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Thedelayedfeedbackcontrolmethodis appliedto controlaquasi-periodicmotion.Weconsideraweaklynonlinearvander
Pol oscillatorsubjectedto a periodicforce. Making useof thefact that thesystemis closeto a supercriticalHopf bifurcation
we areableto treatit analytically. Our analysisshows thatthedomainof synchronizationof a forcedself-sustainedoscillator
canbeessentiallyextendedby delayedfeedback.Themainresultsandtheapproachareof generalimportancesincethey are
relevantto any forcedself-sustainedoscillatorcloseto thesupercriticalHopf bifurcation.
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1. Intr oduction

Thedelayedfeedbackcontrol (DFC) method [1] is
superiorfor controllingtheoscillationsin appliednon-
linear science[2]. The methodallows a noninvasive
stabilizationof unstableperiodicorbits (UPOs)of dy-
namicalsystems.TheDFC makesuseof a controlsig-
nal obtainedfrom the differencebetweenthe current
stateof thesystemandthestateof thesystemdelayed
by oneperiodof theunstableorbit.

Most investigationsin the theory of delayedfeed-
back control are devoted to the stabilizationof un-
stableperiodic orbits embeddedin chaoticattractors
of low-dimensional(usually three-dimensional)sys-
tems [4]. The leadingFloquetmultipliersof suchor-
bits are real-valuedand lay outsidethe unit circle in
the complex plane(Fig. 1(a,b)). However, thereex-
ists a large classof unstableperiodic orbits with the
complex conjugatepair of leadingFloquetmultipliers
(Fig. 1(c)). Suchorbits arisefrom a Neimark–Sacker
(discreteHopf) bifurcationandcannotappearin low-
dimensionalchaoticattractors.Presumablyfor thisrea-
sonthey havenotbeenconsideredin delayedfeedback
controltheorysofar. However, suchorbitsmayappear
in low-dimensionalnon-chaoticsystems.In this paper
weconsiderthecontrolof suchorbits.
¤ Thereportpresentedatthe36thLithuanianNationalPhysicsCon-
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Fig. 1. LeadingFloquetmultipliersof unstableperiodicorbitsaris-
ing from different bifurcations: (a) period doubling, (b) tangent,
and(c) Neimark–Sacker (discreteHopf) bifurcations.Theunit cir-

clede�nestheregionof stability.

We investigatethe problemof controlling synchro-
nizationin a forcedself-sustainedoscillator. Very of-
ten in practicalapplicationthe needarisesto control
thepropertiesof oscillations.Usuallycontrolassumes
an enhancementin regularity of motion. Due to drift
of parametersthedesiredsynchronizationmaybe lost
anda kind of beatphenomenonmayoccur. We imag-
ine thattheexternalforcedriving theoscillatoris inac-
cessiblein experiment,but we canmeasurean output
of theoscillatorandcancontrol its statethroughsome
accessibleinput. Thenapplyingthe delayedfeedback
control we canreturn the systemto the synchronized
state.In this paper, we demonstratetheseideasfor the
vanderPoloscillator.

Therestof thepaperis organizedasfollows. In Sec-
tion 2 we derive averagedequationsfor thecontrolled
van der Pol oscillator. In Section3 we analyseperi-
odic orbits of the uncontrolledsystem. In Section4,
we investigatea linearstabilityof theunstableperiodic

c° LithuanianPhysicalSociety,2006
c° LithuanianAcademyof Sciences,2006 ISSN1648-8504



20 T. Pyragien�eandK. Pyragas / LithuanianJ. Phys.46, 19–26(2006)

orbits controlledby delayedfeedback. In Section5,
wedemonstratetheresultsof numericalsimulationsof
the original delay-differentialequations.The paperis
�nished with conclusionspresentedin Section6.

2. Model and averagedequation

Considera weakly nonlinearvan der Pol oscillator
undertheactionof anexternalperiodicforceandade-
layedfeedbackperturbation:

Äx + ! 2
0x + "(x2 ¡ 1) _x = asin(! t) + k(x ¡ xT ) : (1)

The left-handsiderepresentsthestandardvanderPol
equation. The parameter! 0 is the characteristicfre-
quency of self-sustainedoscillations,and" is respon-
sible for the strengthof nonlinearityof the oscillator.
The�rst termin theright-handsideis anexternalperi-
odic force(a is theamplitudeand! is thefrequency),
and the secondterm describesthe delayedcoupling
dueto control. The parameterk is the feedbackgain,
xT ´ x(t ¡ T), andT = 2¼=! is theperiodof theex-
ternalforce. In the following we considerEq. (1) asa
weaklynonlinearsystem.Speci�cally, wesupposethat
" is a smallparameter, " ¿ ! 0. Moreover, we assume
thattheamplitudea, thefrequency detuning! ¡ ! 0, as
well asthecontrolperturbationk(x ¡ xT ) arepropor-
tional to thesmallparameter" .

For weaklynonlinearsystems,therearemany math-
ematicallyrigorousways (e.g., methodof averaging,
multiscaleexpansion,and other asymptoticmethods)
to obtain approximatesolutions. We will apply the
methodof averaging.First we rewrite Eq. (1) asa sys-
tem

_x = y ; (2a)

_y = ¡ ! 2
0x ¡ " (x2 ¡ 1)y + asin(! t)

+ k(x ¡ xT ) : (2b)

As Eq. (1) or system(2) is closeto that of linear os-
cillator, we may expect that the solutionhasa nearly
harmonicform. Sincethereis aforcedsystem,welook
for asolutionwith thecharacteristicfrequency ! ,

x =
A(t)ei! t + A¤(t)e¡ i! t

2
: (3)

HereA(t) is a new variable,a slowly varyingcomplex
amplitude.Sinceit is complex, we needtwo relations
to have one-to-onecorrespondencebetween(x; y) and

A. It is convenientto introducethe following relation
betweeny andA:

y = i!
A(t)ei! t ¡ A¤(t)e¡ i! t

2
: (4)

SubstitutingEqs.(3) and (4) in system(2) we obtain
theequationfor thecomplex amplitude,whichafterav-
eragingover theperiodT of fastoscillationstakesthe
form

_A =
! 2 ¡ ! 2

0

2i!
A ¡

"
2

A

Ã
jAj2

4
¡ 1

!

¡
a

2!

+
k

2i!
(A ¡ AT ) : (5)

By choosinganappropriatescalefor theamplitude

A = 2z (6)

andintroducingnew parameters

® =
a

2"!
; º =

! 2 ¡ ! 2
0

"!
¼ 2

! ¡ ! 0

"
; · =

k
"!

; (7)

equation(5) canbesimpli�ed to

2
"

_z = ¡ iº z ¡ z(jzj2 ¡ 1) ¡ ®¡ i· (z ¡ zT ) : (8)

Theparameters®, º , and· areproportionalto theam-
plitude of external force, the frequency detuning,and
thedelayedfeedbackgain respectively. Thedynamical
equationfor thecomplex amplitude(8) is themain in-
strumentin our analysisof the stationarysolutionsof
thesystem(2).

3. Periodic orbits of the system

We now determinethe steadystatesolutionsof the
uncontrolledsystem(· = 0) andanalysetheirstability.
We focuson unstableperiodicorbits. In thefollowing
sectionsthey will be the subjectof the delayedfeed-
backcontrol.

We starttheanalysiswith �nding thestationaryso-
lutions.Setting _z = 0 andz = z0, weobtain

¡ iº z0 ¡ z0(jz0j2 ¡ 1) ¡ ® = 0: (9)

We introducethenotations

s = jz0j2 ; f º (s) = s[(s ¡ 1)2 + º 2] : (10)

Thenthevaluesof s canbefoundby solvingthecubic
equation

f º (s) = ®2 (11)
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Fig.2. Thebifurcationdiagramfor theuncontrolledvanderPolos-
cillator. Thebrokenlinesarede�ned by Eq. (14b). Theregion be-
tweentheselinescorrespondto threeperiodicorbits. Outsidethis
regionthereisonlyoneperiodicorbit. Thethicksolidline is thehy-
perbola(17)de�ning theHopf bifurcation.Theverticallinesdivide
thediagraminto threeregions:(a)º 2 < 1=4, (b) 1=4 < º 2 < 1=3,
and(c) 1=3 < º 2 . By thehorizontallines, thediagramis divided
into regions (d) ®2 < 4=27, (e) 4=27 < ®2 < 8=27, and (f)
8=27 < ®2 . The vertical (horizontal)arrows show the �x ed val-
uesof theparameterº (®) takenfrom regions(a), (b), and(c) ((d),
(e), and(f)) for which the jA 0 j versus® [jA0( versusº ) charac-
teristicsarepresentedin Figs.3(a), (b), and(c) ((d), (e), and(f)),
respectively. The solid dot (º ; ®) = (0:9; 0:6) shows the setsof
parameterswhich will beusedin thefollowing analysisto demon-

stratethedelayedfeedbackcontrolperformance.

with respectto s. Knowing s, from Eq. (9) one can
determinethesteadystatevalueof z,

z0 =
¡ ®

s ¡ 1 + iº
: (12)

Solutionsof the cubic equation(11) de�ne stationary
periodic orbits of the forced system. The period of
theseorbitscoincidewith theperiodT of theexternal
force,andtheamplitude(theradiusin the(x; y) plane)
is

jA0j = 2jz0j = 2
p

s : (13)

Equation(11)hasthreerealrootsprovided

®2
1(º ) < ®2 < ®2

2(º ) ; (14a)

®2
1;2(º ) =

2
27

[9º 2 + 1 ¨ (1 ¡ 3º 2)3=2] ; (14b)

or one real root otherwise. Thus, the forced van der
Pol oscillatorhaseitherthreeor oneperiodicorbit(s).
Thebifurcationdiagramof Eq. (8) for · = 0 is shown
in Fig. 2. Sinceit is symmetricalwith respectto theº

Fig. 3. TheamplitudejA 0 j of theperiodicorbit asfunctionof the
amplitude® of theexternalforce for the �x edvalueof thedetun-
ing (a) º = 0:25, (b) º = 0:53, (c) º = 0:9, andasfunction of
thedetuningº for the �x edvalueof theamplitudeof theexternal
force (d) ® = 0:3, (e) ® = 0:46, (f) ® = 0:6. Solid lines de-
notethestableorbits,opencirclesrepresentthesaddleorbits,and
dashedlinesshow unstableperiodicorbitswith a pair of complex
conjugateFloquetexponents.Solid dotsmark thesamesetof the

parameters(º ; ®) asin Fig. 2.

and® axes,only the part º ¸ 0, ® ¸ 0 is presented.
The region with threeorbits is betweenbroken lines.
Outsidethis region thereis only oneperiodicorbit.

From a physical point of view it is interestingto
investigate the bifurcations for two different cases,
namely(i) for a�x eddetuningº andvariableamplitude
of externalforce®, or (ii) for a �x ed® andvariableº .
For the�rst case,thethin verticallinesdividethebifur-
cationdiagraminto threeregions((a),(b), and(c)) with
differentbehaviour. The jA0j versus® characteristics
in thesethreeregionsareshown in Figs.3(a),(b), and
(c) respectively. Similarly, for the secondcasethe bi-
furcationdiagramis dividedinto threeregions((d), (e),
and(f)) by horizontallines for which the jA0j versus
º characteristicsarepresentedin Figs.3(d), (e) and(f)
respectively. Typical evolutionof theperiodicorbitsin
the(x; y) planeis shown in Fig. 4.
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Fig. 4. Typicalevolutionof periodicorbitsin the(x; y) plane.Sim-
ilarly as in Fig. 3 the solid lines, opencircles, and dashedlines
show thestable,saddle-type,andunstable(with a pair of complex
conjugateFE's)orbitsrespectively. Thescenario(a)! (b) ! (c) is
typicalwhenpassingtheregionwith threesolutions(seeFigs.3(a)
and(e)). After two saddle-nodebifurcationsthestableorbit is re-
placedby an unstableone. The scenario(d) ! (e) representsthe

Hopf bifurcation(seeFigs.3(c)and(f)).

To determinethestabilityof periodicorbits,wehave
to linearizeEq. (8), which leadsto the characteristic
equation

µ
2¸
"

¶ 2

¡ 2(1 ¡ 2s)
2¸
"

+ f 0
º (s) = 0: (15)

Here¸ is theFloquetexponent(FE)of theperiodicor-
bit, s is thesolutionof thecubicequation(11),and

f 0
º (s) = (3s ¡ 1)(s ¡ 1) + º 2 (16)

is the derivative of the function f º (s) de�ned in
Eq. (10). The stability of a periodicorbit dependson
thevalueof s or, dueto therelation(13) jA0j = 2

p
s,

on theamplitudeof theorbit.
Two differenttypesof bifurcationsmayoccurin the

system. For f 0
º (s) = 0 we have a tangent(saddle-

node)bifurcation,andfor s = 1=2 a Hopf bifurcation
arises.Theconditionf 0

º (s) = 0 de�nestheboundaries
®2 = ®2

1;2(º ) of theregionwith threeperiodicorbitsin
the(º ; ®) plane(brokenlinesin Fig. 2). Whencrossing
into thisregiontwo additionalorbitsof saddleandnode
typesoccur. Thesaddleorbit hastwo realFE's of dif-
ferentsigns.Thepositive exponenţ > 0 corresponds
to therealpositiveFloquetmultiplier ¹ = ȩ T > 1 and
thusthis orbit satis�estheoddnumberproperty. Such
anorbit cannotbestabilizedby theusualdelayedfeed-
backmethodandwe do not considerits control in this
paper. Thesaddleorbitsaremarkedby opencirclesin
Figs.3 and 4.

The conditionof the Hopf bifurcations = 1=2 de-
�nes theminimal amplitudeof thestableorbit Amin =p

2. The orbits with amplitudejA0j < Amin areun-

stable. In the (º ; ®) plane,this condition de�nes the
hyperbola

®2 = f º

µ
1
2

¶
=

º 2

2
+

1
8

; (17)

whichis shown by asolid line in Fig.2. Abovethis line
the oscillator is synchronizedwith the external force;
the phaseof the oscillator is locked by the phaseof
the external force andits amplitudeis independentof
time. Below this line, in theregionof asinglesolution,
thestability of theperiodicorbit with the frequency !
is lost andwe usuallyhave a quasi-periodicbehaviour.
Theorbitslosingtheir stability throughtheHopf bifur-
cation(scenario(d) ! (e) in Fig.4) haveapairof com-
plex conjugate exponentswith the positive real part.
Similarpropertieshasoneof theorbitsarisingfrom the
saddle-nodebifurcation (scenario(a) ! (b) ! (c) in
Fig. 4). Unstableorbitshaving a pair of complex con-
jugateexponentswith thepositive realpartaremarked
by dashedlines in Figs. 3 and4. In the next section
we analysetheir stability underactionof the delayed
feedbackcontrol.

4. Linear stability of the systemcontrolled by
delayed feedback

Wenow analyseEq.8 for · 6= 0. Theterm· (z¡ zT )
doesnot changethesteadystatesolutionsof thisequa-
tion, but canchangetheir stability. Thus the delayed
feedbackcan non-invasively in�uence the frequency
entrainmentcondition.Thecharacteristicequationnow
reads:

µ
2¸
"

¶ 2

¡ 2(1 ¡ 2s)
2¸
"

+ (3s ¡ 1)(s ¡ 1)

+ [º + · (1 ¡ e¡ ¸T )]2 = 0: (18)

In a generalcase,this is a rathercomplex transcenden-
tal equationthat hasan in�nite numberof solutions.
However, we canexpect that closeto the Hopf bifur-
cation the leadingFloquetexponentswill be propor-
tional to thesmallparameter" . Thisassumptionallows
the approximatione¡ ¸T ¼ 1 ¡ ¸T , which simpli�es
Eq.18:

(1 + K 2)
µ

2¸
"

¶ 2

¡ 2(1 ¡ 2s ¡ º K )
2¸
"

+ f 0
º (s) = 0:

(19)
Hereweusethenotation

K = ·T
"
2

= k
¼
! 2 : (20)
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Fig.5. Thebifurcationdiagramfor vanderPoloscillatorcontrolled
by delayedfeedback.The solid line de�nes the Hopf bifurcation
for the uncontrolledsystem(the sameas in Fig. 2), and broken
lines arede�ned by Eq. (22). Above theselines the oscillator is

synchronizedwith theexternalforce.

This approximationis equivalent to that of replacing
the delayterm in Eq. (8) by the �rst derivative, zT =
z(t ¡ T) ¼ z(t) ¡ T _z. Suchanapproximationtrans-
forms thedelay-differentialequation(8) into theordi-
naryone

µ
2
"

+ i·T
¶

_z = ¡ iº z ¡ z(jzj2 ¡ 1) ¡ ®: (21)

After linearizationit yieldsEq.(19).
From Eq. (19) we see that the delayedfeedback

changestheconditionof theHopf bifurcation,1¡ 2s¡
º K = 0, which now dependson the delayedfeed-
back strengthK . At the bifurcation point we have
s = (1¡ º K )=2. Substitutingthisin Eq.(11)andusing
Eq.(10)weobtaintherelationbetweenK , º , and®:

®2 =
1
8

(1 ¡ º K )[(1 + º K )2 + 4º 2] : (22)

In Fig. 5, theserelationsare presentedby curves in
the(º ; ®) planefor different�x edvaluesof K . These
curvesde�ne theboundariesof synchronizationfor the
controlledoscillator. Above thesecurvestheoscillator
is synchronizedwith the periodic force. We seethat
the delayedfeedbackperturbationextendsthe phase
lockeddomainin theArnold tongue.

For a�x edvalueof theparameters(º ; ®), thethresh-
old of thefeedbackstrengthatwhich theHopf bifurca-
tion occursis K 0 = (1 ¡ 2s)=º , wheres satis�esthe

cubic equation(11). Employing Eq. (20) andrelation
s = jA0j2=4 thethresholdcanbepresentedin theform

k0 =
! 2

¼
K 0 =

! 2

¼º

Ã

1 ¡
jA0j2

2

!

: (23)

To demonstratehow the Floquetexponentsdepend
on thecontrolgain k we specifytheparameters(º ; ®)
to be (0.9, 0.6). This setof parametersis marked by
solid dots in Figs. 2, 3, and 5. We have calculated
the leadingFloquetexponentsof the initially unstable
orbit using threedifferent methods,namely, (i) solv-
ing transcendentalequation(18), (ii) using quadratic
equation(19),and(iii) solvingexact(nonaveraged)lin-
earizedsystem(2). Equation(18) have beensolvedby
the Newton–Raphsonalgorithm. The third methodis
basedonthenumericalanalysisof thevariationalequa-
tions

±_x = ±y ; (24a)

±_y = ¡ (! 2
0 ¡ 2"x 0y0)±x ¡ " (x2

0 ¡ 1)±y

+ k(±x ¡ ±xT ) (24b)

derived from the system(2). Here±x = x ¡ x0(t),
±y = y ¡ y0(t) aresmalldeviationsfrom theunstable
periodicorbit [x0(t); y0(t)] = [x0(t + T); y0(t + T)]
thatsatis�estheuncontrolledsystem(2). The leading
Lyapunov exponentsof this systemhave beencalcu-
latedaccordingto thealgorithmdescribedin Ref. [5].
NotethattheLyapunov exponentof aperiodicorbit co-
incideswith therealpartof theFloquetexponent.

The resultsof the above analysisfor two different
valuesof theparameter" equalto 0.01and0.1arepre-
sentedin Fig. 6. Theexact valuesof the leadingFE's
determinedfrom Eq.(24)areshown by dots.Thereare
two branches(the left-handandthe right-hand)de�n-
ing the interval of stability k0 < k < k1 in which the
realpartof theleadingFE is negative. Theparameters
k0 andk1 denotethe lower anduppercontrol thresh-
olds,respectively.

First we discusstheresultsfor theleft-handbranch.
For " = 0:01, all the threeabove methodsgive quan-
titatively coincidingresults(Fig. 6(a)). Thusfor small
" the leadingFE of the left-handbranchcan be reli-
ably obtainedfrom thesimplequadraticequation(19),
whichyields

< ¸ =
"
2

1 ¡
jA0j2

2
¡ º k

¼
! 2

1 +
µ

k
¼
! 2

¶ 2 ; (25)
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Fig. 6. LeadingFloquetexponentsasfunctionsof thecontrolgain
for (º ; ®) = (0:9; 0:6). Hereandin all numericaldemonstrations
below we take ! 0 = 1. By this it is meantthat ! , " , and¸ are
measuredin unitsof ! 0 , time t is measuredin unitsof ! ¡ 1

0 , andk
is measuredin unitsof ! 2

0 . (a) < ¸ versusk for " = 0:01. For the
givenvaluesof parametersº , ®, and" , we have ! ¼ 1:00451and
a ¼ 0:01205. Theamplitudeof theunstableorbit is jA 0 j ¼ 1:034
andits FE's for k = 0 are¸ 0 ¼ (2:327 § 4:297i) ¢10¡ 3 . Solid
dotsarethevaluesof theLyapunov exponentsobtainedfrom exact
variationalequations(24). Thedashedanddottedlinescalculated
from Eq. (18) andEq. (19) (or Eq. (25) respectively approximate
the left-handbranch. The solid line calculatedfrom Eq. (28) ap-
proximatestheright-handbranch.(b) Rootloci of Eq.(18) (dotted
line) andEq. (19) (dashedline) ask variesfrom 0 to 1 for the
sameparameter" valueasin (a). Crossesandblackdot denotethe

locationof therootsfor k = 0 andk = 1 , respectively.

andthethresholdk0 of theHopf bifurcationis well de-
scribedby Eq. (23). The transcendentalequation(18)
givesgoodresultsevenfor " = 0:1, while Eqs.(19) or
(25)arelessappropriate(Fig. 6(b)).

Theright-handbranchof theFE de�ning theupper
thresholdk1 cannotbequantitatively well describedby
Eq.(18). This is becausethetermk(x ¡ xT ) responsi-
ble for thecontrol in thesystem(2) is not small in this
case,andtheaveragingprocedureperformedwith this
systemis not valid. Nevertheless,we can�nd an ap-
proximateanalyticalexpressionfor theFE usingexact
(nonaveraged)variationalequations(24). For theright-
handbranch,thenonlineartermsin Eq. (18) aresmall
in comparisonwith thecontrolterm.Thusin thevaria-
tionalequationswecanneglectthetermscontaining" .
Setting" = 0 in Eq. (24) we obtainthe characteristic
equation

¸ 2 + ! 2
0 ¡ k(1 ¡ e¡ ¸T ) = 0: (26)

Root loci diagramof the relevant branchfor this
equationwhenvaryingk is shown in Fig.7. Thepairof
complex conjugaterootsintersectsthe imaginaryaxes
at thepoints¸ = § i¼=T = § i! =2. This intersection
appearsfor k = k1, where

k1 =
1
2

µ
! 2

0 ¡
! 2

4

¶
(27)

Fig. 7. Rootloci of Eq.(26) for ! = 1:00451(! 0 = 1).

de�nes the upperthresholdof stability. For k = k1,
theorbit losesstabilityby aperioddoublingbifurcation
sincethe intersectionof the imaginaryaxesappearsat
ahalf frequency of theexternalforce,¸ = § i! =2. Ex-
pandingthesolutionof Eq. (26) in Taylor seriesclose
to thethresholdk = k1, we obtainanapproximatean-
alyticalexpression

Rȩ =
4¼

k1

!

! 2 +
µ

2¼
k1

!

¶ 2 (k ¡ k1) (28)

that describeswell the Rȩ versusk dependencefor
theright-handbranch(Fig. 6(a,b)).

Having analytical expressionsfor the left-hand
(Eq. (25)) andright-hand(Eq. (28)) branchesonecan
easilyevaluateanoptimalvaluekop of thecontrolgain
thatprovidestheminimal < ¸ andthusthefastestcon-
vergenceto thedesiredorbit. This valueis de�ned by
a simpleintersectionof thesetwo branchesandcanbe
found from a cubic equationwith respectto k, which
resultsfrom equatingEq.(25)andEq.(28).

5. Numerical demonstrations

To verify the validity of the linear theorywe have
numericallyinvestigatedthe original nonlineardiffer-
entialequations(2). For thesetof parameters(º ; ®) =
(0:6; 0:9), " = 0:1 the resultsarepresentedin Fig. 8.
Without control (t < 80T) the van der Pol oscillator
is not synchronizedwith the externalforce anda beat
phenomenonis observed(Fig. 8(a)). TheDFC pertur-
bationis switchedonat themomenttc = 80T; it stabi-
lizes an unstableUPO andwe have a periodicmotion
synchronizedwith anexternalforce(Fig. 8(b)). When-
ever the synchronizationis establishedthe feedback
perturbationvanishes(Fig. 8(c)). Theenvelopesof the
transientarewell describedby theaveragedamplitude
equation(8). This con�rms thevalidity of theaverag-
ing procedureappliedto thetime-delaysystem(2).
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Fig. 8. Resultsof numericalintegrationof delay-differentialequa-
tions (2) for (º ; ®) = (0:9; 0:6), " = 0:1. (a) Dynamicsof the
x variablewithout control. (b,c) Dynamicsof the x variableand
perturbationk[x(t) ¡ x(t ¡ T )] whenthecontrol is switchedon.
Thebrokenline (anenvelope)in (b) is thedynamicsof thecomplex
amplitudejA(t)j = 2jz(t)j obtainedfrom averagedequation(8).
Thestrengthof thefeedbackgainis k = 0:34, otherparametersare

thesameasin Fig. 6(c).

6. Conclusions

We have developedan analyticalapproachfor the
delayedfeedbackcontrolof a forcedself-sustainedos-
cillator closeto a supercriticalHopf bifurcation. The
analyticalapproachis basedon an averagingmethod,
a classicalasymptoticmethodof nonlineardynamics
developedfor weakly nonlinearoscillators. We have
shown thatthismethodworkswell evenin thepresence
of thedelayedfeedback.

Our analysisshows thatthedomainof synchroniza-
tion of a forcedself-sustainedoscillatorcanbe essen-
tially extendedby delayedfeedback.This extensionis
basedon the stabilizationof the existing unstablepe-
riodic orbit andis attainedwith tiny control perturba-
tions.

In this paper, the delayedfeedbackcontrol method
is appliedfor the �rst time to control a quasi-periodic
motion, i. e. themotionon a torusin thephasespace.
Theunstableperiodicorbits in this casehave a pair of
complex conjugateFloquetmultipliersoutsidetheunit
circle in thecomplex plane.

The analytical approachis demonstratedfor the
paradigmaticsystemof the forced van der Pol oscil-

lator. We have obtainedsimpleanalyticalexpressions
for the dependenceof leadingFloquetexponentson
the control gain and determinedthe lower and upper
thresholdof stability aswell asanoptimalvalueof the
controlgain. Themainresultsandtheapproachareof
generalimportancesincethey arerelevanttoany forced
self-sustainedoscillatorcloseto thesupercriticalHopf
bifurcation. We believe that the developedanalytical
approachis an importantcontribution to the theoryof
thedelayedfeedbackcontrol.
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PRIVERSTINI �U SAVAIMINI �U VIRPESI �U SINCHRONIZA CIJOS VALDYMAS

T. Pyragien�e,K. Pyragas

Puslaidininki�u �zikosinstitutas,Vilnius, Lietuva

Santrauka

V�eluojantisgr�i�tamasisryšystaikomaskvaziperiodiniamjud�eji-
mui valdyti. Nagrin�ejamesilpnainetiesin�i vanderPolio osciliato-
ri �u, �adinam�a išorine periodinej �ega. Sistema,esantiarti super-
kritin �esHopfo bifurkacijos, ištirta analiziškai,pasitelkusvidurki-

nimo metod�a. Parodyta,kad v�eluojantisgr�i�tamasisryšys�ymiai
praple�ciaosciliatoriaussinchronizacijosribas.Norsmetodaspade-
monstruotaspasirinktai�zikinei sistemai– vanderPolioosciliato-
riui, jis tinka betkuriai savaimini �u virpesi�u sistemai,kai ji yra arti
superkritin�esHopfobifurkacijos.


