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A weakly nonlinearself-sustaine@scillatorcanbe synchronizedy an externalforce only in a certaindomainof parame-
ters. We exploit unstableperiodicorbitsandextendthis domainvia a smallcontrol perturbation.The controlleris constructed
asabackwardtime replicaof the original oscillatorthathasthe sameperiodicorbits but with the oppositestability properties.
The controlis achiezed by synchronizingthe original oscillatorwith its backward time replica. We demonstrat¢heseideas

boththeoreticallyandexperimentally
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1. Intr oduction

Control problemshave beendiscussedy engineers
andappliedmathematician$or morethanhalf a cen-
tury [1, 2]. However, theideaof noninvasive methods,
i. e. methodswvherethecontrolforcevanishesvhenthe
taiget stateis reachedhasbeenemphasizedy physi-
cists only one and a half decadeago in the context
of controlling chaos[3] andbecomesne of the most
rapidly developing sub elds in appliednonlinearsci-
ence. This sub eld hasboostedan enormousamount
of work on control problemsrelatedto stabilizationof
unstableperiodic orbits (UPOs)embeddedn strange
attractorsof chaotic systems(see[4] and references
therein)andleadsto nenv conceptdike externalforce
anddelayedieedbackcontroltechniqueg5].

In this paper we considerthe problemof control-
ling synchronizationn a forcedself-sustaineascilla-
tor. Very oftenin practicalapplicationthe needarises
to controlthepropertieof oscillations.Usuallycontrol
assumesinenhancemerih regularity of motion. Sup-
posethatouraimis to maintainthesynchronousegime
of a periodically driven self-sustaineascillator Due
to drift of parameterghe systemmay leave the syn-
chronizationdomainand a kind of beatphenomenon
may occut However, outsidethis domainthe system
hasunstableperiodic orbits that can be stabilizedby
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a smallfeedbackperturbationandthusthe domainof
synchronizatiorcanbe extendedwith only smallcon-
trol force. In a recentpaper[6] we have considered
this problemin theframework of the delayedfeedback
controltechnique Herewe apply anexternalforce (or
proportionalfeedback}echniqug5] to stabilizeUPOs
coisting with thequasiperiodi@attractor In thistech-
nique, the control perturbationis proportionalto the
differencebetweenthe actualstateof the systemand
the statecorrespondingo thedesiredJPO.An experi-
mentalimplementatiorof this techniquds usuallydif-
cult sinceit requiresa designof a specialperiodic
oscillatorwhich generates signalin the form of the
desiredUPO[7]. Herewe shav thatsuchan oscillator
can be constructedas a backward time replicaof the
original oscillator[8]. The backwardtime replicahas
the sameperiodic orbits as the original oscillator but
with the oppositestability propertieqi. e.,unstablepe-
riodic orbitsof theoriginal oscillatorcoincidewith sta-
ble periodicorbitsof the backwardtime replica). Then
by coupling the original oscillator with its backward
time replicaonecanstabilizethe desiredUPO andex-
tendthedomainof synchronization.

Therestof thepapetis organizedasfollows. In Sec-
tion 2, we describean analyticaltheoryof the applied
controltechniqueandnumericallydemonstratés per
formancefor a forcedvander Pol oscillator Thenthe
experimentalimplementationof the techniquefor an
electronicself-sustainedscillator is presented. The
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Fig. 1. Block diagramof the backwardtime controltechnique.

paperis nished with conclusionspresentedn Sec-
tion 3.

2. Theory of the backward time control technique

The block diagram of the backward time control
techniqueis presentedn Fig. 1. To be specic we
demonstratdts performancefor a weakly nonlinear
vander Pol oscillatorsubjectedo anexternalperiodic
force. Considerthefollowing system

A+ 18+ "(x%§ 1)x=asin(! t) + k(i %) ;(1)
A+ !2uj "(u?i Du=j asin(l t): 2)

The left-handside of Eq. (1) representshe standard
vander Pol equation.The parametet g is the charac-
teristicfrequeny of self-sustainedscillationsand" is
responsibldor the strengthof nonlinearityof theoscil-
lator. The rst termin theright-handsideis an exter-
nal periodicforce (a is theamplitudeand! is thefre-
gueng) andthe secondermdescribeshe control per
turbation. The parametek is a feedbackgain. Equa-
tion (2) represents backward time controller This
equationis derived from Eq. (1) by changingthe sign
of time, i. e., by thetransformatiort ! j t. Thechar
acteristicfrequeng ! . of the controllershouldslightly
differ from the frequeng ! o of the original oscillator
The exactrelationbetweernthesetwo frequenciewill
be presentedatter.

In the following we considerEgs. (1) and (2) as
weakly nonlinearoscillators,i. e., systemghat canbe
presentedslinearoscillatorswith frequencied ¢ and
I ¢ (the rst two termsin Egs. (1) and(2)) subjectto
small perturbationgthe remainingtermsin the same
equations)Speci cally, we supposehatthe following
inequalitiesaremet:

it !ojé 1- it

'o "o

¢ 1 3)

For weakly nonlinearsystemsthereare mary mathe-
matically rigorousways (e.g., a methodof averaging,
amultiscaleexpansionandotherasymptotionethods)
to obtain approximatesolutions. We will apply the
methodof averaging.Firstwe rewrite Egs.(1) and(2)

in anormalform:

X=Y,; (4)

u=v; (6)
v=i!2u+"(u?j 1)vi asin(! t): 7

As Egs.(4), (5) and (6), (7) arecloseto thoseof lin-
ear oscillators,we can expectthat the solutionshave
a nearly harmonicform. Sincetheseare forced sys-
tems,we look for solutionswith the characteristidre-
queny ! :

= Ale! +2A“(t)ei " (8)

4= BOe" - Bo(he o ©)

Here A(t) andB(t) are new variables,slowly vary-
ing complex amplitudes. Sincethey are comple, we
needtwo relationsto have one-to-onecorrespondence
between(x; y) andA aswell asbetween(u; v) andB.

It is corvenientto introducethe following relationsbe-
tweeny andA andbetweenv andB:

it . o it
y=il A(t)e" ' AS(t)e : (10)
2
vl B(t)e'tj Bo(t)ei 't :
2
SubstitutingEqgs.(8)—(11)in system(4)—(7) we obtain
the equationgor the complex amplitudeswhich after
averagingovertheperiodT = 2¥#! of fastoscillations
take theform

(11)
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+5(B 1 A); (12)
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The secondandthe third termsin Egs.(12) and (13)
areequalbut oppositein signs.To malke the rst terms
equal and oppositein sign we require! 2 | 12 =

i (127 1) or

12=212; 15: (14)

In a real experiment,this requirementan be kept by
tuningthe frequeng ! ¢ in suchaway asto minimize
theamplitudeof thecontrolperturbatiork(v y). Un-

derrequiremeni14), the amplitudeequation(13) be-
comesan exact backward time copy of the amplitude
equation(12) for k = 0. Thusfor k = 0, theseequa-
tionshave equivalent x edpointshbut their eigervalues
are of oppositesigns. The sameis true for the peri-
odic orbits of systems(4), (5) and (6), (7) and their
Floguetexponenty FEs). Thereforejf the original os-
cillator (4), (5) hasan UPO with positive real partsof

both FEs,thenthe sameperiodicorbit, but stable with

the oppositesign of FEs,will have the backwardtime
replica(6), (7). Thestability of suchorbitsin the con-
trolled (k 6 0) oscillator(4), (5) is de ned by equation

T 0. A AT . & Ko .
g A gA i b gt (A A
(15)

HereAy = By isasteadystatesolutionof bothEq.(13)
andEg. (12), which s stablefor Eg. (13) andunstable
for Eq. (12) for k = 0. Equation(15) is derived from
Eqg. (12) by substitutionB = Bg = Ay, i. e.,we sup-
posethatin Eq. (13) the amplitudeB hasreachedts
stablesteadystate B = By.

By choosinganappropriatescalefor theamplitude

A =

A=2z (16)
andintroducingnew parameters
12: 12 1
o= 2 o= T to o0 te Ky
2"l !
Eqg. (15) canbesimpli ed to
22=i°zi 2z?i Vi ®+ (01 2); (18)

wherezg = Ag=2.

Now we analysethe solutionsof Eq. (18). The bi-
furcationdiagramin the planeof parameterg®; ®) is
shavnin Fig. 2. Sinceit is symmetricalwith respecto
the® and® axis,only thepart® , 0,® , Ois pre-
sentedWe starttheanalysisvith nding thestationary

0.8 —
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Fig. 2. Thebifurcationdiagramof Eq. (18). Thethick dashedines
arede ned by Eq.(23). Theregion betweerthesdinescorrespond
to threeperiodicorbits. Outsidethis region thereis only oneperi-
odic orbit. Thethick solid line is the hyperbola(26) de ning the
Hopf bifurcation of the uncontrolledoscillator The broken lines
representhehyperbolag27)for differentvaluesof thecontrolgain
- . Thesoliddot (°; ® = (0.9,0.6)andsquarg®; ®) = (0.25,0.3)
shav the setsof parametersvhich will be usedin the following
analysisto demonstratéhe backwardtime control performance.

solutionsof theuncontrolledsystem.Settingz = 0 and
Z = zg we obtain

i 19207 zo(jzoj®i 1) ®= O: (19)
We introducethe notations
_ i o, _E 2 02"
s=jzoj7; fo(s)=s(si 1)°+°°: (20)

Thenthestationarywaluesof s canbefoundby solving
thecubicequation

fo(s) = @° (21)

with respecto s. Knowing s, from Eq. (19) onecan
determinghesteadystatevaluezp = | ®=(sj 1+ i°).

Solutionsof the cubic equation(21) de ne station-
ary periodic orbits of the forced system. The period
of theseorbitsis equalto the period T of the external
force,andtheamplitHde(theradiusin the(x; y) plane)
isjAoj = 2jzo) = 2 s. Equation(21) hasthreereal
rootsprovided

®F(°) < ® < ®5(°); (22)

h .
®,(°) = 237 ®2+ 1" (1 302)3:2I )

or onerealroot otherwise Thusthe forcedvanderPol
oscillatorhaseitherthreeor oneperiodicorbit(s). The
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region with threeorbitsis betweenthick dashedines
in Fig. 2. Outsidethis region thereis only oneperiodic
orbit.

To determinghestability of periodicorbits,we have
to linearizeEq. (18). As aresultwe obtainthe charac-
teristicequation

s, 2 M 1
i 2L 2) -+

+fJ(s) = 0: (24)

Here , is the eigervalue of the linearized Eq. (18),
which coincideswith the FE of thecorrespondingeri-
odic orbit, s is the solutionof the cubic equation(21),
and

f(s) = Bsi 1)(si 1)+°? (25)

is the derivative of the function fo(s) dened in
Eq. (20).

Firstwe discusghestability of periodicorbitsof the
uncontrolledsystentor - = 0. Thestability of periodic
orbit dependsn thevBIueof s, i. e.,onthe amplitude
of the orbit jApj = 2~ s. Two differenttypesof bi-
furcationsmay occurin the system.For f &(s) = 0 we
have a tangent(saddle-nodebifurcation,andfor s =
1=2 aHopf bifurcationarises Theconditionf d(s) = 0
de nestheboundarie®? = @%.,(°) of theregionwith
threeperiodic orbits in the (°; ®) plane(dashedsolid
linesin Fig. 2). When crossinginto this region two
additionalorbits of saddleandnodetypesoccur The
saddleorbit hastwo real FEs of differentsigns. Such
anorbit cannotbestabilizedoy thebackwardtime con-
trol techniquesinceit remainsan unstablesaddleor-
bit for the the backward time replica. The condition
of the Hopf bifurcations = 1=2 de ngs the minimal
amplitudeof the stableorbit A yin = 2. Theorbits
with amplitudejAgj < Amin areunstableln the(°; ®)
plane this conditionde nesthe hyperbola

®2 02 1
= fo(1—2)— 2 + g’
whichis shavn by asolidline in Fig. 2. Abovethisline
the oscillatoris synchronizedwith the externalforce.
Below this curve, in theregion of a singleperiodicso-
lution, the synchronizatioris lost andwe usuallyhave
aquasiperiodibehaiour.

To demonstratahe performanceof the backward
time controllerwe choosewo pointsin the bifurcation
diagram,onein the region of a single periodic orbit,
(°;®) = (0.9,0.6), markedby asoliddotin Fig. 2, and
anotherin theregion of threeperiodicorbits, (°; ®) =
(0.25,0.3), marked by a solid square.For thesesetsof
parametersthe orbits of the uncontrolledoscillatorin

(26)
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Fig. 3. Examplesof periodicorbits of the forced uncontrolledos-
cillator. (a) The caseof a single UPO correspondingo the set
of parameterg®; ® = (0.9,0.6) marked by a solid dot in Fig. 2.
The amplitude of the orbit is jAgj ¥ 1.034andits FEs, o Y4
(0.233 0.430)". (b) Thecaseof threeperiodicorbitsfor (°; ®) =

(0.25,0.3) correspondingo a solid squirein Fig. 2. The largest
orbit (solid line) is stable,the middle orbit (opencircles)is of a
saddletype, andthe smallestorbit is unstablewith jAoj ¥ 0.645

and, o ¥ (0.396 0.114)".

the(x; y) planeareshowvn in Fig. 3. The stableorbitis
markedby a solid line. Notethatit is anunstableorbit
for the backward time controller The saddleorbit is
marked by opencircles. It remainsthe saddleorbit for
thecontrolleraswell. Finally, unstableorbitshaving a
pair of complex conjugateexponentswith the positive
real partare marked by dashedines. They arestable
for thebackwardtime replica.Below we consideltheir
stabilizationin the controlledoriginal oscillator

TheFEsof thecontrolledoscillatorsatisfyEq. (24).
The conditionof the Hopf bifurcationfor - 6 0 reads
s= (1 -)=2. Now insteadof Eq.(26) we have

®2:(l| .)M:

. @7)

Again this relationde nesthe hyperbolasn the (°; ®)
plane. In Fig. 2, they are shavn by broken lines for
differentvaluesof - . Above thesecurvesthe corre-
spondingorbits of the controlledoscillatorare stable.
It followsthatfor - | 1 onecanstabilizean UPO for
ary choiceof the parameterg®; ®). Thusthe domain
of synchronizatiorof the forcedself-sustaineascilla-
tor canbe extendedto the whole planeof parameters
(°;®).

For a x edvalueof parameter¢®; ®), thethreshold
of stability of agivenUPOcanbeeasilyobtainedrom
Eq. (24). Denotethe FE of the uncontrolledUPO for
- = 0 by, o. Thenthe FE of the controlledperiodic
orbitis, = ,0j "=2=,0i k=2. Fortherealpart
of the FE we obtain

k
Re, = Re, gj =:

> (28)
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Fig. 4. Numericalsimulationof Eqs.(4)—(7)for (°; ®) = (0.9,0.6).
The valuesof otherparameterare” = 0.1,! o = 1,! % 1.0460,
¢ % 1.1883,a ¥ 0.126,k = 0.15. The control perturbationis
switchedon at the momentt; = 40T, i.e.,k = Ofort < t. and
k = 0.15fort > t.. Thebackwardtime controllerstabilizesan
UPO shawvn in Fig. 2(a). (a) Dynamicsof the outputvariabley.
(b) Dynamicsof thedifferencey j v, whichfort > t. is propor
tionalto the controlperturbation.

The thresholdof stability ko is de ned by condition
Re, = 0,whichyields

ko=2Re o= "(1j 25) =" 1j (29)
For k > kg, the backward time controller stabilizes
the desiredUPO. Thusthe synchronousegime of the
forced van der Pol oscillator can be maintainedwith
only smallcontrolforceoutsidethedomainof synchro-
nization.

To supportthe above analytical theory we have
performednumericalsimulationsof the original sys-
tem (4)—(7). The resultsfor the set of parameters
(°;®) = (0.9,0.6) is shawn in Fig. 4. This setcorre-
spondgo asingleUPOshavnin Fig.2(a). For" = 0.1,
the FEsof this orbit are, o % 0.0233 0.0430. It fol-
lows from Eg. (29) thatthethresholdof stabilizationis
ko ¥20.0466.Figure4 shavs successfustabilizationof
thisorbit for k = 0.15.Withoutcontrol(t < t; = 40T)
the forcedoscillatorexhibits a beatphenomenonThe
controlperturbatiorremovesthe beat,andafteratran-
sientthe synchronousegimewith the externalforceis
restored.The control perturbatiorbecomesextremely
smallwhenerer the oscillatorreaches previously un-
stableorbit.

Figure 5 shaws a control of the oscillator for the
setof parameterg®;®) = (0.25,0.3)," = 0.1, when
the systemhasthree periodic orbits, as presentedn
Fig. 2(b). Thelargestorbit with the amplitudejAoj %
2.12is stable.It correspondso the synchronizegeri-

Fig. 5. Samediagramsasin Fig. 4 but for (°;®) = (0.25,0.3).
The valuesof otherparameterare” = 0.1,! o = 1,! % 1.0126,
¢ ¥ 1.0506,a ¥ 0.061,k = 0.15. The control perturbationis
switchedonatthemoment . = 20T . Thebackwardtime controller
stabilizeghe smallestUPOshawvn in Fig. 2 (b) by dashedine.

Fig. 6. Experimentatesults.

odic motionof thesystenthatis obseredwithoutcon-
trol fort < t. = 20T. Thesmallestorbit with theam-
plitudejAoj ¥4 0.645is unstablejts two complex con-
jugateFEsare, o ¥2 (0.039& 0.0114). The stabiliza-
tion thresholdof this orbit is kg ¥ 0.0792. The back-
wardtime controllerswitcheghesystenfrom synchro-
nized motion with the large amplitudeto anothersyn-
chronizedmotionwith the smallamplitude.Whenthis
new synchronizatiomegimeis settledthefeedbackper

turbationalmostvanishes.

Performanceof the applied control techniquehas
beendemonstratedsingtheexperimentaket-upshovn
in Fig. 6 of Ref. [8]. Theexperimentakresultsarepre-
sentedn Fig. 6. They aresimilar to thetheoreticalre-
sultsshavnin Fig. 4. Thecircuit parameterarechosen
in suchawaythatwithoutcontroltheself-sustaineds-
cillator is not synchronizedvith an externalforce and
beatphenomenois obsenedattheoutput. Thecontrol
signaltakenfrom a backwardtime controllerstabilizes
anunstableperiodicorbit. As aresultthesynchroniza-
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tion with anexternalforceis achiazed with only small
controlperturbation.

3. Conclusions

In this paperwe have applieda backwardtime con-
trol techniqueto stabilizeunstableperiodicorbits of a
forcedself-sustaineascillator closeto a supercritical
Hopf bifurcation. By meansof this controlthe domain
of synchronizatiorcan be extendedfor ary valuesof
the frequeng detuningaswell asthe amplitudeof the
external force. The backward time control technique
canbealsousedto changehe synchronizatiomegime
from periodicoscillationswith alargeamplitudeto pe-
riodic oscillationswith a smallamplitude.The control
is achieved by usingonly a small feedbackperturba-
tion.

The analyticaltheory of the backward time control
is presentedor a speci ¢ problemof aforcedvander
Pol oscillator We have obtainedsimple analyticalex-
pressiongor the dependencef the Floquetexponents
on the controlgain anddeterminedhethresholdvalue
of stability. Theanalyticalapproachs basedntheav-
eragingmethodaclassicamethodof thenonlineardy-
namicsdevelopedfor weaklynonlinearoscillators,and
canbe appliedfor ary forcedself-sustaineascillator
closeto theHopf bifurcation. Thusthemainresultsare
suitablefor awide classof dynamicalsystems.

We have demonstratedxperimentallytheef ciency
of the backward time control techniquefor an elec-
tronic circuit. A goodagreementvith the theoretical
resultshasbeenobtained. The fact that the method
works in a real experimentcon rms its robustness
againstnoiseandsmall mismatchof the parameterin
the controllerandcontrolledsystem.

We have recentlyconsidered6] the problemof con-
trolling a forcedself-sustaineascillatorin the frame-
work of the delayedfeedbackcontrol technique. The
main differencesbetweenthe delayedfeedbackand
the backward time control approachesre asfollows.
Thedelayedfeedbackcontrolis reference-freeif does
not require the knowledge of the model of the con-
trolled system. In the ideal case,the feedbackper
turbationvanishesvhenthe desiredsynchronoustate
is reached.In contrast,in the backward time control
techniquewe needa knowledge of the model equa-
tionswhendesigningthe backwardtime replicaof the
system. Here the control perturbationvanishesonly
in aquasiharmoni@pproximation(for averagedequa-
tions),butis notexactly equatlto zero(althoughit is ex-
tremelysmall) for the original nonlinearsystem How-

ever, the backward time control hassomeadwantages.
It is moreefcient thanthethe delayedfeedbackcon-
trol. HeretheFloquetexponentf thecontrolledorbits
decreasdinearly with the increaseof the control gain
andcanreacharbitrarily large negative valueswhile in
the delayedfeedbackthe stabilizationis possibleonly
in a certaininterval of the control gain andthe Floquet
exponentscannottake large negative values. Thusin
the backward time control the systemapproacheshe
desiredsynchronoustatemachmorefasterthanin the
delayedfeedback(compareFig. 4 of this paperwith
Fig. 10 of Ref.[6]).
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Santrauka

Neinvazinio valdymoideja buvo suformuluotd 3] darbe kuris
dave prad ia naujaimokslokrypciai — chaosovaldymui. Buvo at-
kreiptasdemesys tai, kad chaotinisatraktoriusyra sudarytass
begalinesaibesnestabilu periodinu orbitu. Jasgalimastabilizuoti
nykstamaima a gri tamojo rysio jega, ir tuo paciu chaotin sis-
temosjudejima paversti periodiniu. Neseniainestabilu periodi-
niu orbitu stabilizacijosideja buvo apibendrintekvaziperiodirems
sistemoms Pasirodo kad kvaziperiodiniamudejimui taip patyra
budingosnestabiliosperiodiresorbitos. Kai neautonominisavai-
miniu virpesu osciliatoriusyra musosre ime, galima stabilizuoti

jo nestabiliagperiodinesorbitasir tuo paciu neirvaziSkaipraplesti
sinchronizacijogibas. Tam buvo pritaikytas inomas u delstojo
gri tamojo rySio metodag6].

Siekiantgreiciaugra inti sistenai sinchronizacijose ima, ki-
taip negu u delstojo gri tamojo rySio metodoatveju, mes pasi-
lemenaup neirvazinio valdymo algoritma. Sio metodoideja re-
miasipagalbinioosciliatoriauskurio lygtys sutampaupirmojo os-
ciliatoriauslygtimis, tik laiko enklasyra prieSings,konstraimu.
Sinchronizuojanpirmaji osciliatoru supaglbiniu, galimastabili-
zuotijo nestabilaperiodire orbitair taip priverstiji sinchronizuotis
suiSorineperiodinejeda.



