1981). Let us analyse equation (16) more carefully.

The expansion of the functions J, ,(se) and J. (s ) in powers of s are (Watson 1958)

J:S(S8)=W—)[1—S2(1i 1e)7] s=1

sin S?T

7(1—5%

(17)

Jo(se)=———— [Fl—ie+355 (18 166 + 3¢7)] s<1.
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Thus, the limiting case of equation (16) for n’'=n{s =9} results in the exact matrix
element of the hydrogenic atom (see e.g. Heim et al 1989)%

(nlrlnl £ 1y=—3n"¢. (18}

For the integers s=An#0, (—1)*"J_,.(Ane)=J,,(Ane) and (—1)*"J_,.(Ang)=
Ja-{Ane) where J,(z) is the Bessel function. So equation (16} reduces to the quasi-
classical approximation for the hydrogen atom (Bureeva 1968, Heim ef al 1989). The
expansions of the functions J_ (s} and J_.(s2) in powers of (1—g)« 1 are

J_(se)=J_(s)—s(1 - {(s)+0O((1- 5)2)
(19)
2 sin sw

J’__g(se)=.l'_s(s)+(l—e)|: +J'_s(s):|+0((l—e)2).

The functions J_.(s) and J’ (s) are strongly s dependent. For small s they may be
evaluated by equations (17) while in asymptotic form

2
Jux(s)=(\/§—sa”3) cos(sm—im) s»1

(20a)
' 2b 1
J (s5)= W cos(sm+gm) s» 1,
Where
1/3 2/3
a=§7’§r—(§§=0.4473 b=§‘173—r7%)=0.410 85. (20h)

Note the relationships J_,{(s) =J.(—s) and J' (s)=-J,(—s). For small I« n it is
convenient to expand expression (16) in terms of

(I+I+1)
a=vVl-gt=—re—«1
V'

As a result of such an expansion we finally have

’

(W|rlr' £ 1) = (—1)“"7” {J'__.,(s):t a [J__‘(s) _sin ”] +%[J’_S(s)+3 Si: S’"H. (21)

s

The functions Fy(s)=-J_.(s), F,=J_,(s)—(1/sm)sinsg and F,=-[I_(s)+
(3/#) sin s7] for 0 < s=<2 have been tabulated by Davydkin and Zon (1981).

3.2, Perturbed hydrogenic atom

Let us consider now the quasiclassical dipole matrix elements between states of the
perturbed hydrogenic atom, e.g. the hydrogenic atom in a microwave field. In such a
case the perturbing potential is long-range, e.g. for the hydrogenic atom in an electric
field parallel to the x-axis, AU(r) =xF. So, it follows from equations (10) and (14)
that 8,(r)=0 and A(r)=0if r « r,. In general, the dependence of A(£¢) on the argument
in equation (15) is essential but unknown. If such a dependence in the integration

t Note the missing ‘= sign in equation (63.5) by Bethe and Salpeter {1957).
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interval of the main contribution to the integral (15) is weak, then equation (15)
reduces to

’

{vllr|v't+ 1>:—% {J;(ss) cos A —F!(se)sinA 1

+e&

sin (A+ sw)
™

1-¢ | . — _ _
4TsmAi~/s 2*1IZJS(ss)cosA—Es(s:s)sinA
sin A—sin(A+s57)])
+ “ (22a)
ST

where E (z} and Ei(z) are the Weber function and its derivative with respect to the
argument z.

™

E.(z)=="" J sin{s@ —z sin @) d6. (22b)
0

The symbo! A denotes some average value of A(£) from the interval of the main
contribution to the integral (15}. One should notice that equation (22a) is the generaliz-
ation of equation {16) for non-hydrogenic atoms. Particularly, for non-hydrogenic
atoms A=A=7(An—s5) and the substitution of this condition into equation (22a)
yields equation (16). For the perturbed hydrogenic atom A{£)—0 if £-0 and A(§) >
m(An—s) if £—» 27 Now we will consider the cases of low and high relative transition
frequency s. For small s the main contribution to the integral (15) results from the
region £~ 27, that is why in equation (22a) A= #(An—s) and (22a) reduces to

(l|r|p'1x1)= (—l)A"V—:: {J’_,.(Ss) +1—_E sin(s7)

Ve 21 [J_q(ss) _sin ”]} s<1. (23)

i

For s >» 1 the cosine and sine functions in equation (15) are rapidly oscillating if {2z =
and the main contribution results from &« 1 where A(£)}=0. Therefore in equation
(22a) A=0 and one obtains

P + 3
(VI|r|v'I:I:l)=—VSL{JL(ss)—1w€sinsw:I:\/E_Z—1I:JS(S£)—SIZ:W:I} s»1. (24)

The expansions of the functions J.(s¢) and Ji(s¢) in powers of (1—g)« 1 are
1 (se)=1,(s) - s(1—e)Ii(5)+O((1—£)*)
I(se)=1(s)+{1—e)'(s)+O((1-¢)*).

While for the asymptotic forms of the functions J,(s) and J((s) one can obtain the
expressions (see Watson 1958, Abramowitz and Stegun 1972)

(25)

J(s)=—73 s 705

. (26)
Lo b a  sinsw
L=t g 57

where constants a and b are defined by (20b).
Note that the matrix elements for the transitions between the states of the perturbed

hydrogenic atom when s < 1, equation (23), coincide with the matrix elements for the



578 B Kaulakys

non-hydrogenic atoms (16), which for the high transition frequencies, s> 1, equation
(24), differ from equation (16). Such a discrepancy is caused by the range difference
of the perturbing potentials AU(r). In the non-hydrogenic atoms the perturbing
potential is of atomic origin and short range; while in the case of the perturbed
hydrogenic atom, the perturbing potential AU(r) is external and long range. Multi-
photon transitions between perturbed states of the non-hydrogenic (potassium) atom
have been examined by Stoneman er al (1988).

4. Quasiclassical dipole matrix elements for continuum states

Dipole matrix elements for continuum-continuum transitions are required for the
theoretical treatment of the above-threshold ionization phenomenon and bremsstrah-
lung in the ionic field. The calculations of such matrix elements are similar to those
for bound-bound transitions. The wavefunction of the continuum spectrum may be
written, by analogy with equation (9) (see also Delone et al 1989), as

1/2 r
Pkl=(#) COS(L klr)dr+ 5r(")—i7f)- (27)

1

Here k.(r) is the local wavenumber for the Coulomb potential
2 (I+H1"? ek sinh
kc(,)=(kz+__&;1) __cksinh ¢
r r g cosh £—1
e=[1+k*(I+3)""?

k is the momenta related to the energy of
h

ig tha apcantricity nf the hvnarhala: whi
15 € ECCENINCRY O Nk ayplroid Wil

continuum can be expressed as
r=k % cosh £-1) t=k (e sinh §— §) ri={e—1)/k" (29)

Further calculations are analogous to those performed in section 3. Thus, we finally
find the expression for the radial dipole matrix element of transition kI->k'1£1, i.e.

the eauivalent of eaquation £15)
the equivalen ] (13)

(Kkl|rlkT£1) =$ jm {cosl s(e sinh £— £)+A(&)]{e ~cosh £)

+ve?—1sin[s(e sinh £— &)+ A(£)] sinh £}(& cosh £—1) d¢ (30a)
where
AE T 1y2q1/2 . w2 .1 7]
s=%5 e =[1+Kkk(T+1)?] i = (kk') T=i(1+1). (30)

The analysis of expression (30a) is similar to the analysis of equation (15).
For the non-hydrogenic atom (A(§)=A) after integration by parts one obtains the
limiting case |s|« 1

(kl|r|k'l£ 1) =

2
T E

_ 2k
[cosAi(H—%)k(scosAln———-sinA)] (31)

YwE

where w =|AE|, y=e¢“ =1.781..., and C is the Euler constant.
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The expansion of equation (30a) in terms of & = (£2—1)"? in the asymptotic limit

|s|>11is
7 as
(kl|r[k I+1)= \/_ I:b c:os(| | g):t |2,3c:os(| | ——)] (32)

For the hydrogen atom (A = 0) performing a partial integration of equation (30a) twice
yields the result following from the Heisenberg correspondence principle which relates
the matrix element with the Fourier component of the hyperbolic motion (Landau and
Lifshitz 1977)

p 1 (rps (e’~1)'" (s
Kkilrf I 1) = = | Hi;"(ise)xi———— H{/ (ise) (33)
2k’s €
where H("(z) is the Hankel function of the first kind. The limiting cases of equation
(33) are the expressions (31} and (32) with A=0. It should be noted that equations
{30)-(32) are the generalization for the non-hydrogenic atoms and « # 0 of the corre-
sponding expressions by Delone et al (1989)1.

5. The one-dimensional atom

In the past few years much theoretical and experimental work has been devoted to
the investigation of highly excited atoms in microwave fields. The simplest approxima-
tion of this system is the one-dimensional hydrogen atom model, which conveniently
describes an actual hydrogenic atom prepared in a very excited state (see Casati et af
1987, 1988} as well as the surface-state electrons on liquid helium (Jensen 1984). The
Hamiltonian of the one-dimensional hydrogen atom is

3P —(1/x x>0
H0={;5 (1/x) e (34)

while the wavefunctions ¥,{x} can be expressed as
\Pn(x)=an0(x):Pn0(x) (35)

i.e. they coincide with the solutions P,¢(x) of the radial Schrodinger equation of the
hydrogen atom for s-states (Jensen 1984). The parametric equation of motion for x is

x=2}1—cos &) t=v*(£—sin £). (36)

That is why the expressions for the matrix elements of the one-dimensional atoms
follow from the results given above. Requiring only to use in all equations above e =1
and to change the sign of matrix element; because for the one-dimensional atom r=x
equals —x of the three-dimensional atom with ¢ = 1 (compare (36} with (39}). Therefore,
the dipole matrix elements for the one-dimensional atom are

<V|X|V'>:_<V’|F|V7') e=1J=f=0- (37

One should notice that as the really one-dimensional atom, A = 8"— 8 is usually a small
quantity as the perturbation of the same symmetry states, especially with near energies,
does not vary much.

+ Note the wrang factor in equation (4) and the second term in equation (7) by Delone et al (1989). Analysis
of the semiclassical matrix elements {or the dipole transitions in the atomic hydrogen has been made by
Trippenbach er al (1989).
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6. Classical dynamics of the one-dimensional hydrogen atom in a harmonic field

Dipole matrix elements between the states of high principal quantum numbers are
closely related to the energy change of a classical atom in a harmonic field and with
the stochastic diffusive ionization of the hydrogenic atom. However, as was shown by
Gontis and Kaulakys (1987), the energy change of the electron in a harmonic field
during the intrinsic motion period depends on the initial coordinate of the electron,
i.e. the energy change between two subsequent passages at the aphelion r, differs from
the energy change between two subsequeni passages at the .perihelion r,;. Note that
the energy change is proportional to the Fourier component of the electron velocity
{Gontis and Kaulakys 1987). On the other hand, quantal transition amplitudes between
the photonic states may be expressed in terms of Fourier components of the electron
coordinate (Percival and Richards 1970, Gontis and Kaulakys 1991). But, according
to the Heisenberg correspondence principle, Fourier components are related to the
appropriate quantal matrix elements. Let us analyse such relations for the Rydberg
atom.

The radial dipole matrix elements {13) and (15} may be expressed in the form (see
also Davydkin and Zon 1981)

T/2

{wl|r|v'l & 1>=%J r(t) cos[w, ot F (1) +A]dt

(]
2 T2 T/2
z?(J x(1) cos[ @yt 4] d’ij. y(1) sin[w, 1 +4] dr). (38)

Here T =2 is the period of the electron intrinsic motion, w,, = E,.— E,, and ¢ is
the polar angle while x and y are the Cartesian coordinates of the electron. The
parametric equations of motion for x, y and ¢ are

x = v(cos £—¢) y=v*(1-&")"?sin ¢
(39)
@ =cos”' (ﬂg:—e—) t= v (£—sin §).
1—ecos &

For the one-dimensional hydrogenic, perturbed hydrogenic or non-hydrogenic atoms
according to expression (38) we have

2 172
(v]x|v’ =*~J x(1) cos[ w1 +A] dt
T

2 1 (772
z—*sin(sw%-A)——I #(1) sin[w, t + A] dt (40)
v ms o

where the parametric equation of motion for x is given by expressions (36). For the
hydrogenic atom in equation (40), A= m(An —s). According to section 3.2 the same
is true for the perturbed hydrogenic atom if s=<1. We see from equations (38) and
(40) that the matrix elements are equal to the Fourier sine or cosine (with appropriate
phases) components taken for half of the period.

As was noticed above the perturbation of the classical atom in a harmonic field is
connected fo the Fourier components as well, i.e. with expressions similar to equation
(40). Let us analyse such perturbation in detail.
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In the dipole approximation the interaction of the atom with the electromagnetic
field is

V = xF, cos(et + ) (41)

where F,, @ and ¥ are the electric field amplitude sirength, angular frequency and
phase, respectively, The quantal transition amplitudes between the strongly coupled
highly excited states may be expressed in terms of the classical action function of the
perturbing potential taken over an unperturbed path (Percival and Richards 1970,

Gontis and Kaulakys 1991} For half of the intrinsic motion period the ¢lassical action

i1

functions of the perturbing potential {(41) are

0
AU(—%T,O)EF()J x(t) cos(ewt + &) dt
—-T/2

2v°F, *F,
= - O in(—ms+ ) =2 [J'(s) cos & +E(s) sin &) (42)
. 2F, . v F, .
AU, 53T)= " sin{mws+ ) — [Ji(s) cos & —Ei(s)sin 9] (43)
\ 20°F, |
AUGT, T)=- sin{ms+ )
WUZF() , X
————[Jis5) cos( & +2ms)+ Ei(s) sin(} + 2rs)] (44)
w
while for the complete period we have
4°F, 2 *F,
AUATAT) =22 0in o5 cos 8 =222 31 (5) cos & (45)
o
271 F,
AU, T) =220y (5) cos(ms + 8). (46)

Thus, the classical action function taken over an unperturbed path for the period of
intrinsic motion depends on the initial coordinate of the electron.

For the derivation of mapping (iterative) forms of the classical equations of motion
for hydrogenic atom in an oscillating electric field it is necessary to evaluate the energy
change AE of the electron during the period of intrinsic motion (Gontis and Kaulakys
1987). AE may be evaluated according to the classical perturbation theory (Lichtenberg
and Lieberman 1983} from the equation of motion

E =% (47)
where &= —0V/ax is the force acting on the electron. Substitution of the potential
(41) into equation (47} gives

E = —%F,cos{wt+ &). (48)

Integration of equation (48) for half of the intrinsic motion period yields
(1]

AE(—%IO)E_FDJ‘ #(t) cos(wt +9) dt
-7/2

= 7  Fp[J'(s) sin & — E}(s) cos ©] (49)
AE(0,1T)= m’F,[).(s) sin 9+ El(s) cos 8] (50)
AEQT. T) = m*F[1.(s) sin(2ms + 8) — Ei(5) cos(2ms + )] (51)



582 B Kaulakys

while for the complete period we have {Gontis and Kaulakys 1987)
AE(=3T,3T)=2mv"FoJ/(s) sin & (52)
AE(0, T)=2mv*FoJ' . (s)sin(ms + ). (53)
In equations (42)-(53)
§s=wp’ v=(—2E)"'/? (54)

and E is the energy of the electron.

One should notice the similarity of the expressions (45)-(46) and (52)-(53) to the
semiclassical expressions for the matrix elements of the perturbed hydrogenic atom
(equations (23) and (24) in accordance with equation (37)). As one can see from
expressions (38) and (40), the matrix elements are related to the appropriate Fourier
components of the electron coordinate and velocity taken for half of the intrinsic
motion period. The comparison of expressions (45)-(46) and (52)-(53) with expressions
(23) and (24} according with equation (40) shows that the matrix elements of the
perturbed hydrogenic atom may also be expressed in terms of the appropriate Fourier
components for the complete period of intrinsic motion,

We see from equations (52) and (53) that the energy change of the electron during
the period of intrinsic motion depends on the initial coordinate of the electron {Gontis
and Kaulakys 1987) and for motion between two subsequent passages at the perihelion
may be three times larger than for motion between two subsequent passages at the
aphelion. However, equations (49)-(53) are only the perturbative approximation
because, in general, the energy change depends on the initial energy of the electron
(in terms of v and s). So, equations {49)-~(51) are more precise than equations (52)-(53).
That is why the integration interval for equations (49)-(51) is twice as short than for
equations {52)-(53). But in the high field frequency limit

J(s)=b/s** E'(s)=—b/3"%sY? b =0.410 85, (55)

So, the energy changes AE(—37,0) and AE(0,3T), according to equations (49) and
(50), are energy independent and equations (49) and (50) may be added up. Therefore,
for high frequencies, expression {52) is as exact as equations (49) and (50). On the
contrary, expression (53) is less precise than equations {(50) and {(51) for all values of
frequency (due to the energy dependency of the energy change AE(3T, T) according
to equation (51)).

Therefore, for low and medium frequencies of the harmonic field, equations
(49)-(51) for the electron’s energy change during half of the intrinsic motion period
represent more precisely the influence of the harmonic field on the excited atom than
equations (52) and (53) for the complete period. This is especially significant for the
strong electric fields. On the other hand, the stochastization process of the electron
motion in a low frequency field takes place mainly in the relatively strong field, i.e.
near the validity limit of the classical perturbation theory (see, e.g. Gontis and Kaulakys
1987 and references therein). Moreover, at low frequencies the classical theory describes
well the stochastic dynamics of the hydrogenic atom in a microwave field (Casati
et al 1987, 1988). So, the specification of the mapping equations of motion for the
hydrogenic atom in a harmonic field, given in papers by Gontis and Kaulakys (1986,
1987) is desirable. More precise iterative equations of motion may be obtained by
analogy with Gontis and Kaulakys {1987) after scaling of the energy and electric field
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amplitude in equations (49)-(51). As a result of this procedure one can write
Bk = Ex — 27 Poege (31, (s¢) sin 8, — B/, (5,) cos &)
Ersr2™ Epyy _277(1)05{215;—}-](];*+1(Sk+1) sind, + E;Hl(sk-i—l) cos ) (56}
Hhar=h + 27/ e,

Here £ =5"%°=—-2E/w** and ®,= F,/4E2 are the scaled energy and electric field
amplitude, respectively, with Ej being the initial energy of the electron.

The approximation of equations {56) for high frequencies or weak fields is equivalent
to equations (10} by Gontis and Kaulakys (1987). These equations have been the first
mapping form of the classical equations of motion for the hydrogenic atom in a
harmonic field (see also Gontis and Kaulakys 1986) which greatly facilitated the
numerical investigation of the stochasticity and the ionization process. On the basis
of mapping equations the analytical estimations of the threshold field strengths for the
onset of chaos, the diffusion coefficient for the electron in the energy space and the
mean time for the classical diffusion ionization have been fulfilled. In addition, for
the first time has been predicted the resonance structure in the dependence of the
threshold field strengths on the frequency of the field in the high frequency region.
Recent experiments (Galvez et al 1988} revealed such a resonance structure, though
the quantum analysis of the\ionization process in this case is more convenient.

The system of equations {56) contains, as some approximations, both cases con-
sidered in the paper by Gontis and Kaulakys (1987}, i.e. the electron’s energy changes
between two subsequent passages of the aphelion as well as between two subsequent
passages of the perihelion (equations (6) and (22) of Gontis and Kaulakys 1987,
respectively), but in fact it is more precise than those partial cases. This is the case,
since one can as an approximation add up in equation (56) any of two subsequent
energy changes for the half of the period, e.g. either ., — & and &.,— &4 O
€r42— Exsq And €,.3— £442. As equations {56) represent the interaction process of the
atom with a microwave field more exactly and in more detail they may render more
precisely and entirely the rescnance structure of the atom-field interaction and the
stochasticity feature for low and medium relative frequencies of the field (s = 1}. System
(56) is rather complex for an analytical study but it may be transformed to the
area-preserving case (see for analogy Gontis and Kaulakys 1987} and investigated
numerically. However, this is beyond the scope of this paper. In this section the
relationship between the dipole matrix elements and the energy change of the classical
atom in a harmonic field has been revealed and analysed and in addition the improved
mapping equations of motion for the classical hydrogenic atom in a harmonic field
have been derived.

7. Conclusions

Fulfilled theoretical analysis of the analytical expressions for dipole matrix elements
between high atomic states with fractional effective principal quantum numbers shows
the dependence of the matrix elements and transition probabilities on the nature of
perturbation for the Coulomb potential. Thus, for the non-hydrogenic atoms the
deviation of the atomic core potential from the Coulomb poténtial is appreciable only
at small distances while for the hydrogenic atom in an electromagnetic field the
perturbing potential is long-range. This difference results in different expressions for
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the matrix elements of the non-hydrogenic atoms and perturbed hydrogenic atom. One
can conclude from this, that analytical wavefunctions in the effective potential model
(see, e.g. Kostelecky and Nieto 1985) are not general results for the non-hydrogenic
atoms but only one possible approximation.

The theoretical investigation is performed for discrete and continuum states as well
as for the one-dimensional atom. The obtained results generalize and increase the
accuracy of some known expressions for the hydrogenic and non-hydrogenic atoms
and extend them for the perturbed hydrogenic atom.

Furthermore, the analysis of the classical dynamics of the one-dimensional hydrogen
atom in a harmonic field is fulfilled. The connection between the energy change of the
classical atom in a harmonic field and expressions for the dipole matrix elements is
revealed and the accurate iterative mapping equations of motion for the classical
hydrogen atom in an oscillating electric field are derived. One can conclude that the
mapping form of the classical equations of motion of the hydrogenicatom in a harmonic
field, derived for the first time by Gontis and Kaulakys (1986, 1987) and widely used
(see, e.g. Casati et al 1987, 1988, Koch et al 1989 and references therein) is exact in
the high field frequency limit only, while for low and medium frequencies more precise
equations (56) must be used.

The results of the paper may contribute to the deeper understanding of the quantum-
classical correspondence principle and adequate quasiclassical theory for Rydberg
atoms as well as to the development of the stochastic dynamics theory of the hydrogenic
atom in a microwave field.
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