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ABSTRACT
We study laser induced spin-orbit (SO) coupling in cold atom systems where lasers couple three internal states
to a pair of excited states, in a double tripod topology. Proper choice of laser amplitudes and phases produces a
Hamiltonian with a doubly degenerate ground state separated from the remaining “excited” eigenstates by gaps
determined by the Rabi frequencies of the atom-light coupling. After eliminating the excited states with a BornOppenheimer approximation, the Hamiltonian of the remaining two states includes Dresselhaus (or equivalently
Rashba) SO coupling. Unlike earlier proposals, here the SO coupled states are the two lowest energy “dressed”
spin states and are thus immune to collisional relaxation. Finally, we discuss a speciﬁc implementation of our
system using Raman transitions between diﬀerent hyperﬁne states within the electronic ground state manifold
of nuclear spin I = 3/2 alkali atoms.
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1. INTRODUCTION
1–3

Spin-orbit (SO) coupling of the Rashba
or Dresselhaus4, 5 type has been widely studied in condensed matter
physics. Such SO coupling – linear in momentum – is equivalent to non-abelian vector potentials built from
the spin-1/2 Pauli matrices.6 Laser-atom coupling in the tripod conﬁguration7–9 gives rise to two degenerate
dark states whose Hamiltonian is equivalent to that of spin 1/2-particles with Rashba-Dresselhaus (RD) SO
coupling.10–15 With such coupling, the atomic dark states play the role of the spin-up and spin-down states. In
the tripod scheme, the degenerate dark states are not the lowest energy eigenstates of the atom-light Hamiltonian,
thus atoms can decay out of the dark state manifold due to collisions and other relaxation processes, potentially
impairing experimental realizations.
Here, we propose a technique for generating RD type SO coupling using ﬁve laser-dressed levels of an atom.
Lasers couple each of three internal atomic states to two other mutually uncoupled states to form a double
tripod (Fig. 1). We show that with proper choice of the amplitudes and phases of the laser ﬁelds the atom-light
Hamiltonian has a pair of degenerate eigenstates with the lowest energy. These are separated from the remaining
eigenstates by a gap determined by the Rabi frequencies of the atom-light coupling. As in the tripod case,
elimination of the excited states produces and eﬀective Hamiltonian containing RD type SO coupling for the
resulting spin-1/2 system. Since the degenerate states are lowest in energy, they do not experience relaxation to
other states. (Spontaneous emission from the laser ﬁelds remains an issue.16 )

2. FORMULATION
We consider atoms illuminated by several lasers that couple each of three internal atomic states |1, |2, |3 with
two others |e1 , |e2  to form the double tripod setup depicted in Fig. 1. (Below, we show that the states |1,
|2, |3, |e1  and |e2  can all belong to a ground state manifold coupled with two photon Raman transitions.)
Adopting the interaction representation and the rotating wave approximation, the atom light Hamiltonian is
2




Ω1,p |ep 1| + Ω2,p |ep 2| + Ω3,p |ep 3| + H.c. .
Ĥ0 = −
p=1
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(1)

Figure 1. A ﬁve level model atom interacting with a six lasers illustrating the double tripod coupling scheme.

Ωj,p are the Rabi frequencies describing the coupling between the internal atomic states |j and |ep .
It is convenient to introduce a pair of coupled (bright) states
|Bp  =

3
1  ∗
Ω |j ,
Ωp j=1 j,p

where
Ω2p =

3


p = 1, 2 ,

|Ωj,p |2

(2)

(3)

j=1

are the total Rabi frequencies, with p = 1, 2. In terms of these new states, the Hamiltonian is
Ĥ0 = −

2


Ωp |ep Bp | + H.c. .

(4)

p=1

Thus, the total Rabi frequencies Ωp characterize the coupling strength between the atomic states |ep  and |Bp .
We consider the case where the states |B1  and |B2  are orthogonal, B2 |B1  = 0, so that
3


Ωj,2 Ω∗j,1 = 0 .

(5)

j=1

For the physical system illuminated by nearly uniform lasers of equal intensity, the Rabi frequencies Ωj,p are
plane-waves with the same amplitude Ω and the wave-vectors kj :
π
Ωj,p = Ωeikj ·r+iSj,p , and Sj,p = (−1)p (j − 2) .
3

(6)

The choice of the phases Sj,p ensures the condition (Eq. 5) for the Rabi frequencies Ωj,p . In this case, the coupled
states |Bp  are
3
1  −ikj ·r−iSj,p
e
|j .
(7)
|Bp  = √
3 j=1
at equal coupling strengths
Note that by taking equal amplitudes of the Rabi frequencies Ωj,p , one arrives
√
between the states featured in the atomic Hamiltonian (Eq. 4): Ω1 = Ω2 = 3Ω. As we shall see, this leads to
degenerate pair of laser-dressed atomic ground states.
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Figure 2. Geometry of coupling ﬁelds with wave-vectors forming a equilateral triangle

The Hamiltonian (Eq. 4) has eigenstates

1 
|p, ± = √ |Bp  ± |ep 
2

(8)

√
ε± = ∓ 3Ω .

(9)

with eigenenergies

Additionally, there is an uncoupled (dark) state |D, which is orthogonal to both |B1  and |B2  and has a zero
energy: εD = 0 . The dark state can be found from the conditions D|B1  = 0, D|B2  = 0 together with Eq. (7),
giving:
3
1  −ikj ·r
e
|j .
(10)
|D = √
3 j=1
√
The states |1, + and |2, + represent a pair of degenerate ground states with energy ε+ √
= − 3Ω. √The
remaining eigenstates |D, |1, −, and |2, − are separated from the ground states by energies  3Ω and 2 3Ω,
respectively.

3. GENERATION OF THE RASHBA-DRESSELHAUS COUPLING
3.1 Adiabatic approximation: reduction to spin-1/2
Below, we apply the adiabatic approximation by assuming that the atoms evolve within their internal ground
state manifold. This Born-Oppenheimer approximation is legitimate when the Rabi frequency Ω signiﬁcantly
exceeds the atoms kinetic energy. The atom is then characterized by a two-component wave-function


Ψ1 (x)
,
(11)
Ψ(x) =
Ψ2 (x)
where Ψ1 (x) and Ψ2 (x) are the wave-functions of the dressed ground states |1, + and |2, +, respectively.
The spinor wave-function Ψ obeys the Schrödinger equation i∂/∂Ψ = HΨ with the Hamiltonian:
H=

1
(p − A)2 + Φ + V ,
2m

(12)

where m is the atomic mass and V is the external potential. Here also A and Φ are the geometric vector and
scalar potentials appearing due to the position dependence of the atomic internal states |1, +, r and |2, +, r.
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Such geometric potentials emerge in many areas of physics.17–22 In the present situation, the geometric potentials
are 2 × 2 matices with the elements:
As,q = is, +, r|∇|q, +, r ,

Φs,q = −

2 
s, +, r|∇|X, rX, r|∇|q, +, r .
2m

(13)

X,r

|X, r stands for the higher energy excluded states |1, −, r, |2, −, r and |D, r.

3.2 Vector and scalar potentials
Using Eqs. (7) and (8), the vector potential is
3

As,q


2π
=
kj ei 3 (j−2)(s−q) ,
6 j=1

(14)

where s, q = 1, 2. We are interested in a situation where the wave-vectors form a triangle k1 + k2 + k3 = 0, so
the diagonal elements of the vector potential are zero: As,s = 0. In particular, we focus on the case where the
wave vectors kj form a regular triangular shown in Fig. 2:
kj = κ ex cos

2π
2π
(j − 2) + ey sin
(j − 2)
3
3

.

(15)

In such a conﬁguration, the vector potential is proportional to the projection of the spin 1/2 operator along the
x-y plane:
κ
A=
σ̌ ⊥ ,
σ̌ ⊥ = σ̌x ex + σ̌y ey ,
(16)
4
where σ̌x and σ̌y are the Pauli matrices, and ex and ey are the unit Cartesian vectors. Thus the ground-state
atoms experience SO coupling of the Dresselhaus type, equivalent to a non-abelian vector potential proportional
to the spin operator σ̌ ⊥ . Such SO coupling can equivalently be recast in the Rashba form, by relabeling the
coordinate axis ex → ey and ey → ex .
Lastly, for the wave-vectors given by Eq. (15) the scalar potential is


3 2 κ2
1 0
Φ=
.
0 1
8 M

(17)

Thus the scalar potential is proportional to the unit matrix and provides a constant energy oﬀset.

3.3 Implementation of the scheme
We now discuss a possible experimental implementation of the double tripod scheme applicable to the commonly
used alkali-metal atoms. In order to avoid a rampant heating due to spontaneous emission, one can take the
states |e1  and |e2  to be the hyperﬁne ground states with F = 1 and F = 2, such as |e1  = |F = 1, mF = 0 and
|e2  = |F = 2, mF = 0, see Fig. 3. The states |j (with j = 1, 2, 3) are diﬀerent Zeeman sublevels of the ground
state with total angular momentum F = 1 or F = 2, such as |1 = |F = 1, mF = −1, |2 = |F = 1, mF = 1
and |3 = |F = 2, mF = −1. The coupling between the state |ep  and the state |j is provided by a pair of laser
beams that induce a Raman transition under the condition of the two-photon resonance. The use of Raman
transitions in this context is an extension to the double tripod case of a recent proposal23 to implement a Λ
(ladder) type scheme for the generation of an eﬀective magnetic ﬁeld by means of counter propagating laser
beams.24, 25
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Figure 3. Proposed experimental implementation of the double tripod scheme within the ground state manifolds of nuclear
spin I = 3/2 alkali atoms (with total angular momentum F = 1 and F = 2 hyperﬁne manifolds) such as rubidium or
sodium. The lines and arcs with arrows indicate Raman transitions between diﬀerent magnetic sublevels within the F = 1
and F = 2 hyperﬁne manifolds. The grey lines indicate atomic states which are not involved in the proposed coupling
scheme.

4. CONCLUDING REMARKS
We studied dressed Hamiltonian of Raman-driven cold atoms in which the lasers couple three atomic internal
states to another two states in a double tripod topology. By properly choosing the amplitudes and phases of
the laser ﬁelds the atom-light Hamiltonian has a pair of degenerate eigenstates with the lowest energy. They are
separated from the remaining eigenstates by a gap determined by the Rabi frequencies of the atom-light coupling.
Adiabatically eliminating the upper states, the atomic center of mass motion in the pair of the degenerate internal
states is characterized by the SO coupling of the Rashba or Dresselhaus type for a spin 1/2 particle. Since the
degenerate atomic states are the internal states with the lowest energy, there is no relaxation to other atomic
states. This by-passes the problem arising in the previously studied tripod scheme9–15 (or a more general N -pod
scheme26 ) where the degenerate dark states represent the excited atomic internal states. Note that alternatively
one can generate the SO coupling for a pair of lowest energy atomic states using a closed loop setup considered
elsewhere.27
The suggested scheme can be implemented using the Raman transitions between the atomic hyperﬁne ground
states. The creation of SO coupling for cold atoms has a number potential applications including inter alia
their quasi-relativistic behavior and Zitterbewegung,13, 28–30 as well as generating SO coupled Bose-Einstein
condensates or degenerate Fermi gases with unusual properties.15, 31–33
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in quantum optics: A semi-classical interpretation,” Europhys. Lett. 83(6), 60001 (2008).
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