
Lithuanian Journal of Physics, Vol. 46, No. 3, pp. 347–353 (2006)

MODELLING OF MAGNETIC HYPERFINE FIELD IN
NANOPARTICLES

K. Mažeika, A. Amulevičius, and D. Baltrūnas
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In order to obtain the information on the dynamics of magnetic moments from Mössbauer spectra of nanostructured mag-
netic materials one should perform a complicated description of the spectra. The possibilities of a many-state relaxation model
for the description of Mössbauer spectra are studied. The many-state relaxation model is applied to explain the dependence
of spectra of nanoparticles in ferrofluids on temperature. For the complicated Mössbauer spectra which can have many static
subspectra, the simulation of the average hyperfine field is used. For the description of dependence of the hyperfine field on
temperature the many-state model can be used to obtain the temperature dependence of magnetic anisotropy or other parameters
that affect the rate of relaxation.
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1. Introduction

Magnetic nanostructures and nanoparticles have
recently been intensively studied [1, 2]. The nanosized
materials have different properties compared with the
bulk materials. The properties differ because of the
small sizes of structures and, as a consequence, a large
relative amount of surface or interface atoms. One class
of magnetic nanocrystalline materials is magnetic flu-
ids or ferrofluids, where ferromagnetic or ferrimagnetic
nanoparticles are dispersed in the carrier fluid. Mag-
netic fluids (as well as solid nanocrystalline systems)
have different concentration of the nanostructured com-
ponent – nanoparticles. Depending on the concentra-
tions and how the particles are ordered, the interactions
between the particles differ. The magnetic dipole, ex-
change, as well as non-magnetic Van der Waals, etc.
interactions may be important. However, their influ-
ence on differently diluted nanocrystalline systems is
still poorly understood.

One of the methods frequently used for the studies
of such magnetic materials is Mössbauer spectroscopy.
However, for the systems which consist of small parti-
cles the influence of relaxation of the magnetic moment
is important. In this case the description of Mössbauer
spectra by the relaxation models is required. Here the
many-state relaxation model is applied to the descrip-
tion of dependence of the average hyperfine field of

complicated Mössbauer spectra. Another case which
is considered in this study is the investigation of pos-
sibility of using the model for the relaxed Mössbauer
spectrum when the external magnetic field is applied.

2. The relaxation problem in the systems of
nanoparticles

Mössbauer spectroscopy of 57Fe provides informa-
tion on the atomic state of material. Such possibility is
based on the sensitivity of Mössbauer spectra to the hy-
perfine interactions between the atom, its surroundings,
and the nucleus. Hyperfine magnetic interactions cause
magnetic splitting of spectra (sextets) in the materials
where ferro-, ferri-, and antiferromagnetic order exists.
The splitting of nuclear levels and magnetic structure
of Mössbauer spectra is determined by the interactions
between a nucleus and an atom as well as a nucleus and
the external magnetic field. Therefore, the magnetic in-
teraction Hamiltonian may be given by [3]

H = IAS + gβ I He , (1)

where I is the nuclear spin, S is the spin of an atom, β
is the nuclear magneton, g is the nuclear g-factor, and
He is the external magnetic field. The hyperfine in-
teraction term is expressed by the hyperfine interaction
tensor A. However, instead of it the magnetic hyperfine
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field Hi = A 〈S〉/(gβ) and the expression of Hamilto-
nian

H = gβ I (Hi + He) (2)

are most frequently used. The time dependence of the
hyperfine magnetic interaction is taken into account.
〈S〉 is the average of spin S of an atom over the nu-
clear sensing time τs. In this way the dynamic changes
in magnetic hyperfine fields, which affect Mössbauer
spectra, occur. Therefore, Mössbauer spectroscopy al-
lows studying the time-dependent phenomena on an
atomic scale, such as fluctuations of the magnetic mo-
ment of nanoparticles. For the most commonly used
57Fe isotope, the frequency of fluctuations of 〈S〉,
where considerable changes in the hyperfine field Hi

take place, is approximately within 107–109 s−1. The
upper limit is determined by the Mössbauer nuclear
lifetime τN. The fluctuations of the magnetic moment
cause a considerable broadening of the lines of spec-
tra when their frequency is above 1/τN. When the
frequency is approaching 1/τs, the magnetic structure
of a sextet disappears – it collapses to a singlet. For
the description of collapsed Mössbauer spectra, when
fluctuations of the magnetic moment of single-domain
nanoparticles are fast, the model of two states is most
frequently used. It takes into account only two states of
the minimal energy [4]. These states are separated by
the barrier of the height ∆E. If ∆E is due to magnetic
anisotropy, the time of jumps between these states can
be evaluated according to the Brown formula [5, 6]

τ = τ0 exp

(

KV

kBT

)

. (3)

τ0 is the exponential prefactor,

τ0 =
Ms

√
π

Kγ

(

KV

kBT

)

−1/2

, (4)

where kB is the Boltzmann constant. Time between the
jumps τ depends on the energy barrier height ∆E =
KV and temperature T . Ms is magnetization, K is the
anisotropy constant, V is the volume of nanoparticles,
and γ is the gyromagnetic ratio. τ0 depends on temper-
ature very little compared with the exponential and is
usually within 10−9–10−11 s.

The relaxational model of two states is used when
the collapsed Mössbauer spectrum is described by a
singlet. The model of two states takes into account
only two opposite orientations of the magnetic moment
of the particle which are collinear with the easy mag-
netization axis. The model cannot describe the influ-
ence of deviations of direction of the magnetic moment

from the easy magnetization axis to Mössbauer spectra.
When the small angle deviations from easy magnetiza-
tion directions are sufficiently important, the changes
in spectra can be described using the linear decrease in
the hyperfine field with temperature [3]

Hi = H0

(

1 − kBT

2KV

)

, (5)

where H0 is the hyperfine field for the bulk material.
Because of the volume distribution of particles,

Mössbauer spectra are sums of collapsed (paramag-
netic) and noncollapsed (magnetic) parts. If nanoparti-
cles undergo rapid magnetic transition to the superpara-
magnetic state, Eq. (5) and the broadened Lorentzian
singlet give good description of Mössbauer spectra.
Otherwise, if the transitional spectra are important,
the description of spectra may be insufficiently cor-
rect. In such cases, it is better to use a many-state
model [7]. All kinds of fluctuations of the magnetic
moment around the easy magnetization axis are taken
into account here. The many-state model can be used
for the description of Mössbauer spectra within the
studied temperature range. This model is good even
if the transition of magnetic material to the super-
paramagnetic state is slow and the transitional spectra
(non-Lorentzian shape spectra) are important in a wide
temperature region. The relaxation in the many-state
model is defined by the dependence of energy on the
direction of the magnetic moment and the relaxation
rate between the states. Therefore, different magnetic
energy dependences on the angle are possible, among
them those obtained for the particles which interact
with other particles or the external magnetic field.

The use of the many-state model requires large ma-
trix inversion. Despite that, the experimental Möss-
bauer spectra are recently successfully described by
the many-state model using the least-squares procedure
[8, 9]. On the other hand, for the Mössbauer spectra
which have many static subspectra, such description
is still complicated. The application of the many-state
model may be much more complicated when other hy-
perfine interactions and the interaction between parti-
cles are important and because of that the Liouville op-
erators are needed.
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Fig. 1. Mössbauer spectra of Zn0.7Co0.3Fe2O4 particles with the
mean diameter of 5.2 nm described by the many-state model at

T = 83 K.

3. Application of the many-state relaxation model

3.1. Many-state model

The many-state relaxation model is generalization of
a stochastic model given by the Hamiltonian [10]

H(t) = gβhIzf(t) , (6)

where the magnetic field randomly varies between ±h
as described by the random function f(t) = ±1 (the
two-state model). Iz is the component of the nuclear
spin along the z axis. The many-state model is de-
scribed similarly, but here the magnetic field has many
intermediate values.

The Hamiltonian of Eq. (6) describes the influence
of the random magnetic hyperfine field on the energy
of the states of a nucleus. The contributions of other
hyperfine interactions (quadrupole) or the interaction
with the external magnetic field may also be important.
These contributions can change time properties of the
Hamiltonian. If the Hamiltonian commutes with itself
at different times, as given by Eq. (6), its time varia-
tion will not cause the transitions between the nuclear
states. Then the description of influence of the mag-
netic hyperfine field variation can be separated for each
line of Mössbauer spectra and Liouville operators are
not needed. Though the many-state relaxation model
has recently become sufficiently practical using per-
sonal computers for the description of Mössbauer spec-
tra using the least-squares procedure, the application
of Liouville operators makes the use of the many-state
model much more complicated and it has not been im-
plemented yet [9].

When the interaction of a nucleus with the hyperfine
field Hi is stronger than the quadrupole interaction and

there are no other interactions, the Hamiltonian can be
approximated in the form of Eq. (6). In such a case
the shape of each line of the Mössbauer spectra may be
given by [7]

I(ω) = 2 Re(WM
−1

1) , (7)

where elements of W matrix are probabilities of popu-
lation of states. Matrix

M = (iω + Γ)I − iΩ − Π (8)

describes the system using the position of lines of
Mössbauer spectra (elements of matrix Ω) and the nat-
ural width of lines Γ. The matrix Π is expressed by the
probabilities of jumps between the states of the elec-
tronic system. These states correspond to different val-
ues of the hyperfine field that is directed along the easy
magnetization axis.

Thus, applying two parameters, the relaxation rate
R and the energy barrier height ∆E, the Mössbauer
spectra can be simulated (Fig. 1). There is a relation
between the relaxation rate R and τ0 in Eq. (3) [7]:

R =

√
2π

τ0

(

2KV

kBT

)

−3/2

. (9)

The real assembly of nanoparticles has particles of
different sizes. Due to the size distribution the energy
barrier height is also distributed. The size distribution
of nanoparticles is usually described by the lognormal
law

f(D) =
1

D
exp









−
ln2

D

D0

2σ2









, (10)

where D0 is the average size of particles and σ is its
standard deviation. For the description of experimental
Mössbauer spectra, the parameters of size distribution
and the static parameters (isomer shift, line width, mag-
netic and quadruapole splittings) of Mössbauer spectra
should be included. The example of such description
for Zn0.7Co0.3Fe2O4 nanoparticles is shown in Fig. 1.
For the spectrum the relaxation time τ = 6·10−9 s is
determined on the basis of Eqs. (3), (4), and (9).

For the simulation of artificial Mössbauer spectra, a
very large number of states (large matrixes in Eq. (8))
is not needed. The total number of states in the model
is determined by the spin S, which has meaning of the
total spin of the particle, but here it is the parameter
of simulation. The hyperfine field jumps between the
values which are proportional to Sz , the projection of
S, and the total number n = 2S + 1 of states is ob-
tained. When the states are energetically close, the
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Fig. 2. Mössbauer spectra of Zn0.5Co0.5Fe2O4 particles with the
mean diameter of 7.4 nm at 300 K: (a) external magnetic field H
is 0 T, (b) H = 0.07 T, (c) H = 0.2 T. (d) Simulated spectra us-
ing many-state model at T = 300 K: solid line H = 0, dashed line
H = 0.035 T, and dotted line H = 0.035 T using the distribution of

magnetic fields.

jumping rate between them is rapid, the correspond-
ing lines of spectra are smeared, and the resultant is
seen. For example, although 10 nm size nanoparticles
of Fe3O4 have some thousand of iron atoms, only S =
100 is used in all our simulations. The larger number
of states leads to a very similar result.

The Mössbauer spectra of the ferrofluid of
Zn0.5Co0.5Fe2O4 particles measured at room temper-
ature are shown in Fig. 2 [11]. The average diameter
of particles is 7.4 nm. The ferrofluid is placed into the
porous filter paper, which enables preventing the accu-
mulation of particles at poles when the external mag-
netic field is applied. The application of the filter paper
with the pores of some micrometres also allowed in-
creasing the probability of the experimental Mössbauer
effect in the sample. The perpendicular external mag-
netic field of 0.07 and 0.2 T is applied for the spec-
tra shown in Fig. 2(b, c). The Mössbauer spectra in
Fig. 2 can be described by the single Lorentzian line,
the width of which increases from 1.3 to 4.0 mm/s. The
increase of the line width is associated with the applica-
tion of the external magnetic field. A larger than usual
line width for the sample, when the magnetic field is
not applied, is probably caused by effects of the Brown-

ian motion, relaxation, distribution of sizes of particles,
and quadrupole splitting.

The relaxation of the magnetic moment can be
stopped by the external magnetic field H because of
the increase of the barrier. In this case the magnetic
energy of the particle is

E = −KV cos2 θ − mH , (11)

where m is the magnetic moment of the particle. The
simplest case of interaction with the external magnetic
field would be if the magnetic field were collinear with
the easy magnetization axis. Only in this case the
many-state relaxation model in form of Eq. (8) can be
applied. The equation for the non-collinear magnetic
field would be more complicated and Liouville opera-
tors would be needed there [10].

The simulated lines in Fig. 2(d) correspond to H =
0 T (solid line) and H = 0.035 T (dashed and dotted
lines). The value of the magnetic field H = 0.035 T,
which can explain additional broadening of the line,
is much lower than those applied in the experiment.
Therefore, the value of the magnetic field used in sim-
ulation can be apparently attributed to the efficient one.
When the external magnetic field is applied, the de-
magnetization field has also to be taken into account.
It depends on the sample magnetization and form. In
addition, the easy magnetization directions of particles
and the magnetic field are not collinear. Therefore, the
efficient magnetic field depends on the angle between
the easy magnetization axis and the magnetic field. The
dotted line in Fig. 2(d) shows the line shape simulated
when the efficient magnetic field is distributed accord-
ing to the Boltzmann law taking into account differ-
ent directions of the magnetic moment in the external
magnetic field. For ferrofluids, the Brownian motion
of particles in liquid is important. The Brownian mo-
tion rotates the particles. Therefore, the direction of
the easy magnetization axis changes with time. The
dependence of magnetization of the ferrofluid on ex-
ternal magnetic field is caused by Brownian rotations
as well as by thermal fluctuation of direction of the
magnetic moment around the easy magnetization axis.
From the point of view of Mössbauer spectroscopy,
the Brownian rotation, which causes rotation by large
angles, is slow. Therefore, it does not directly affect
Mössbauer spectra but causes the changes in the bar-
rier height. The rotation by a small angle is faster
and therefore can increase the fluctuation rate of the
magnetic moment. Such difference in time scales be-
tween Mössbauer spectroscopy and the sample magne-
tization is important in ferrofluid studies. However, a
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strict description of Mössbauer spectra by the many-
state model, when non-collinear contributions to the
barrier height exist, requires the Liouville operators.

3.2. Modelling of the average magnetic hyperfine field

The iron atoms in the lattice may occupy non-
equivalent sites which are characterized by the differ-
ent values of hyperfine parameters of Mössbauer spec-
tra. The example of such material is ZnxCo1−xFe2O4

nanoparticles, where iron atoms in two different sublat-
tices may have a different amount of Zn and Co atoms
in their neighbourhood. In such cases, Mössbauer spec-
tra are the sums of different subspectra. Frequently, the
complicated spectra, which have many different non-
equivalent sites, can be expressed by the distribution
of hyperfine parameters. For magnetically split Möss-
bauer spectra, the distributions of the hyperfine field
P (H) are obtained, when the spectra are decomposed
to a set of subspectra, the hyperfine fields of which dif-
fer by an equal amount ∆Hi. Consequently, the av-
erage hyperfine field 〈Hi〉 =

∑

j Hj
i
pj may be calcu-

lated, where pj is the relative area (probability) of the
subspectrum j. For nanoparticles, the subspectra are
affected by relaxation, therefore, the decomposition to
Lorentzian subspectra becomes even more complicated
because of their overlapping. Despite that, the aver-
age value of the hyperfine field 〈Hi〉 for the Mössbauer
spectrum can always be calculated. Its dependence on
temperature will characterize the dependence of the re-
laxation rate.

For the simulations using the many-state model in-
stead of 〈Hi〉, the average splitting of spectra 〈|v|〉 is
more convenient to use. The splitting of the Mössbauer
spectrum with the magnetic structure is proportional to
its hyperfine field. Therefore, 〈Hi〉 /Hi0 = 〈|v|〉 /v0,
where Hi0 and v0 are the average values of the hyper-
fine field and the splitting for the static spectrum. The
average splitting is evaluated numerically by

〈|v|〉 =

v=vmax
∫

v=vmin

|v| p(v) dv

v=vmin
∫

v=vmin

p(v) dv

,

where p is the amplitude of the spectrum at the velocity
v.

The average hyperfine field 〈Hi〉 or 〈|v|〉 determined
from experimental spectra can be compared with the
average splitting of Mössbauer spectra obtained by the
simulation using the many-state model. Simulated de-
pendences of the average splitting of Mössbauer spec-
tra are shown in Fig. 3. The many-state model (S =

Fig. 3. Simulated relative average splitting of Mössbauer spectra
for nanoparticles of diameter d = 7.4 nm and anisotropy constant
K = 5·104 J/m3. 1 marks the dependence according to Eq. (5),
2 is for three-state model (S = 1), 3 is for many-state model (S =
100) with no volume distribution of particles, 4 is for many-state
model (S = 100) with the standard deviation of the particle size σ =
0.6, 5 is for the average splitting of the singlet spectra of width Γ =

0.3 mm/s.

Fig. 4. Dependence of the relative hyperfine field for
Zn0.5Co0.5Fe2O4 particles of 7.4 nm diameter on temperature and
their description. 1 is the dependence of relative splitting of Möss-
bauer spectra, 2 is the dependence of bulk magnetization on tem-
perature, 3 is corrected dependence of relative splitting of Möss-

bauer spectra.

100) correctly describes the initial linear dependence
given by Eq. (5). On the contrary, S = 1 or a three-
state model gives an incorrect result (curve 2 in Fig. 3).
It is because the three-state model does not take into
account the deviations of the magnetic moment of the
particle by small angles. The simulation of the average
splitting of spectra 〈|v|〉 has shown the importance of
the influence of the size distribution of nanoparticles.
The dependence of 〈|v|〉 on temperature deviates from
the initial linear law (Eq. (5)) at lower temperatures,
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Fig. 5. Dependence of deviation ∆H of the hyperfine field from
its average on normalized temperature when (1) deviation of the

particle diameter is σ = 0, (2) σ = 0.5, (3) σ = 1.

when the volume distribution of particles is broader,
due to the particles smaller than average. It is usually
assumed that Eq. (5) is valid when the hyperfine field
decreases not more than by 8–10%.

The simulation of average splitting of spectra using
the many-state model is applied for the description of
experimental data [11] for Zn0.5Co0.5Fe2O4 particles
of the average 7.4 nm diameter (Fig. 4). It is seen that at
low temperature the dependence of the hyperfine field
on temperature almost coincides with the dependence
of bulk magnetization. This means that the anisotropy
barrier (∆E = KV ) is sufficiently high and the influ-
ence of relaxation of the magnetic moment around the
easy magnetization axis is negligible. Thus, the linear
dependence of the hyperfine field is due to the decrease
in bulk magnetization and not due to the increase of
the angle of deviations of the magnetic moment direc-
tion. At higher temperatures, 〈Hi〉 starts to decrease
more rapidly, which is already caused by the increase
of the rate of relaxation. The correct description can be
obtained when the anisotropy constant decreases with
temperature as given by

K(T ) = 7.4 · 104
J

m3

+ 1.5 · 103
J

m3K
[ 180 K − T ] .

Usually from the Mössbauer data for non-interacting
particles the blocking temperature is determined. From
the blocking temperature the barrier height at block-
ing temperature can be obtained. The blocking tem-
perature means the temperature when the fast relax-
ation starts and it is approximately equal to the temper-

ature when the magnetic split and paramagnetic parts
of Mössbauer spectra are equal. The application of the
many-state model in this case shows that it can be used
to obtain much more information than there can be ob-
tained from the blocking temperature.

In addition to the average hyperfine field 〈Hi〉, the
distribution of the hyperfine field can be characterized
by deviation of the hyperfine field from its average

∆H =

√

〈 (Hi − 〈Hi〉)2 〉
Hi0

=

√

〈 (|v| − 〈|v|〉)2 〉
v0

.

The dependences of ∆H , which is induced by the dis-
tribution of sizes, are shown in Fig. 5. The experi-
mental deviation ∆H can be compared with the sim-
ulated one. This can provide additional information on
the distribution of the parameters affecting Mössbauer
spectra.

4. Conclusions

It has already been shown that the many-state model
can be used to describe Mössbauer spectra within a
wide temperature range even if the external magnetic
field is applied. In this study the dependence of the
average hyperfine field on temperature is described us-
ing the many-state relaxation model. Such simulations
allow obtaining more information than it can be de-
rived from the evaluation of the blocking temperature
for ferrofluids. The energy of the magnetic moment
of particles depends on the angle, magnetic anisotropy,
and the magnetic field. In the case of the slow relax-
ation rate (small deviation angles of the magnetic mo-
ment), the form of such dependence at energy minima
is important. On the contrary, the fast relaxation is af-
fected mainly by the energy barrier height between the
energy minima. The many-state model allows taking
into account all such features. In the study the simplest
case of uniaxial anisotropy, which is suitable for non-
interacting nanoparticles in ferrofluids, is considered.
Here, the dependences of splitting of simulated spectra
are used to explain the experimental dependence of the
average hyperfine field on temperature. As result of fit-
ting of the simulation curve to the experimental data,
the dependence of the magnetic anisotropy constant on
temperature is obtained.

One of main problems of ferrofluids to be solved is
the evaluation of the influence of interaction between
the particles, when they aggregate or not, and when
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the external magnetic field is applied or not. In these
cases, the many-state model also offers much advan-
tage. Though in cases of interacting particles or the
presence of the additional magnetic field, Liouville op-
erators in the many-state model should be introduced.
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HIPERSMULKIOJO MAGNETINIO LAUKO NANODALELĖSE MODELIAVIMAS

K. Mažeika, A. Amulevičius, D. Baltrūnas

Fizikos institutas, Vilnius, Lietuva

Santrauka
Tiriant magnetinių momentų dinamiką nanostruktūrinėse mag-

netinėse medžiagose, Mesbauerio (Mößbauer) spektrai turi būti
aprašomi tinkamais dinaminiais relaksaciniais modeliais. Nagrinė-
jamos tam tikslui skirto daugelio būsenų relaksacinio modelio ga-
limybės. Toks modelis gali visapusiškai paaiškinti feroskysčių
spektrų priklausomybę nuo temperatūros. Sudėtingesnių medžiagų

Mesbauerio spektrams, kuriuose yra daugiau negu vienas statinis
pospektris, tinkamesnis kitimo nuo temperatūros apibūdinimas yra
panaudojant magnetinio hipersmulkiojo lauko vidurkį. To lauko
vidurkio priklausomybės nuo temperatūros modeliavimas dauge-
lio būsenų modeliu leidžia įvertinti parametrų (pvz., magnetinės
anizotropijos), įtakojančių magnetinio momento relaksaciją, pri-
klausomybę nuo temperatūros.


