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Scalingrelationsfor thehydrogenatom in a harmonicfield:
classicalchaosandquantumsuppressionof diffusion
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Scaletransformationsfor theclassicalandquantumdynamicsof thehydrogenatom in a harmonicfield areintroducedwhich
reducethenumberof parameters,simplify theanalysisof thechaoticdynamicsandreveal thefunctional dependencesof the
classicalandquantumprocesses.

1. Introduction cussingthe problemof “quantumchaos” in general.
On the other hand,the modelling by mapsof the

A highly excitedhydrogenatomin a harmonicfield classicaldynamicsof a hydrogenatom in aharmonic
is oneof the simplest real non-linearsystemswith field is theobject of currentstudies[4—61.
stochasticbehaviour.That is why greatattentionis Theaim of the presentnote is to introducethecx-
devotedat presentto the experimentaland theoret- act scalingfor thedescriptionof the hydrogenatom
ical investigationof the dynamicsof the electronof in a harmonicfield and to investigate the depen-
theRydbergatom in the strongmicrowavefield (for dencesof theclassicalandquantumdynamicsof the
a review seerefs. [1,21, andreferencestherein). In systemon the scaledparametersof the problem.
particular,experimentalstudiesof the microwave
ionization of highly excitedhydrogenatoms with
principal quantumnumbersrangingto n0=90 have 2. Hamiltonian
beenpe~rformed[3]. One might expect for such
quantumnumbersthe classicaltheoryto be a good The Hamiltonian of the hydrogenatom in a lin-
approximationfor thedynamicsof thesystem.How- earlypolarizedmicrowavefield of frequencyw and
ever,quantumanalysis[1] hassuggestedthat for the field strengthF in atomic units hasthe form
high relative frequencys0=wn~>~1 of the micro- p

2 1 M2 —

wave field (with w being the microwavefrequency H= -~- — -~ + ~ +zFcoswt, (1)
in atomic units) the classicalchaotic diffusion is
suppressedby a quantuminterferenceeffect. This wherer, p andM are the position, momentumand
raisesthe questionof the necessaryand sufficient angularmomentumof the electron,respectively.
conditionsfor the applicability of the correspond- Forthe investigationof the ionization processof
enceprinciplefor chaoticsystems[2], nolongerdis- the hydrogenatom with the initial principal quan-

tum numbern
0 one commonly introducesthe so-

Alexandervon HumboldtResearchFellow 1990/91atl. Phy- called “scaled field strength and frequency” [1—
sikalischesInstitutderUniversitätGiessen. 3,7,8],
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the rise of the quantumpropertiesof the systemin
F

0=n~F. W0—fl~W. (2) the high frequencyregion.

However, thesequantitiesare rather relative than
scaled. The classicaldynamicsof the one-dimen-
sionalhydrogenatomin a harmonicfield, aswas first 3. Scaleddynamics
shown in ref. [4], for the definite scaledenergy
E5=E/W

2~3dependson a single combinationof pa- The comparisonof the theory with the experi-
rameters. i.e. the scaled field strength ~ = mentalmeasurementsof microwavetonizationshows
/‘/w4~3=4F

0L~1)(seealso ref. [5]). Introducingthe that a simplified one-dimensionalmodel, in which
scaletransformation the electronmoves alonga straightline in thedirec-

tion of thefield, providesa correctdescriptionof the
t=Wt. r5=w~~r, p5=p/W’~

3 , excitation of the real three-dimensionalhydrogen

F =F/w4~3 (3) atom [1—4]. Therefore,we mainly restrictoursub-
sequentconsiderationto this model. The scaled

we havefrom (1) Hamiltonian of this model is

jJ=~)2/3JJ f1
5=~p~—l/x5+x51”5cosl.x~0. (8)

p
2 1 442 The classicaldynamicsof the model (8) may be de-

= — ~— + -~-—~-+.~F,cost. (4) scribedby a map ratherthan by the Hamiltonequa-
tions (seerefs. [1.2,4—6]),

Expressions(3) and (4) show that the classicalmo- ~ —F +AE (E ~ (9
non of the electron in the three-dimensionalatom — ~ S 5’ /

with the definite scaledenergyE
5 and angularmo- i9=i9+2rts+Ai3(E5, i9) . (9)

mentumM5dependsonly on the scaledfield strength
F - The energychangetsL5of theelectronduring the pe-nod of intrinsic motion dependson the initial co-

The scaledtime-dependentSchrodingerequation
ordinateof the electron [4,6]. For motionbetween

can beexpressedas
two subsequentpassagesat the aphelion

(5) AE~=2mF5s
213J~(s)sinô,

(10)
~ (j)_/3 1 8 .2 8 1(1+ 1) 1 -

H
5 = ~[_ ~ ~)+~F]— ~. while at the perihelion

J~=:5F5cost. (6) AE~=2irF5s’
3J’js)sin(its+t3), (Ii)

whereJ~(:)is the derivativeof the Anger function
Thescaledenergyspectrumof theunperturbedscaled [4,6]. The phasechangeAâ can be obtainedfrom
hydrogenatom is

therequirementfor thearea-preservingmap (9) [4].
1 1 The map at the aphelion, (9), (10), mostly rep-

— 2W2~3n2= — ~/3’ (7) resentedfor the numberof absorbedphotonsN=
E/w andcalledthe “Kepler map”, is widely usedfor

wheresw/( —2E)312 is the ratio of the microwave the analysisof chaoticprocessesfor relatively high
frequency w to the Kepler orbital frequency frequenciess~1 [1,2,4] while the map at the pen-
Q= ( —2E)312. helion, (9), (11), stronger revealsthe resonance

We seethat the motion of the quantumhydrogen structureof thechaoticdynamicsat low frequencies
atom in a harmonicfield is governedin additionto s~1 [4]. In general,the dynamicsof the model (8)
the scaledfield strengthby the scaledPlanck con- is governedby the superpositionof bothmapsand
stant~

5=w~”
3. The increaseof the scaledPlanck may be describedmoreaccuratelyby the improved

constantwith increaseof the frequencyw indicates mappingequationsfor theenergychangesduringthe
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halvesof the intrinsicperiod [6] (seealso ref. [5] ~ = ~ cost
for a discussionof the canonicalKepler map). dt

Onecanaddthat thetransitionto chaosin the low ~ <fl’iX. in> exp[i(L~n/s)t]a~, (14)
frequencyregionmay be investigatedon thebasisof
the adiabatic map for the phase [4]. The scaled wherethe wavefunctionis given in termsof the un-
expressionof this map hasthe form perturbedstates I n> of system(8) by

iJ=t9+2its+qcosi9, q=l5irs7~3F
5, ~(t)= ~ n> exp(—iE5t/w~

3)a~(t) (15)

0.3~s~0.7, (12) and the quantum scaled field strength Fq=

F
5/w”

3=F/w5”3 was introduced.Since the matrix
which is the map of the circle onto itself, element<n’Ix~n> for JAnI <<n, n’ in accordance

Expressions(9)—(12) show that the classicalmo- with refs. [4,6] dependsonlyon sandz\nfor Ltn ~‘ 1
tion of theone-dimensionalhydrogenatom in a har- can bewritten as
monic field in fact dependson a singleparameter—

~2/3 bs273
the scaledfield strengthF

5. The transitionbetween <,~,~ ~>= — — ~ — j 5/3 (16)
a regularand stochasticmotion may be character- L~fl

ized by a scaledthresholdfield strengthasa function eq. (14) showsthat the transitionprobabilitieswith
of a scaledenergy or scaledfrequency:F~=f(s). definitez~nandsdependonlyon thequantumscaled
Notethat F0 accordingto (2) is relatedto F5 by vir- field strengthFq.

tueofF0=s~/
3F

5.Thus,in thehigh scaledfrequency It hasbeenshown in ref. [4] that the one-photon
limit the thresholdfield strengthsfor the onset of transitionsin thestronglyperturbedspectrumof the
classicalchaoscanbe estimatedfrom the map (9), atom result in the diffusion coefficient of the dee-
(10) [4], tnon in energyspacebeing identicalto the diffusion

coefficient due to the stochastic classicalmotion.
1 1 Later analysisrevealedthe importanceand conve-

F~=
l2it~s~

3J~(s)— 12ic2bs513’ F~�49~/3’ nience of the photonicbasis for the quantumdy-
namicsof themodel (8) [1,2,7—9].The correspond-

b
Jc(s)~~ b~v0.41 1 , s>> 1 . (13) ing equationsfor the transitionamplitudesbetween

the photonicstatesmaybe approximatedby
cos I

Forlow scaledfrequencys~ 1 thedetailedresonance ~ = ~ ~ exp( ii~NI) bN.

structureof the chaoticdynamicsfollows from the dt ~ s
numericalanalysisof the maps (9)—(l2) and the (17)
improvedmappingequations[6]. The transitionprobabilities~NN’ betweenthe pho-

Considerablymore complicatedis the quantum tonic statesduring theperiodof intrinsicmotion for
dynamicsof the model (8) which, besidesthescaled high frequenciess~1 maybe evaluatedby meansof
field strengthF

5, dependson the scaledPlanckcon- Presnyakovand Urnov’s model [10],
stanth5=w

1”3. Moreover,the quantumlocalization
PNA~JNN(K) , K=27tFq52~3J~(5). (18)phenomenonthat limits the diffusive processis es-

sentialandmay determinetheionizationprobability Using theexpression~,, n2J~(K)= ~K2 we may for-
[1]. mally evaluatethe local diffusion coefficientof the

The energy spectrum of the unperturbedone- electronin the scaledenergyspace,
dimensionalhydrogenatom is given alsoby expres-
sion (7). The transitionn~n’frequencyis foundto B(E

5) ~ (E~—E5)
2P~-,~

be AE
5/Fi5 = sn/sand the equationsof motion are

—

then —tF~s~
3J~(s), (19)
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where11
5=2iis is the scaledperiodof theelectronin- of parametersand revealthefunctionaldependences.

trinsic motion and the approximationof uncorre-
lated transitionswas used.Therefore,the localquan-
tum diffusion coefficientdependsonly on thescaled 4. Conclusions
field strengthand scaledfrequencyandagreeswith
the classicaldiffusion coefficient [~1. Introduction of the scaletransformationfor the

However,in order to be a quantal transitionpro- descriptionof thehydrogenatom in a harmonicfield
cesssimilar to the classicalone it hasto includeat enablesoneto maximally simplify theanalysisof the
least a few quantum states.In our casethis corre- dynamicalprocessesand to reducethe numberof
spondsto the condition K> I. i.e. parametersof the problem.The classicalmotionde-

pendsonly on the scaledfield strengthI~=F/w
413

~ (2~h) ~0.4, while thequantumdynamicsdependsin additionon
F~~0.4s~/3/n

0. s>~1 . (20) the scaledPlanckconstanth5—w’~
3.However, the

transitionamplitudesbetweenthe statesof the un-
On the other hand,condition (20) coincideswith perturbedhydrogenatom as well as betweenthe
therequirementfor theclassicalenergychange(10) “photonic states” dependalso only on oneparam-
to he largerthan thephotonenergy,AE~> w~3(see eter — the quantum scaled field strength F,~=
also ref. [7] for comparisonof the classicaland F/w5~3.Notethat F

1~= F0s~/
3w /3 and,therefore,the

quantumdynamicsof system(8)). relative (see(2)) quenchingfield strengthF~UCflde-
For high scaledfrequenciess>> 1, K=2ithF~

1 in pendsnot only on the relativefrequencySo but also
(18) is a constantand the transitionprobabilities on the absolutefield frequencyw. This is in agree-
(18) coincidewith the probabilitiesfor the kicked ment with the experimentalresults [3].
rotatormodel [111. The sameresult (18) mayalso The quantaldiffusive ionization is a result of the
be obtainedfrom the quasiclassicalapproximation kinetical delocalizationof the quantumlocalization
for the map (9), (10) basedon the appropriate of chaoticdiffusion anddependson bothscaledpa-
kicked model Hamiltonian [12]. In addition, the rameters.The applicationof the scaling for the sta-
structure(18) for transition probabilities is com- bilization of atomsin the problem of superintense
mon for all kicked modelsand for the non-linear laserfields (seee.g. ref. [15]) is also relevantand,
HamiltoniansJi°(N) resultsin the quantumlocal- in our opinion, useful.
ization of classical chaoswith localization length

IA ~N= ~K
2 [1,11—13].Thus, for the diffusive

achievementof a given distance/~ the quantum Acknowledgement
scaledfield strength
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