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We consider the influence of two resonant laser beams (to be referred to as the control and probe beams) on the mechanical
properties of a degenerate atomic gas. The control and probe beams of light are assumed to have orbital angular momenta
(OAM) and act on the three-level atoms in the electromagnetically induced transparency (EIT) configuration. We have carried
out an explicit analysis of the quantum dynamics of the atoms coupled with the two laser beams. Using the adiabatic approx-
imation, we have obtained an effective equation of motion for the atoms driven to the dark state. The equation contains a vector
potential type interaction as well as an effective trapping potential. The effective magnetic field is shown to be oriented along
the propagation direction of the control and probe beams containing OAM. Its spatial profile can be controlled and shaped by
choosing the proper laser beams. We have demonstrated how to generate a constant effective magnetic field both in the disc
and ring geometries of the atomic trap. We have also studied situations where the effective magnetic field exhibits a radial
dependence. We have shown that the effective magnetic field can be concentrated within a region where the effective trapping
potential holds the atoms. Furthermore the estimated magnetic length can be considerably smaller than the size of the atomic
cloud.
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1. Introduction

Recent experimental advances in trapping and cool-
ing atoms have made it possible to produce atomic
Bose-Einstein condensates (BECs) [1-4] and degen-
erate Fermi gases [5—7] forming at temperatures of the
millikelvin range. The atomic BECs and degenerate
Fermi gases are the systems where an atomic physi-
cist often meets the physical phenomena encountered
in condensed matter physics. For instance, atoms in op-
tical lattices are often studied using the Hubbard model
[8] familiar from the solid state physics.

Ultracold atomic gases have turned out to be a re-
markably good medium for studying a wide range of
physical phenomena. This is mainly due to the fact that
it is relatively easy to experimentally manipulate para-
meters of the system, such as the strength of interac-
tion between the atoms, properties of a lattice in which
the atoms are trapped, the geometry of an external trap,
etc. Such a freedom of manipulating the parameters is
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usually not accessible in other systems known from the
condensed matter or solid state physics.

Atoms forming quantum gases are electrically neut-
ral particles, and there is no vector potential type coup-
ling of the atoms with a magnetic field. Therefore, a
direct analogy between the magnetic properties of de-
generate atomic gases and solid state phenomena is not
necessarily straightforward. It is possible to produce an
effective magnetic field in a cloud of electrically neutral
atoms by rotating the system so that a vector potential
would appear in the rotating frame of reference [9-11].
This would correspond to a situation where the atoms
feel a uniform magnetic field. Yet stirring an ultracold
cloud of atoms in a controlled manner is a rather de-
manding task.

There have also been suggestions to take advantage
of a discrete periodic structure of an optical lattice to in-
troduce assymetric atomic transitions between the lat-
tice sites [12—14]. Using this approach one can induce
a nonvanishing phase for the atoms moving along a
closed path on the lattice, i.e. one can simulate a mag-
netic flux [12—-14]. However, such a way of creating the
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effective magnetic field is inapplicable to an atomic gas
that does not constitute a lattice.

A significant experimental advantage would be
gained if a more direct way could be used to induce
an effective magnetic field. In the previous papers
[15, 16] we have shown how this can be done using two
light beams in an electromagnetically induced trans-
parency (EIT) configuration. Here we present a more
detail analysis of the phenomenon for various spatial
distributions of the laser fields. We demonstrate that
if at least one of these beams contains an orbital an-
gular momentum (OAM), an effective magnetic field
appears, which acts on the electrically neutral atoms.
In other words, the coupling between the light and the
atoms will provide an effective vector potential in the
atomic equations of motion. Compared to the rotating
atomic gas, where only a constant effective magnetic
field is created [9-11], using optical means will be ad-
vantageous since the effective magnetic field can now
be shaped by choosing the proper control and probe
beams. Note that the appearance of the effective vec-
tor potential is a manifestation of the Berry connection
which is encountered in many different areas of physics
[17-19].

The outline of the paper is as follows. In Sect. 2
we present the general theory of adiabatic motion of
multilevel atoms. The equations of motion contain the
terms due to effective vector and trapping potentials
describing an effective magnetic field. In contrast to
our previous letter [15], the emerging effective poten-
tials are now fully Hermitian. Yet, the two formula-
tions are equivalent. In Sect. 3 we define a system of
three level atoms in the A-configuration and present the
equations of motion for the atoms driven to the dark
state by the control and probe beams of light. In do-
ing this we allow the two beams to have orbital angular
momenta along the propagation axis z. In Sects. 4 and
5 we analyze the effective magnetic field and effective
trapping potential in the case where at least one of the
laser beams contains an OAM. We show that the spatial
profile of the effective magnetic field can be controlled
by applying proper control and probe beams. The con-
cluding Sect. 6 summarizes the findings.

2. General equations of the atomic motion
2.1. Translational motion for the multilevel atom

Let us begin with a general treatment of the transla-
tional motion of an atom taking into account its internal
degrees of freedom. The full atomic Hamiltonian is

o2
= ;W+Ho(r)+V(r), (1)
where p = —iAV is the momentum operator for an

atom positioned at r, and M is the atomic mass. Here
the Hamiltonian H o(r) describes the electronic degrees
of freedom of the atom, and V(r) represents an ex-
ternal trapping potential. Note that the Hamiltonian
ﬁo(r) can also accommodate effects due to external
light fields (if any). For fixed r the electronic Hamilto-
nian Hy(r) can be diagonalised to give a set of N ei-
genvectors |x,(r)) and eigenvalues &,(r), with n =
1,2,...,N. The full atomic wave function ® is then
expanded as

N
2(r) = > Un(r)[xa(r)) @)
n=1

where a composite wave function W, (r) describes the
translational motion of the atom in the electronic state
n.

Substituting Eq. (2) into the Schrédinger equation
iho® /0t = H®, one arrives at a set of coupled equa-
tions for the components ¥,,. Introducing a column
U = (U, ¥y,..., \I/N)T, it is convenient to represent
these equations in a matrix form:

;) I )
where A and U are NV x N matrices with the following

elements:

An,m = ih(Xn|va> s “

Unm = €n(X)0nm + (Xnl V) [Xm), (5

i.e. the matrix U includes contribution due to both the
internal atomic energies and the external trapping po-
tential.

2.2. Adiabatic approximation

Since the atomic internal motion is much faster than
the external (translational) one, the difference in the
atomic energies U, ,, — Uy, is normally much lar-
ger than the energies of non-adabatic coupling between
these states. In such a situation the translational motion
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of atoms in different internal levels can be considered
to be independent, leading to the adiabatic approxima-
tion. Specifically, let us suppose that a selected atomic
level with n = ¢ is well separated from the remaining
N — 1 atomic levels. Neglecting transitions to the re-
maining states, Eq. (3) provides the adiabatic equation
for the translational motion of the atom in the electronic
state q:

ih0W, /0t = Heg¥,, (6)

where

1
2M
is the effective Hamiltonian of the atom in the elec-
tronic state ¢, with Acg = Ay, and U = U, 4 being
defined by the above equations (4) and (5). An addi-
tional scalar potential ¢ appears due to the exclussion
of a part of the electronic states in the effective equation
of motion (7):

Heg = (—ihV — Aeg)?> + U + ¢ (7

1 N
0= gn7 2 AdiAig
l#q

h2

- 2M

The quantity A.g, called the Berry connection [17],

represents an effective vector potential acting on the

electrically neutral atoms. The effective vector poten-

tial A.g appears due to the spatial dependence of the
electronic state |xg).

(<vXq|vXq> + <Xq|vXq><Xq|vXq>) - (8)

3. Formulation
3.1. A system of atoms

Let us now define the atomic system. We shall con-
sider an ensemble of atoms characterized by two hy-
perfine ground levels 1 and 2, as well as an electronic
excited level 3. The atoms interact with two resonant
laser beams in the EIT configuration (see Fig. 1). The
first beam (to be referred to as the control beam) drives
the transition |2) — |3), whereas the second beam (the
probe beam) is coupled with the transition [1) — |3), as
shown in Fig. 1(a). The control laser has a frequency
we, a wave-vector k., and a Rabi frequency €2.. The
probe field, on the other hand, is characterized by a
central frequency w, = ckp, a wave vector k;,, and
a Rabi frequency €),. Of special interest is the case
where the probe and control beams can carry OAM

/\ Ak

12)

Cloud of ultracold atoms
(b)

Fig. 1. (a) The level scheme for the A type atoms interacting with

the resonant probe beam €2, and control beam 2. (b) Schematic

representation of the experimental setup with the two light beams

incident on the cloud of atoms. The probe field is of the form

Qp ~ e''?, where each probe photon carry an OAM Al along the
propagation axis z.

along the propagation axis z. In that case, the spatial
distribution of the beams is [20, 21]

Q, = QI(JO)ei(kpZ+lP¢) 9)
and
Q = QOeilkeztled) (10)

where QI(DO) and Q((;O) are slowly varying amplitudes for
the probe and control fields, Al and Rl are the corres-
ponding orbital angular momenta per photon along the
propagation axis z, and ¢ is the azimuthal angle.

3.2. Hamiltonian for the electronic degrees of freedom
of atom

Adopting the rotating wave approximation, the Ha-
miltonian for the electronic degrees of freedom of an
atom interacting with the control and probe fields in
the rotating frame is

Ho(r) = €2112) (2] + €31]3) (3]
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—B(QpI3)(1] + Q3 (2] + Hoe)), (D)

where €31 = h(wy — w1 + we — wp) and €37 =
h(ws — wi — wp) are, respectively, the energies of the
detuning from the two- and single-photon resonances,
with fw; being the electronic energy of the atomic level
J. Note that the spatial dependence of the Hamiltonian
ro(r) emerges through the spatial depandence of the
Rabi frequencies Q, = Q,, (r) and Q. = Q (r).

Neglecting the two-photon detuning, the Hamilto-
nian (11) has the eigenstate

1
|D

)= W(m —([2))

representing a coherent superposition of two hyperfine
dark states. Here

(12)

Qp
¢= Q0 (13)
is the ratio of the amplitudes of the probe and control
fields.
The state | D) is known as the dark state [22-25]. Tt
is characterized by zero eigenenergy: Ho(r)|D) = 0.
Since the dark state has no contribution by the excited
electronic state |3), it is immune from the spontan-
eous emission. We shall be interested in a situation
where the atoms are driven to their dark states. If an
atom is in the dark state | D), the resonant control and
probe beams induce the absorption paths |2) — |3) and
|1) — |3), which interfere destructively, resulting in
the electromagnetically induced transparency [22-25].
In such a situation, the transitions to the upper atomic
level 3 are suppressed. That’s why the dark state has no
contribution by the excited electronic state |3).

3.3. Effective Hamiltonian for the dark-state atoms

Suppose that the control and probe fields are tuned
to the two-photon resonance: €33 = 0. The remaining
two-photon mismatch (if any) can be accommodated
within the trapping potential

V(r) = Vi(e)| 1) {1+ V5 (r)[2) 2+ Va(r)[3)(3], (14)

where Vj(r) are the trapping potentials for an atom in
the electronic state j, with j = 1,2, 3.

According to the treatment presented in the previ-
ous section, the dynamics of the dark-state atoms is
described by the following effective Hamiltonian (see
Eq. (7)):

. 1 )
Her = 537 (=ihV = Aeg)* + Ve, (15)

where
Acg =iR{D|VD) (16)
and
Vet =U + ¢ (17
are the effective vector and trapping potentials, with

Vi(r) + [¢[*Va(r)

U= :
1+ [¢?

(18)

2
o= 331
Since Vi (r) and Va(r) are the trapping potentials for an
atom in the electronic states 1 and 2, U represents the
external trapping potential for an atom in the dark state.
In this way, the effective trapping potential Vg is
composed of the external trapping potential U and the
geometric scalar potential ¢. The former U is de-
termined by the shape of the trapping potentials Vi (r)
and Va(r), as well as the intensity ratio |¢|2. The lat-
ter geometric potential ¢ is determined exclussively by
the spatial dependence of the dark state |D) emerging
through the spatial dependence of the ratio of the Rabi
frequencies ¢ = €, /€. Note that the effective vector
potential A g has a geometric nature as well, because it
also originates from the spatial dependence of the dark
state.

((D\VD>2 + <VD|VD>) . (19)

3.4. Adiabatic condition

The separation between the energies of the dark state
and the remaining (bright) atomic states is character-
2+ Q2. As-
suming that the control and probe fields are tuned to
the one- and two-photon resonances (€31, €21 < hf2),
the adiabatic approach holds if the non-diagonal matrix
elements in Eq. (3) are much smaller than the total Rabi
frequency (2. This leads to the following condition:

ized by the total Rabi frequency €2 =

F<Q, (20)

where the velocity-dependent term

1
F=—"
1+ (¢

reflects the two-photon Doppler detuning. Note that the
condition (20) does not accommodate effects due to the
decay of the excited atoms. The dissipation effects can
be included by replacing the energy of the one-photon
detuning €3, by €31 —ihy3, where -3 is the excited state

V¢ - vl 2D
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decay rate. In such a situation the dark state can be
shown to acquire a finite lifetime

D ~ 5 12/ F? (22)

which should be large compared to other characteristic
times of the system.

The condition (20) implies that the inverse Rabi fre-
quency Q! should be smaller than the time an atom
travels a characteristic length, over which the amplitude
or the phase of the ratio { = €,/€. changes consider-
ably. The latter length exceeds the optical wavelength,
and the Rabi frequency can be of the order of 107 to
10% s=! [26]. Consequently, the adiabatic condition
(20) should still hold for atomic velocities of the order
of tens of metres per second, i. e., up to extremely large
velocities in the context of ultracold atomic gases. The
allowed atomic velocities become lower if the spontan-
eous decay of the excited atoms is taken into account.
According to Eq. (22), the atomic dark state accquires
then a finite lifetime 7p which equals to 73 ! times the
ratio Q2/F2. The atomic decay rate +3 is typically of
the order of 107 s~1. Therefore, in order to achieve
long-lived dark states the atomic speed should not be
too large. For instance, if the atomic velocities are of
the order of a centimeter per second (a typical speed of
sound in an atomic BEC), the atoms should survive in
their dark states up to a few seconds. This is compar-
able to the typical lifetime of an atomic BEC.

4. Analysis of the effective vector and trapping
potentials

Using the expression (12) for the dark state, Eq. (16)
for the effective vector potential takes the form

L CVE— V(T
Ag=ih—>—">. (23)
2(1+1¢P%)
Then the effective magnetic field reads:
V(T x V(¢
By =VXxAg=ih—-7-=, (24)
(L+1[¢?)?
and the geometric scalar potential is
R? V(v

C2M (14 [CP)?

4.1. Representation in terms of the amplitude and
phase

Let us to express the ratio of Rabi frequencies ¢ in
terms of amplitude and phase:

2 is

—_ — . 26
(=52 =Icle 6)
The effective vector potential, the effective magnetic
field, and the effective scalar potential are then

Ag=—h S \ 27)
¢ T4+
VS x VI[¢|?
Bayr=h—F, 28
=R (25)

2 (VIED? + ¢V S)?
T+

¢_

=57 (29)

4.2. Representation in terms of the mixing angle

It is convenient to introduce the mixing angle « via
the following relationships:

1 <]
—, oS = ————s.
VI+ICP? VI+IC?
Specifically, if || is much larger than unity, then o =
1/|¢|. On the other hand, if || is much smaller than
unity, then « = 7/2 — [C].

The dark state can now be represented as

|D) = sin 1) — cos ae'®[2) . (31)

sin o =

(30)

The effective vector and scalar potentials can also be
rewritten in terms of the mixing angle:

A = —hcos’aVs = —g (14 cos(2a)) VS (32)

and

2
¢:i” lsin(QOz)VS\ +(Voz)2] (33)
2M [\2 / ]

_ 87:L—]\2/_I {(1 — COSQ(QOé)) (VS)? + %} '

i.e., both potentials can be expressed through the
quantity

KGR
¢ +1
The same applies to the effective magnetic field:

cos(2a) (34)

Bt =V X A = ZVS x V cos(2a) . (35)
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4.3. Co-propagating control and probe beams with
OAM

If the co-propagating probe and control fields carry
OAM, their amplitudes €2, and §). are given by
Egs. (9), (10). The phase of the ratio { = 2,/ then
reads

S=l¢, (36)

where [ = [, — [.. Note that although both the control
and probe fields are generally allowed to have non-zero
OAM by Egs. (9), (10), it is desirable for the OAM

ta he 7ara for one of thece heame In fact if haoth 7
WU UL 4V1UVU 1Vl Vllv Ul ulvouv vvdllld. 111 14avi, 11 vuvul bp

and /. were non-zero, the amplitudes 2}, and €2 should
simultaneously go to zero along the z axis. In such
a situation the total Rabi frequency 2 =
would also vanish, leading to the violation of the adia-
batic condition (20) along the z axis.

Substituting Eq. (36) into Egs. (32), (34), and (35),
one has

l
A = —hcos? a;ew, 37

¢ = % [(% sin(?a)é)2 + (Voz)z} ; (38)

and

hl
B.g = 5;%’ x V cos(2a), (39)

where e, is the unit vector in the azimuthal direction,
and p is the cylindrical radius.

In what follows the intensity ratio ||? is considered
to depend on the cylindrical radius p only. In that case
the effective scalar potential and magnetic field reduce

to
R2 /1, N [0a\?
o=l (zmen;) +(5) ]
and
hil o
B = _igﬁ—p cos(2a)e;, . 41

Consequently, the effective magnetic field is directed
along the z axis.

4.4. Magnetic flux

Suppose the probe beam has an OAM (I, # 0) and
the control beam has not (I. = 0). In this case the
intensity of the probe beam (and hence the ratio |¢|? =
19,/ /%) goes to zero as p — 0. If the intensity of the
control field changes slowly within an atomic cloud,

the p-dependence of the ratio || is determined by the
probe beam only.

The effective magnetic flux through a circle of the
radius pg is now given by

1[¢ol?
1+ 1]¢of?’

where 27h is the Dirac flux quantum, and |(y|? is the
intensity ratio at the radius p = pg. The flux ® reaches
its maximum of 27Al if the ratio [(y]? > 1, i.e. if the
intensity of the probe field exceeds the control field at
the selected radius pg. Since the winding number of
light beams can currently be as large as several hun-
dred, it is possible to induce a substantial flux ¢ in the
atomic cloud. This might enable us to study phenom-
ena related to filled Landau levels with a large number
of atoms in the quantum gases.

P = j{ACg dl = —27h (42)

5. Specific cases
5.1. The polynomial case

If we take
¢l =ap+bp°, (43)
then

(ap+bp*)* — 1
(ap +0p?)2 +1°

cos(2a) =

Consequently, one has

pla+bp)*

Aui=—hl 44
off 1+ p2(a+0p)2 *" “4)
h2
= — 4
0= o (“45)

y (12 + 1)a? + 2(I% + 2)abp + (I* + 4)b*p?
(1+ p?(a+bp)?)? '
In this case the effective magnetic field
2 b 2b
By = 20t 2p)
(14 p*(a+bp)?)

exhibits a radial dependence.

(40)

5.2. Bessel beam

Suppose the probe field represents a Bessel beam
and the Rabi frequency of the control beam is almost
constant within an atomic cloud. In such a case we
have

¢ =bJi(ap)e™?, (47)
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where b is a dimensioniess constant determining the re-
lative strength of the probe field. Then the effective
scalar vector and scalar potentials are

b*Ji(ap)® 1

A= —h—@P)” 2 48

e () 0% 49
h2p?

_ 4

s="7 (49)

" 4% Ji(ap)? + a*p*(Ji—1(ap) — Ji11(ap))?
4p%(1 + b2 (ap)?)? '

In this case the effective magnetic field

b2l
Beg = —fi—
p

Ji(ap)(Ji-1(ap) — Ji11(ap))
(1+02Ji(ap)?)?

also exhibits a radial dependence. Furthermore, from
Eq. (50) it follows that the sign of the effective mag-
netic field alternates, i. e., the regions with the effective
magnetic field aligned along z axis are replaced by the
regions in which the effective magnetic field is directed
opposite to the z axis and vice versa.

Next we shall examine situations where the effective
magnetic field appears to be constant.

e; (50)

5.3. Constant effective magnetic field

If we choose

(p/ pmax)®
(P = ————, (51)
1 — (p/pmax)
the effective vector potential, Eq. (37), takes the form
Acit = —hlppmaxes (52)

Consequently, we arrive at a constant effective mag-
netic field

Bt = —2hlp,2 €. (53)

with the corresponding cyclotron frequency w. =
h2l/(Mp?,..) and the magnetic length I =

VA/(Mwe) = pmax/V2l. The scalar potential is now
given by

o1,
b= - (z d+ 1/d) , (54)

where d =1 — (p/ pmax)2. For p — pmax the intens-
ity ratio |¢|? goes to infinity, so the equations (51)—(54)
have a meaning only for distances smaller than pp,ax.

12 F
—~ l -

e

5 osf )
(3 2

o SO

PPy

Fig. 2. Geometric scalar potential ¢ (solid line) and the effective
trapping potential Vg (dashed line) for the case where the effective
magnetic field B.g is constant. The trapping potential V7 is given
by Eq. (55) to compensate the quadratic term in ¢. The trapping po-
tential for the atoms in the second hyperfine ground state is chosen
to be Vo = V4, with K = 9/5. The other constants are M = 1,
h=1,1=10, po =1, and pmax = 10.

Therefore, Eq. (51) can model an actual intensity dis-
tribution of the control and probe beams only up to a
certain radius pg which is smaller than py,,. When the
radius pg is close to pyax, the effective magnetic flux
approaches its maximum value of 27hl.

The appearing scalar potential ¢ can be compensated
by the trapping potential. If

hQ

Vi(r) = CTo

(Z=1) (/o) 55
and V5(r) = kVi(r), the external trapping potential
U given by Eq. (18) compensates the quadratic term
in Eq. (54). Assuming x = 1, the overall effective
trapping potential Vg = U + ¢ is flat almost up to the
maximum radius p = ppyax.

Figure 2 shows the geometric scalar potential ¢ and
the effective trapping potential V.g for the situation
where k = 9/5. One can see that the effective trapping
potential Vg is almost flat in the centre and increases
with increasing radius p, despite the fact that the geo-
metric scalar potential ¢ decreases and has a minimum
near Prax-

5.4. Constant effective magnetic field for ring
geometry

In the previous subsection we have analyzed the con-
stant effective field in the case where the atomic motion
is restricted to the distances where p < ppax. Here we
shall consider the situation where the atomic motion is
restricted additionally from below, i.e. p > ppax. In
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08 to generate a constant effective magnetic field both in
o7 b the disc and ring geometries of the atomic trap. Fur-
06 thermore, we have explored a couple of examples of

the effective magnetic field exhibiting a radial distance
dependence. We have demonstrated that the effective
magnetic field can be concentrated in the area where

o(p)
L 2
preeey







