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In the first Born approximation, the general expression for ionization cross-section of polarized atoms by fast non-polarized
electrons is derived by using the methods of the theory of an atom adapted for polarization and the similarity between the Born
and photoionization operators. Special cases of the general expression for description of the angular distribution of the slower
emitted electron and for the alignment of ionized atoms are obtained in the case of polarized and non-polarized atoms, as well
as the magnetic dichroism of the total ionization cross-section of polarized atoms.
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1. Introduction

The interaction of atoms with photons, electrons,
and other charged particles is very important process
in laboratory and astrophysical plasmas resulting in the
distortion of Maxwellian distribution of electron veloc-
ities [1]. The non-equilibrium population of magnetic
sublevels or the ordering of angular momenta of atomic
particles that is called a self-alignment arises in these
processes. The polarization of the emitted electromag-
netic radiation could be considered as an indication of
the presence of ordered beams of electrons in plasma.
Recently, the methods of the theory of an atom were
applied for the derivation of the expressions describ-
ing the interaction of polarized photons and electrons
with polarized atoms and ions [2-6]. The probabil-
ity or cross-section of the interaction was expressed as
the multiple expansion over the multipoles (irreducible
tensors) of the state of all particles taking part in the
process both in initial and final states. The applied ap-
proach was an alternative to the density matrix method
[7] where the density matrix was expressed via multi-
poles or statistical tensors.

The ionization of polarized atoms by polarized elec-
trons was investigated by Kupliauskiené and GlemZa
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[5] with the help of the method of the theory of an
atom [2] in distorted wave approximation. In the case
of ionization of atoms by fast non-polarized electrons
a simpler approach like plane wave Born approxima-
tion (PWBA) can be applied [8-10]. This approxima-
tion allows us to describe the angular distribution and
spin polarization of the slower electron emitted from
a polarized or non-polarized atom [9], as well as the
alignment of the ionized atoms [8,9]. The description
of orientational dichroism in the electron-impact ion-
ization of laser-oriented atoms [10] is also possible.

The main task of the present work is the derivation
of a general expression for the non-polarized electron-
impact ionization of polarized atoms in non-relativistic
approximation, the special cases of which were suit-
able for the interpretation of the experimental results
[10]. The next section of the present work is devoted to
obtaining the general expression. Its special cases are
presented in Section 3. The inequality

fine structure splitting
> line width
> hyperfine structure splitting

is also assumed. The modifications enabling one to take
into account the hyperfine structure splitting can be eas-
ily made [2,4].
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2. General expression

The process of ionization of an atom A in the state
ayJ1 M7 by an electron e~ moving with the momentum
P1 can be written as follows:

A(OélJlMl) +e (plml)

— At (g JoMs) + € (pm) + e~ (pama), (1)

where AT denotes the ion in the state aipJJo M. In (1),
a1 (a9) indicates the configuration and other quantum
numbers, J; (J2) and M; (My) are total angular mo-
mentum and its projection of an atom (ion), respec-
tively, p2 and p stand for the momenta of the scattered
and emitted electrons, respectively, and m1, mg, and m
indicate the projections of spins of the projectile, scat-
tered, and emitted electrons, respectively. In general,
the projections of angular momenta of all the particles
taking part in the process (1) can be defined onto differ-
ent directions. The fine structure splitting is assumed to
be much larger than the hyperfine one. Then the states
of atom and ion can be specified by the total angular
momentum of all electronic shells.

In the first order of perturbation theory, the proba-
bility of ionization of an atom (1) can be written as fol-
lows:

dW (o JiMipimi — agJo Mapmpams)
dedQdy

= C{apJo Mapmpama|H|o Ji Mipima)
X (o Jo Mapmpame|H o J1 Mipima)*

X(;(El —Eg). (2)

Here and below the atomic system of units is used. In
(2), H is the operator of the electrostatic interaction
between the projectile and atomic electrons, 7 and Eo
are the energies of the systems atom + electron in the
initial state and ion + two electrons in the final state,
respectively, C is the constant depending on the nor-
malization of the wave function of free electron.

When the projectile and scattered electrons are de-
scribed by plane waves normalized to unity, the matrix
element in (2) can be written in the form

(e JoMapm)pa|H |1 J1 Mip1)

= ((agJyMapm)e™Hare|

1 .
X Z 7|O¢1J1M1€1k1r6>
j |I'] - I'6|

: 1
= <a2J2M2pm| Zelqr57|a1J1M1>
j ’rj - I‘e’

A7 ;
= ?(angMgpnﬂ > el ¥ilay Ji M) . (3)
J
Here k=p/A, the transferred momentum is equal to
q=k;—Kko, and the summation over the projections of

the spins of free electrons is carried out. For the expo-
nent in (3), the expansion

t

4%21 elar) D Yir(@)Yip(7

p=—t

4(2t + 1)it 5 (gr)

X D V(@0 (7) @

is applied. The partial wave expansion can be used for
the emitted electron:

lpm) 47TZRA 7)Y u (7)Y (0)ém(0) Q)

—Z,/zm 2\ + 1) Ry (r

Here &,,, (o) is a spin function of an electron, and
R(r) = " expli(oa(p) + 0\)r ™

where P(e\|r) is a Hartree radial orbital of the electron
in the continuum. The substitution of (4) and (5) into
(3) leads to the following expression:

f, Y)\u( )Sm(O') :

P(eAlr),  (6)

(a2J2M2pmq]H]a1J1M1>

2 0O o0

SN IEAF )2t + 1))V (s ds Mol
t=0 \=0

x 3 iGi(qr) O () e JL M) Yo (@) Yo (). (7)
j/

The second subscripts in Y;(§) and Yy (p) are equal to
zero because they are defined with respect to the quan-
tization axes z coinciding with the directions of trans-
ferred momentum and movement of emitted electron,
respectively. The projections of the angular momenta
J1 and Jy are also chosen arbitrarily. The calculation
of the matrix element should be performed by using the
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projections defined with respect to the same quantiza-
tion axis z by rotation procedure. Mathematically it can
be accomplished with the help of relation

jm) = Z D, v)|jm), (8)

where Dfnm(a, B3,7) is the Wigner rotation matrix.
Then the matrix element (7) acquires the following ex-
pression:

(g JoMaypm)q|H|ovy J1 My)

2

M8

ST+ 1) (2t + 1))/
A

~+
i
o

<042J2]\~42€)\,u\

x>

M1, Ma,my,pu,m
xi'jy(qr)C5) (7)lan IM) DS | (1)

xD*2 - (J2) Dho(@) D (8) D5 (8) - 9)

The inspection of (9) allows us to notice that the an-
gular part of this matrix element coincides with that
of photoionization [4]. For this reason the same angu-
lar momentum diagrams can be used for the integration
over orbital and spin angular momenta in (9). The final
expression for the triply differential cross-section is as
follows:

d30(a1J1M1q — OéngMgpm) B Ck‘gk‘
dQdQ,de T ¢tk

B.ion.
X Z B IOH(K17K27KQ7K)\7K87Kj7K)
K17K27KCI7
K)\7K87Kj7K

« Z KiK K| |K\K;K;| K2 K; K
NiNyN| [Ny N, N;| [Ny N; N
N17N27Nq7
Nkastij

X Van Yk, N, (D) VAT Y, N, (4)

X TN (1) T2 (Ja) Toe(8), (10)
where

BB-ion-(KlyK% Kq7K>n KS7Kj7K)

=D

A7]’7‘]7>\I7le7"]l 7t7tl

(2J +1)(2J + 1) (=N +

x (aJ2e A7) J|QW |ar J1)[(2J1 + 1) (2 + 1)]/2
x (g JoeN (7)) 7| Q) o J1)*[(2s + 1)]'/2

SRV e

X[(2K; + 1)(2t' +1)(2t + 1)(25 + 1)(25 + 1)]/2

Ji K1 Jh Jo Ko Jo N Ky A\
Xt Kqt JKjj s Kgs p. (11)
srJ) K T) K

In (11), the operator is defined as
QW) = i'Gi(qr)CR)(7) (12)

where C’r(nz () is the operator of spherical function [11],
and the constant is C' = 1/7. Here the 1/2 coming
from averaging over the spin projections of projectile
electron is also taken into account.

When the fast scattered electron is not detected, the
integration of (10) over the angles of this electron can
be performed. It can be changed by the integration over
the momentum transferred to an atom. Then

d20(a1J1M1q — OéQJgMgpm)

10de
/ a0, 4

<DL
K17K27Kq7
K)\7K87Kj7K

<2
N17N27Nq7
N)\7N87Nj7N

a1J1M1q — OégJQMgpm)) _ 2kC
dQdQ,de k3

BB.ion.(Kla K27Kq7 K)\stv Kj7 K)

Am YN, (9) Y, n, (9)

[EVE K] [EVE Ky [Ke K K
Ny N; N

NI N,N| [N\ N, N,
«K1/ 7 7 s/ A
XT3t (1) TN2 (J2) T (3) (13)
where
BB'ion'(KbKQvvaK)\meKij) (14)
Qmauxd
q .
= / ?BB'IOH'(KMK27KQ7K)\7K87Kj7K)7
Gmin

Gmax = (2e1)% + [2(e1 — I, — €)]V/2, (15)
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Gumin = (261)/2 = [2(e1 — I, —)]Y2.  (16)

The total ionization cross-section can be obtained by
integration of (13) over the angles of the emitted elec-
tron and its energies from O up to 1 — I, where I, is
the ionization potential of an atom.

The expression (14) represents the general case of
the cross-section describing the ionization of polarized
atoms by non-polarized electrons and enabling one to
obtain information on the angular distributions, angular
correlations, and spin polarization of the emitted elec-
tron in plane wave Born approximation. It can be used
for the derivation of some special expressions applica-
ble for the specific experimental conditions.

3. Special cases

3.1. Total cross-section for the ionization of
non-polarized atoms

To obtain the total cross-section for the ionization
of non-polarized atoms by fast non-polarized electrons,
one needs to do the integration over the angles of the
slow emitted electron and the summation over the mag-
netic components of all angular momenta. The fol-
lowing summation and integration formulas [4] make
it easy:

STTH (I, J, M| J) = §(K,0)6(N,0), (17
M

T 2T

/ / sin@df do Yien (6, 6) = vir 6(K,0) 8(N, 0).
00

(18)
Then the expression for the total cross-section is as
follows:

dO’(Oqu — QQJQE) - 1
de 21 +1
/dQ Z dZO'(OélJlMl ; OéngMgpm)
My Mam dQde
471'2]{70 B.i
— T RY  pBion(g 0 0,0,0,0,0), 19
e1(2J1 +1) ( ) (1%
where C' = 1/7 and
Qmaxd
B%47(0,0,0,0,0,0,0) = [ =L 3" (27 +1)
Gmin 4 Ads it
x (a2 JaeA(7) T]1Q M Jan Ji) [ . (20)

Often the total cross-section integrated over all the
energies of emitted electron is used. Its expression ob-
tained from (13) is

a-ly do(ayJ J.
a(aljl . a2J2) :/0 de 0'(041 1d: (%) 26)

AT e1—1Ip ,
= de BB1°"(0.0,0,0,0,0,0
El (2J1 + 1) /0 6 ( bl ) b ) b ) )

e1i—1Ip Qmax

4 dg
__ A & }: (2J
e+ 1) O/ / 3 1

dmin

x| (a2 J2eA(5) I |QW oy J1) |2 . 2N

Here I, is the ionization energy, and the integration
over k present in (19) is performed after replacement
de = kdk.

3.2. Angular distribution of the emitted electrons from
non-polarized atoms

The expression for the differential cross-section de-
scribing the angular distribution of emitted electron
from non-polarized atoms, when the polarization of
electron and ion is not registered, can be obtained by
performing the summation of Eq. (13) over the mag-
netic components M, and m and averaging over the
states of an atom. It acquires the form

d20(()é1J1q — OéQJQp) _ 1
ded(2 2J1 +1
% Z dza(alJlMlq — OéQJQMme)
My Mo dQde
7Tk70 B.i
=— " N BB 0 Ky, K\,0,K\,K
X D Am YN, () Vi, v, (4) (22)
Ny

Taking into account the axial symmetry of the ion-
ization process and by choosing the laboratory z axis
along the direction of transferred momentum (, the ex-
pression (22) becomes simpler:

dza(aljl — angp) . 1 dO’(Oéljl — CYQJQE)

ded2 47 de

x[l—k > B, Pr,(cos )|, (23)

Ky >0
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where

(2K)\ + I)BB'ion' (07 07 K)\v K)\) 07 K)\v K)\)
BBon(0,0,0,0,0,0,0)

Br, =
24
is the asymmetry parameter of the angular distribution
of emitted electron. The angle 6 is measured from the
direction of the transferred momentum q. For a given
initial energy €; and an energy loss AE of the initial
electron, its scattering angle 6 is related to the momen-
tum transfer ¢ by the relation

2e1 — AE — ¢?
2le1(e1 — AR)V/2°

cos = (25)

3.3. Total cross-section for the polarized atoms

The expression for the total ionization cross-section
from polarized atoms is as follows:

dU(OélJlMl — OZQJQE)

de
:/dQ

Mo,m

d2a(a1J1M1 — OéQJQMgpm)
dQde

> BPI™(K,0,K,0,0,0,0)(—1)V
K,N

x[ 47
2K +1

1/2 o
} Yrn(0g, 0q) TN (J1) - (26)

By choosing the z axis along the direction of the trans-
ferred momentum ¢ the expression (26) becomes sim-
pler:

dO’(a1J1M1 — QQJQE)
de

B Ar2kC
=

K

[477
X

T/Z[Jl J K
2J1 +1

Ml _Ml 0 :| Y;O(Qa ¢)

B Ar2kC
=

K

y [2K+1T/2 [Jl J K
2J1 +1 My —M; 0

> BP™(K,0,K,0,0,0,0)(—1)7t TM+K

> BP™(K,0,K,0,0,0,0)(—1)71 ~M+K

} Pr(cosB). (27)

The magnetic dichroism is defined by the following
formula:

(28)

where o(JM) = do(agJ1 M7 — agdae)/de. The
magnetic dichroism in the ionization of polarized
atoms by non-polarized electrons acquires the follow-
ing expression:

- Z BB.ion.(Kodda 07 Kodda 07 07 07 O)

A — Koda : (29)
KZ BB'IOH'(Keveny 07 Kevena 07 07 07 0)
J1 J1 Koad
V2Koqq + 1 {M1 Y 8 Py, (cos0)

X

Jl Jl Keven

Vv 2KCVCII + 1 |:]\41 _Ml 0 :| PKcvcn (COS 0)

It simplifies in the case of the atoms polarized along the
direction of transferred momentum ¢

- Z BB.ion.(Kodda 07 Kodda 07 07 07 O)
Koad

KZ BB'ion'(Keveny 07 Kevena 07 07 07 0)

A =

Ko 1 J1 J1 Koda
Ji—J1 0
X . (30)

VoY 7 Jl Jl Keven
2KCVCII + 1 |:J1 _z]l 0 :|

The parameter (30) of the magnetic dichroism in the
case of J; = 1/21s

_ pB.ion. 9 1/2 1/2 1
B (1,0,1,0,0,0,0)¢3{1/2_1/20

A= .
BB-on.(0,0,0,0,0,0,0)2-1/2

j— _\/gBBlon(]‘707 1707 0707 0) (31)
~ BBion(0,0,0,0,0,0,0)

For J; =1, 1itis

_ BB.ion. 1 1
P — L (1,0.1,0.0.0.0) 3,
[v2BB°1(0,0,0,0,0,0,0)

+/5BBm(2,0,2,0,0,0,0)]
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3.4. Angular distribution of the emitted electrons from
polarized atoms

In the case of the ionization of polarized atoms, the
differential cross-section depending on the angular dis-
tribution of emitted electrons can be written as follows:

dzo'(OquMlq — Oéngp)
ded(2

d2a(a1J1M1 — OéQJQMme)

-5

Moo dQde
k .
= Q Z BB'IOH'(Kla07KQJK)\707K)\7K)\)
1 K Kg. K

K K, Ky . .
x > Ar [N1 NZ NA] Yi\n, (D) Yi, N, (Q)
N1,Ny,Ngq
X TR (1) . (33)
In the case of the z axis coinciding with the direction

of transferred momentum (, it reduces to

dZU(OélJlMl — OéQJQP) . 47‘1’2]{70
ded2 g

Ki K, K N\ <
x Y Nl Oq ]V)\]YK,\N(p)YKlN(Jl)
K1,Kq, K\, N

y {QKq—Fl]l/?(_l)Jl_Ml [Jl Ji Kl]
2J1 +1 M, —-M; O

XBB.ion.(KhOaanK)wOaK)\aK)\) (34)

47T2/<:C 47

1/2
— TS S Bt [ g ] V),
N A 2K, +1 A

where

B () = Y BPOM(K1,0,K,, Ky, 0,K,, K))

K1,Kq

[(2KA +1)(2K, + 1)] 1/2 [Kl K, KA} 35)
Ar(2J; + 1) N O N
_ Ji 1 Ki| s 2
X(—l)Jl My |:M1 M, 0 :| YKlN(Jl)

are the parameters of the asymmetry of the angular dis-
tribution of emitted electrons containing the informa-
tion about the polarization state of atoms.

3.5. The alignment of ionized atoms

The alignment of ionized atoms describes their state
of polarization and can be measured in the second step
processes (those follow the first step of ionization). As
a rule, the alignment of the ionized atom strongly af-
fects the parameters of the angular distribution and po-
larization of Auger electrons and fluorescence radia-
tion. The expression (13) written in the form of the
multipole expansion of the final state of an ion is more
suitable for the investigation of alignment in the sec-
ond step processes. Applying the procedure described
in Ref. [2] it can be written in the following form:

d20'K2N2(041J1M1q — Oégjgpm) ﬂkC

dQde €1

" Z BB'ion'(Kl,K27anK)\7K5’Kj’K)

KviChK)\v
KoK K

X\/2K2—|—1

5 K, KqK} [KA K, Kj]

N1,Ng,Ny,
Ns,N;,N

KoK, K A " N
X [Nz Nj N] VAT Yk, N, (D) VAT Y N, (4)

X TN (1) Tae (3). (36)

By using (36) the expression for the cross-section
describing the alignment of ionized atoms in the case of
the ionization of non-polarized atoms by non-polarized
fast electrons can be written as follows:

dO’(Oélqu — ()41J2€) . Z 1
de B 2J; + 1

K3,N2

%ok, N, (1 J1M1q — agJopm)
Q 21V2
/d Z dQde
B A2 kC
N e1(2J; + 1)

Z \/2K2+ \/_YK2N2 )

KN2

x BBom (0, Ky, K3,0,0,0, K3) . (37)

In the case of z axis chosen along q, Eq. (36) becomes
very simple:

dO’(OélJl — OélJQE) N 471'2]{30

de Ce1(2J1 + 1)
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x Y (2K + 1)BP1™(0, K3, K3,0,0,0, K3) . (38)

Ky

The inspection of the expression for B21°" (14) al-
lows us to conclude that K5 must be even. The align-
ment describes Ko = 2 and higher terms.Therefore, the
expression (38) can be rewritten in the form

dO’(OélJl — angs) .

O’Q(a1J1 — anga)

de

x [1 . AKJ , (39)
K2>0, even

where
Ao _ (2K + 1)BP(0, K, K5,0,0,0, K)
Ky = BB.ion.(()’0,0’0,0,0,0) 7
472 kC

J Jog) = ————

oo(en/y — arJe) e1(2J; + 1)
x BB°1(0,0,0,0,0,0,0). (40)

Similar procedures are applied for the derivation of
the cross-section describing the alignment of ions cre-
ated in the ionization of polarized atoms:

dU(OélJlMlq — a1J2€)
de

d%o ., N, (1 J1 M1q — g Jopm)
dQZ dQde

:Z/

K2,N2

B Ar2kC
=

K K, K,
Z V2K + 1 [Nl N, Nz]

Ka,N2,K1,
Ni,Kq,N,

xVAr BB (K, Ky, K,,0,0,0, Ky)

<Vie, vy () TN} (1) (41)
It also simplifies for the case of the z axis chosen along
q and is equal to
dO’(OélJlMl — (1 J2€)
de

B 472 kC
-

Z BB.ion.(KbK2,Kq,0,0,0,K2)
K2,K1,Kq,N

K K Kg] {(2Kq—|—1)47r]1/2
V2K, + 1 a Sl LNl
XVt [N 0 N|| 2/ %1

_ J1 1 K 2
V=M | J1J1T R
<(-1) [M1 o oY)
471'2]{70
ZAK2 (42)
where
AKz(jl) = Z BB.ion.(KlvK27Kq7070707K2)
Ki1,Kq,N
J S K
J1—M; 1 1 1
<)M Y [

X [K1 K, K2} {(2K2 +1)(2K, + 1)471 1/2

43
N 0 N 2J1+1 )

is the parameter of the alignment depending on the po-
larization state of an atom.
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POLIARIZUOTUY ATOMU JONIZACIJOS GREITAISIAIS ELEKTRONAIS TEORINIS TYRIMAS
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Santrauka

Atomy ir jony jonizacija — vienas svarbiausiy procesy plazmoje.
Esant kryptingam kriivininky judéjimui, pvz. tokamako plazmoje,
galima jony biiseny savaiminé poliarizacija. DaZniausiai atsiranda
savaiminis rikiavimas, kai biisenos, apraSomos vienodo didumo bet
priesingy Zenkly pilnutinio judéjimo kiekio momento J projekcijo-
mis M, uZpildomos vienodai. Tokiy jonu elektromagnetiné spin-
duliuoté biina poliarizuota. I§ spinduliuotés poliarizacijos galima
nustatyti elektrony pasiskirstymo pagal greicius funkcijos nukry-
pimo nuo Maksvelo funkcijos masta.

Naudojant atomo teorijos metodus, pritaikytus poliarizacijos
reiSkiniams tirti, ir Borno artinio operatoriaus panasumg i fotojoni-
zacijos operatoriy, surasta bendroji poliarizuoto atomo jonizacijos
greitaisiais nepoliarizuotais elektronais diferencialinio skerspjiivio
iSraiSka. Ji panaudota létesniojo elektrono kampinio pasiskirstymo
ir jonizuoto atomo rikiavimo parametrams surasti, kai jonizuojami
poliarizuoti ir nepoliarizuoti atomai, bei poliarizuoto atomo joniza-
cijos pilnutinio skerspjiivio magnetiniam dichroizmui aprasyti.



