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Thedelayedeedbaclcontrolmethodis appliedto controlaquasi-periodienotion. We consideraweaklynonlineavander
Pol oscillatorsubjectedo a periodicforce. Making useof the factthatthe systemis closeto a supercriticaHopf bifurcation
we areableto treatit analytically Our analysisshawvs thatthe domainof synchronizatiorof a forcedself-sustaineascillator
canbeessentiallyextendedby delayedfeedback. The mainresultsandthe approachareof generaimportancesincethey are
relevantto ary forcedself-sustainedscillatorcloseto the supercriticaHopf bifurcation.
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1. Intr oduction

The delayedfeedbackcontrol (DFC) method [1] is
superiorfor controllingthe oscillationsin appliednon-
linear science[2]. The methodallows a nonirvasie
stabilizationof unstableperiodicorbits (UPOs)of dy-
namicalsystemsThe DFC makesuseof a controlsig-
nal obtainedfrom the differencebetweenthe current
stateof the systemandthe stateof the systemdelayed
by oneperiodof the unstableorbit.

Most investigationsin the theory of delayedfeed-
back control are devoted to the stabilization of un-
stable periodic orbits embeddedn chaotic attractors
of low-dimensional(usually three-dimensionalkys-
tems [4]. TheleadingFloquetmultipliers of suchor-
bits are real-valued and lay outsidethe unit circle in
the comple plane(Fig. 1(a,b)). However, thereex-
ists a large classof unstableperiodic orbits with the
comple conjugate pair of leadingFloquetmultipliers
(Fig. 1(c)). Suchorbits arisefrom a Neimark—Sacér
(discreteHopf) bifurcationand cannotappeatin low-
dimensionathaoticattractors Presumablyor thisrea-
sonthey have notbeenconsideredn delayedfeedback
controltheorysofar. However, suchorbitsmayappear
in low-dimensionahon-chaoticsystems.In this paper
we consideithe control of suchorbits.
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Fig. 1. LeadingFloquetmultipliersof unstableperiodicorbitsaris-

ing from differentbifurcations: (a) period doubling, (b) tangent,

and(c) Neimark—Sacér (discreteHopf) bifurcations.Theunit cir-
cle de nestheregion of stability.

We investigate the problemof controlling synchro-
nizationin a forcedself-sustaineascillator Very of-
tenin practicalapplicationthe needarisesto control
the propertiesof oscillations.Usually controlassumes
an enhancemernin regularity of motion. Due to drift
of parametershe desiredsynchronizatiormay be lost
andakind of beatphenomenomay occur We imag-
ine thatthe externalforcedriving the oscillatoris inac-
cessiblein experiment,but we canmeasurean output
of the oscillatorandcancontrolits statethroughsome
accessiblenput. Thenapplyingthe delayedfeedback
control we canreturnthe systemto the synchronized
state.In this paper we demonstrat¢heseideasfor the
vanderPol oscillator

Therestof thepaperis organizedasfollows. In Sec-
tion 2 we derive averagedequationgor the controlled
van der Pol oscillator In Section3 we analyseperi-
odic orbits of the uncontrolledsystem. In Section4,
we investicatea linearstability of the unstableperiodic
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orbits controlled by delayedfeedback. In Section5,
we demonstratéhe resultsof numericalsimulationsof
the original delay-diferentialequations.The paperis
nished with conclusiongpresentedh Section6.

2. Model and averagedequation

Considera weakly nonlinearvan der Pol oscillator
underthe actionof anexternalperiodicforceandade-
layedfeedbackperturbation:

A+ 1 2x+ "(x2) Dx= asin(! t)+ k(xi x7): (1)

The left-handside representshe standardvan der Pol
equation. The parametet ¢ is the characteristidre-
gueng of self-sustaineascillations,and"” is respon-
sible for the strengthof nonlinearity of the oscillator
The rst termin theright-handsideis anexternalperi-
odic force (a is theamplitudeand! is the frequeng),
and the secondterm describesthe delayedcoupling
dueto control. The parametek is the feedbackgain,
Xt x(tj T),andT = 2¥#! istheperiodof the ex-
ternalforce. In the following we considerkEg. (1) asa
weaklynonlinearsystem.Speci cally, we supposéhat
" is asmallparameter" ¢ ! o. Moreover, we assume
thattheamplitudea, thefrequeng detuning! j ! o, as
well asthe controlperturbatiork(x j Xt) arepropor
tionalto thesmallparametel'.

For weaklynonlinearsystemstherearemary math-
ematicallyrigorousways (e.g., methodof averaging,
multiscaleexpansion,and other asymptoticmethods)
to obtain approximatesolutions. We will apply the
methodof averaging.Firstwe rewrite Eq. (1) asa sys-
tem

X=Y; (2a)
y=i '3 "(x?j 1y+ asin(' t)

+ k(X i XT): (2b)

As Eq. (1) or system(2) is closeto that of linear os-
cillator, we may expectthat the solution hasa nearly
harmonicform. Sincethereis aforcedsystemwe look
for asolutionwith the characteristiérequeng ! ,

« = A(t)e! t+ AR(t)el !t :

; ©)

HereA(t) is anew variable,a slowly varyingcomple
amplitude. Sinceit is comple, we needtwo relations
to have one-to-onecorrespondencleetween(x; y) and

A. It is corvenientto introducethe following relation
betweery andA:

it . o jilt
A(t)e" ' 2A (t)e : @)
Substitutingegs. (3) and (4) in system(2) we obtain
theequatiorfor thecomplex amplitude which afterav-

eragingover the periodT of fastoscillationstakesthe
form

y=il

A !

12, 12 " A2
i e, JAI= . a
Az AT Tt i
+ K Aiji Ar): 5
ST(AT A7) (5)
By choosinganappropriatescalefor theamplitude
A=2z (6)
andintroducingnewn parameters
a 1%z o bty ko
®— ﬁ,o - "! 1/42 " y T = T, (7)
equation(5) canbesimpli ed to
2 . . .
Tz= i i°zi 2(z)*i 1)i ® i-(zi zr): (8)

Theparameter®, °, and- areproportionaltto theam-
plitude of externalforce, the frequeng detuning,and
thedelayedfeedbaclgain respectiely. Thedynamical
equationfor the complex amplitude(8) is the mainin-
strumentin our analysisof the stationarysolutionsof
thesystem(2).

3. Periodic orbits of the system

We now determinethe steadystatesolutionsof the
uncontrollecsystem(- = 0) andanalyseheir stability.
We focuson unstableperiodicorbits. In the following
sectionsthey will be the subjectof the delayedfeed-
backcontrol.

We startthe analysiswith nding the stationaryso-
lutions. Settingz = 0 andz = zg, we obtain

i i°207 20(jz0j®i 1)i ®= 0: )
We introducethe notations
fo(s) = sl(si 1)%+°?]:

s = jzoj?; (10)

Thenthe valuesof s canbefoundby solvingthe cubic
equation

fo(s) = @ (11)
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Fig. 2. Thebifurcationdiagramfor theuncontrolledvanderPol os-
cillator. Thebrokenlinesarede ned by Eq. (14b). Theregion be-
tweentheselines correspondo threeperiodicorbits. Outsidethis
regionthereis only oneperiodicorbit. Thethick solidline is thehy-
perbola(17)de ning theHopfbifurcation. Theverticallinesdivide
thediagraminto threeregions:(a)°? < 1=4, (b)1=4 < °2 < 1=3,
and(c) 1=3 < °2. By the horizontallines, the diagramis divided
into regions (d) ® < 4=27, (e) 4=27 < ®* < 8=27, and(f)
8=27 < ®. The vertical (horizontal)arrons shav the x ed val-
uesof theparametef (®) takenfrom regions(a), (b), and(c) ((d),
(e), and(f)) for which the jAoj versus® [jAo( versus®) charac-
teristicsare presentedn Figs. 3(a), (b), and(c) ((d), (e), and(f)),
respectiely. The solid dot (°;®) = (0:9;0:6) shaws the setsof
parametersvhich will beusedin thefollowing analysisto demon-
stratethe delayedfeedbackcontrol performance.

with respectto s. Knowing s, from Eq. (9) onecan
determinghe steadystatevalueof z,
i ®

Zp= —————
sjp 1+1i°

(12)

Solutionsof the cubic equation(11) de ne stationary
periodic orbits of the forced system. The period of

theseorbits coincidewith the period T of the external
force,andtheamplitude(theradiusin the(x; y) plane)
is

. . P
JAoj = 2z = 2" s (13)
Equation(11) hasthreerealrootsprovided
®1(°) < @ < G5(°); (14a)

®12(°) = 237[9°2+ 17 (1§ %77 (14b)

or one real root otherwise. Thus, the forced van der
Pol oscillatorhaseitherthreeor one periodicorbit(s).
Thebifurcationdiagramof Eq. (8) for - = 0is shavn
in Fig. 2. Sinceit is symmetricalwith respecto the®
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Fig. 3. TheamplitudejAoj of the periodicorbit asfunction of the
amplitude® of the externalforce for the x edvalueof the detun-
ing (@)° = 0:25,(b)° = 0:53, (c)° = 0:9, andasfunction of
the detuning® for the x edvalueof the amplitudeof the external
force(d) ® = 0:3, (e) ® = 0:46, (f) ® = 0:6. Solid lines de-
notethe stableorbits, opencirclesrepresenthe saddleorbits, and
dashedines shav unstableperiodicorbits with a pair of complex
conjugate Floquetexponents.Solid dotsmark the samesetof the
parameter¢®; ®) asin Fig. 2.

and® axes,only thepart® , 0, ®, 0is presented.
The region with threeorbits is betweenbroken lines.
Outsidethis region thereis only oneperiodicorbit.

From a physical point of view it is interestingto
investigate the bifurcations for two different cases,
namely(i) for a x eddetuning® andvariableamplitude
of externalforce®, or (ii) for a x ed® andvariable®.
Forthe rst casethethin verticallinesdivide thebifur-
cationdiagraminto threeregions((a), (b), and(c)) with
differentbehaiour. ThejAoj versus® characteristics
in thesethreeregionsareshawn in Figs. 3(a), (b), and
(c) respectiely. Similarly, for the secondcasethe bi-
furcationdiagramis dividedinto threeregions((d), (e),
and (f)) by horizontallines for which the jAgj versus
° characteristicarepresentedn Figs.3(d), (e) and(f)
respectiely. Typical evolution of the periodicorbitsin
the(x; y) planeis shawvn in Fig. 4.
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Fig. 4. Typical evolution of periodicorbitsin the(x; y) plane.Sim-
ilarly asin Fig. 3 the solid lines, opencircles, and dashedines
shawv the stable saddle-typeandunstablgwith a pair of comple
conjugateFE's) orbitsrespectiely. Thescenarida)! (b)! (c)is
typicalwhenpassingheregion with threesolutions(seeFigs.3(a)
and(e)). After two saddle-noddifurcationsthe stableorbit is re-
placedby an unstableone. The scenario(d) ! (e) representshe
Hopf bifurcation(seeFigs.3(c) and(f)).

To determinghestability of periodicorbits,we have
to linearize Eg. (8), which leadsto the characteristic
equation

H 2.

P

2
i 2(1i 29)~;

+fJ(s) = 0:

(15)

Here, istheFloquetexponent(FE) of the periodicor-
bit, s is the solutionof the cubicequation(11),and

f(s)= (3Bsi 1)(si 1)+°? (16)

is the derivative of the function fo(s) de ned in
Eg. (10). The stability of a periodicorbit dependpz)
thevalueof s or, dueto therelation(13) jAgj = 2" s,
ontheamplitudeof the orbit.

Two differenttypesof bifurcationsmayoccurin the
system. For fd(s) = 0 we have a tangent(saddle-
node)bifurcation,andfor s = 1=2 a Hopf bifurcation
arises Theconditionf &(s) = 0 de nestheboundaries
® = @%,(°) of theregionwith threeperiodicorbitsin
the(°; ®) plane(brokenlinesin Fig. 2). Whencrossing
into thisregiontwo additionalorbitsof saddleandnode
typesoccur The saddleorbit hastwo real FE's of dif-
ferentsigns. The positive exponent, > 0 corresponds
to therealpositive Floquetmultipliert = e™ > 1and
thusthis orbit satis esthe odd numberproperty Such
anorbit cannotbe stabilizedby the usualdelayedeed-
backmethodandwe do not considerits controlin this
paper The saddleorbitsaremarked by opencirclesin
Figs.3and 4.

The conditionof the Hopf bifurcations = 1=2 de-
Fpgs the minimal amplitudeof the stableorbit A min =

2. The orbits with amplitudejAgj < Amin areun-

stable. In the (°; ®) plane,this conditionde nes the
hyperbola
H 11] 02 1

®2 = fo E = 7 + é’
whichis shavn by asolidline in Fig. 2. Abovethisline
the oscillatoris synchronizedwith the externalforce;
the phaseof the oscillator is locked by the phaseof
the externalforce andits amplitudeis independenbf
time. Below thisline, in theregion of asinglesolution,
the stability of the periodicorbit with the frequeng !
is lostandwe usuallyhave a quasi-periodidoehaiour.
Theorbitslosingtheir stability throughthe Hopf bifur-
cation(scenaridd)! (e)in Fig.4) have apairof com-
plex conjugate exponentswith the positive real part.
Similar propertieshasoneof theorbitsarisingfrom the
saddle-noddifurcation (scenario(a) ! (b)! (c)in
Fig. 4). Unstableorbits having a pair of complex con-
jugateexponentswith the positive real partaremarked
by dashedinesin Figs.3 and4. In the next section
we analysetheir stability underaction of the delayed
feedbaclkcontrol.

(17)

4. Linear stability of the systemcontrolled by
delayed feedback

Wenow analyseeqg.8for- 6 0. Theterm- (zj zt1)
doesnot changehe steadystatesolutionsof this equa-
tion, but can changetheir stability. Thusthe delayed
feedbackcan non-invasiely in uence the frequeng
entrainmentondition. Thecharacteristiequatiomow
reads:

“2,

+P+ i@ T)P=o0;

12

2
i 2(1j 29)-2

+ (3si 1)(si 1)
(18)

In agenerakasethisis arathercomplex transcenden-
tal equationthat hasan in nite numberof solutions.
However, we canexpectthat closeto the Hopf bifur-
cation the leading Floquetexponentswill be propor
tionalto thesmallparametef. Thisassumptiorallows
the approximatiorel -7 ¥ 1 T, which simpli es
Eqg.18:

Ho T2 2
1+K? == 21 2sj °K)==+f(s) = 0:
(19)
Herewe usethenotation
K=T_-=k2 (20)
I 2

2
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Fig. 5. Thebifurcationdiagramfor vanderPol oscillatorcontrolled
by delayedfeedback.The solid line de nes the Hopf bifurcation
for the uncontrolledsystem(the sameasin Fig. 2), and broken
lines arede ned by Eg. (22). Above theselines the oscillatoris
synchronizedvith the externalforce.

This approximationis equialentto that of replacing
the delaytermin Eg. (8) by the rst derivative, zt =

z(tj T) Yaz(t) i Tz. Suchanapproximatiortrans-
formsthe delay-diferentialequation(8) into the ordi-
naryone

Hy il
THIT z=ii°zi z(z®i 1)i ®  (21)
After linearizationit yieldsEqg. (19).

From Eg. (19) we seethat the delayedfeedback
changesheconditionof theHopf bifurcation,1; 2sj
°K = 0, which nowv dependson the delayedfeed-
back strengthK . At the bifurcation point we have
s = (1 °K)=2. Substitutinghisin Eq.(11)andusing
Eg. (10) we obtaintherelationbetweerK , °, and®:

® = %(h OK)[(1 + °K)2+ 4°2]:  (22)

In Fig. 5, theserelationsare presentedby curvesin
the (°; ®) planefor different x edvaluesof K. These
cunesde ne theboundarie®f synchronizatiorior the
controlledoscillator Above thesecurvesthe oscillator
is synchronizedwith the periodicforce. We seethat
the delayedfeedbackperturbationextendsthe phase
lockeddomainin the Arnold tongue.

Fora x edvalueof theparameter§’; ®), thethresh-
old of thefeedbackstrengthat which the Hopf bifurca-
tion occursisKg = (1 2s)=°, wheres satis esthe

cubic equation(11). Employing Eq. (20) andrelation
s = jAoj?=4 thethresholdcanbe presentedh theform

1 2 1 2 i i2
_ ! JA)
ko= 7Koo= 75 1i — (23)

To demonstraténow the Floquetexponentsdepend
on the controlgain k we specifythe parameterg®; ®)
to be (0.9, 0.6). This setof parameterss marked by
solid dotsin Figs. 2, 3, and5. We have calculated
the leadingFloquetexponentsof theinitially unstable
orbit using threedifferent methods,namely (i) solv-
ing transcendentakquation(18), (ii) using quadratic
equation(19),and(iii) solvingexact(nonareraged)in-
earizedsystem(2). Equation(18) have beensolved by
the Newton—Raphsoralgorithm. The third methodis
basednthenumericakanalysisof thevariationalequa-
tions

X =y (24a)
ty=i (13 2'Xoyo)®xi "(x§i 1)y

+ k(& | x7) (24b)

derived from the system(2). Heretx = X i Xo(t),

¥y = yi Yo(t) aresmalldeviationsfrom the unstable
periodicorbit [Xo(t); Yo(t)] = [Xo(t + T);yo(t + T)]

thatsatis esthe uncontrolledsystem(2). The leading
Lyapunw exponentsof this systemhave beencalcu-
latedaccordingto the algorithmdescribedn Ref. [5].

NotethattheLyapunw exponentof aperiodicorbit co-

incideswith therealpartof the Floquetexponent.

The resultsof the aborve analysisfor two different
valuesof the parametel equalto 0.01and0.1larepre-
sentedn Fig. 6. The exactvaluesof the leadingFE's
determinedrom Eq. (24) areshovn by dots. Thereare
two branchegthe left-handandthe right-hand)de n-
ing theintenal of stability ko < k < ki in which the
realpartof the leadingFE is negative. The parameters
ko andk; denotethe lower and uppercontrol thresh-
olds,respecitiely.

Firstwe discusgheresultsfor theleft-handbranch.
For" = 0:01, all thethreeabore methodsgive quan-
titatively coincidingresults(Fig. 6(a)). Thusfor small
" the leading FE of the left-handbranchcan be reli-
ably obtainedfrom the simplequadraticequation(19),
whichyields

. .2 1
wlj JASJ i °kIL;
<, = 2 [t 1/4=|'|2' ; (25)
1+ Kk

12
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Fig. 6. LeadingFloguetexponentsasfunctionsof the controlgain
for (°;®) = (0:9;0:6). Hereandin all numericaldemonstrations

belov wetake! o = 1. By thisit is meantthat! , ", and, are
measuredn unitsof ! o, timet is measuredn unitsof ! j *, andk
is measuredn unitsof ! 3. (a)<, versusk for" = 0:01. Forthe

givenvaluesof parameter§, ®, and", we have! % 1:00451and
a ¥, 0:01205 Theamplitudeof the unstableorbitis jAoj ¥4 1:034
andits FE'sfor k = O are, o ¥ (2:327§ 4:297i) ¢10' 3. Solid
dotsarethevaluesof the Lyapuna exponentobtainedfrom exact
variationalequationg24). The dashedanddottedlines calculated
from Eq. (18) and Eq. (19) (or Eq. (25) respectiely approximate
the left-handbranch. The solid line calculatedfrom Eq. (28) ap-
proximategheright-handbranch.(b) Rootloci of Eq. (18) (dotted
line) and Eq. (19) (dashedine) ask variesfrom O to 1 for the
sameparametel valueasin (a). Crossesndblackdot denotethe
locationof therootsfor k = 0andk = 1 , respectiely.

andthethresholdkg of the Hopf bifurcationis well de-
scribedby Eq. (23). Thetranscendentaquation(18)
givesgoodresultsevenfor " = 0:1, while Egs.(19) or
(25) arelessappropriatgFig. 6(b)).

The right-handbranchof the FE de ning the upper
thresholdk; cannotbequantitatvely well describedy
Eg.(18). Thisis becaus¢hetermk(x j Xt) responsi-
ble for the controlin the system(2) is not smallin this
caseandthe averagingproceduregperformedwith this
systemis not valid. Neverthelesswe can nd an ap-
proximateanalyticalexpressiorfor the FE usingexact
(nonareraged)yariationalequationg24). For theright-
handbranch,the nonlineartermsin Eq. (18) aresmall
in comparisorwith the controlterm. Thusin thevaria-
tional equationsve canneglectthetermscontaining".
Setting” = 0in Eq. (24) we obtainthe characteristic
equation

2,12,
oG

k(li €-:T)=0: (26)

Root loci diagramof the relevant branchfor this
equationwhenvaryingk is shavnin Fig. 7. Thepairof
comple conjugaterootsintersectghe imaginaryaxes
atthe points, = §i¥#T = §i! =2. Thisintersection
appearsor k = k1, where

ki= = 1§5i — (27)

2

Fig. 7. Rootloci of Eq. (26)for! = 1:00451(! o = 1).

de nes the upperthresholdof stability. For k = ki,
theorbit losesstability by aperioddoublingbifurcation
sincetheintersectionof theimaginaryaxesappearsat
ahalf frequeng of theexternalforce,, = §i! =2. Ex-
pandingthe solutionof Eqg. (26) in Taylor seriesclose
to thethresholdk = ki, we obtainanapproximatean-
alytical expression
41/4l|<—l
Re, = —p'—k‘ﬂ—z(ki K1)

124 21/4'—1

(28)

that describeswell the Re, versusk dependencéor
theright-handbranch(Fig. 6(a,b)).

Having analytical expressionsfor the left-hand
(Eq. (25)) andright-hand(Eg. (28)) branchene can
easilyevaluateanoptimalvalueko, of thecontrolgain
thatprovidesthe minimal <, andthusthe fastestcon-
vergenceto the desiredorbit. This valueis de ned by
a simpleintersectiorof thesetwo branchesindcanbe
found from a cubic equationwith respecto k, which
resultsfrom equatingeq. (25) andEg. (28).

5. Numerical demonstrations

To verify the validity of the linear theorywe have
numericallyinvesticgatedthe original nonlineardiffer-
entialequationg?2). For the setof parameterg®; ®) =
(0:6;0:9), " = 0:1 theresultsare presentedn Fig. 8.
Without control (t < 80T) the van der Pol oscillator
is not synchronizedvith the externalforce anda beat
phenomenoiis obsened (Fig. 8(a)). The DFC pertur
bationis switchedonatthemomentt. = 80T ; it stabi-
lizes an unstableUPO andwe have a periodicmotion
synchronizedvith anexternalforce (Fig. 8(b)). When-
ever the synchronizationis establishedhe feedback
perturbatiorvanisheqFig. 8(c)). The ervelopesof the
transientarewell describedby the averagedamplitude
equation(8). This con rms the validity of the averag-
ing procedureappliedto thetime-delaysystem(2).
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Fig. 8. Resultsof numericalintegrationof delay-diferentialequa-
tions (2) for (°;®) = (0:9;0:6), " = 0:1. (a) Dynamicsof the
x variablewithout control. (b,c) Dynamicsof the x variableand
perturbatiork[x(t) i x(t i T)] whenthecontrolis switchedon.
Thebrokenline (anervelope)in (b) is thedynamicsof thecomple
amplitudejA(t)j = 2jz(t)j obtainedfrom averagedequation(8).
Thestrengthof thefeedbaclgainisk = 0:34, otherparameterare
thesameasin Fig. 6(c).

6. Conclusions

We have developedan analyticalapproachfor the
delayedfeedbackcontrol of a forcedself-sustaineas-
cillator closeto a supercriticalHopf bifurcation. The
analyticalapproachs basedon an averagingmethod,
a classicalasymptoticmethodof nonlineardynamics
developedfor weakly nonlinearoscillators. We have
shawvn thatthis methodworkswell evenin thepresence
of thedelayedfeedback.

Our analysisshavs thatthe domainof synchroniza-
tion of a forcedself-sustaineascillatorcanbe essen-
tially extendedby delayedfeedback.This extensionis
basedon the stabilizationof the existing unstablepe-
riodic orbit andis attainedwith tiny control perturba-
tions.

In this paper the delayedfeedbackcontrol method
is appliedfor the rst time to control a quasi-periodic
motion, i. e. the motion on atorusin the phasespace.
The unstableperiodicorbitsin this casehave a pair of
comple conjucate Floquetmultipliers outsidethe unit
circlein thecomple plane.

The analytical approachis demonstratedor the
paradigmaticsystemof the forced van der Pol oscil-

lator. We have obtainedsimple analyticalexpressions
for the dependencef leading Floquet exponentson
the control gain and determinedthe lower and upper
thresholdof stability aswell asanoptimalvalueof the
controlgain. The mainresultsandthe approachareof
generaimportancesincethey arerelevantto ary forced
self-sustainedscillatorcloseto the supercriticaHopf
bifurcation. We believe that the developedanalytical
approachs animportantcontritution to the theory of
thedelayedfeedbaclkcontrol.
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PRIVERSTINI U SAVAIMINI U VIRPESIU SINCHRONIZA CIJOS VALD YMAS

T. Pyragiem, K. Pyrags

Puslaidininku zik osinstitutas,Vilnius, Lietuva

Santrauka nimo metodx. Parodyta,kad veluojantisgri tamasisrySys ymiai

Veluojantisgri tamasisry3ystaikomaskvaziperiodinianjudeji- praplecia osciliatoriaussinchronizacijosibas.Norsmetodagpade-
mui valdyti. Nagrirejamesilpnainetiesii vander Polio osciliato- ~ Monstruotapasirinktai zikinei sistemai-vanderPolio osciliato-
riu, adinama iSorine periodinejeca. Sistema,esantiarti super riui, jis tinka betkuriai savaiminiu virpesu sistemaikai ji yra arti

kritines Hopfo bifurkacijos, istirta analiziskai,pasitelkusvidurki- ~ SuperkritiresHopfo bifurkacijos.



