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The work dealswith the study of metamaterialhollow-core cylindrical (MHC) waveguides. In the article the solution
of Maxwell's equationsto analysea MHC waveguide is presented.A dispersionequationwas obtainedin the form of a
determinant.We createdthecomputeralgorithmin MATLAB languageto investigatethedispersionpropertiesof theMHC
waveguide.TheMHC waveguidewasstudiedin thefrequency rangefrom 75to 115GHzwith differentwaveguideparameters
(radius,azimuthalindex). Wehaveanalysedthedependencesof theMHC waveguidemainandhigherordermodes'dispersion
characteristicsonawaveguideradiusandanazimuthalindex.
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1. Intr oduction

Metamaterials(left-handedmaterials)arethe arti�-
cial structureswhich consistof the arraysof periodi-
cally repeatedelements,i. e. unit cells. Metamaterials
havesuchnamebecauseof theirability to interactwith
electromagneticwaves in the way the naturalmateri-
alscannot.Thefunctionalelectromagneticresponseof
metamaterialsarisesfrom theability to rectify thereso-
nantelectricand/ or magneticresponsethroughdesign
of thesub-wavelengthresonatorelements[1].

Recently, therehasbeenarapidgrowth of interestin
metamaterials.For example,Ruppindemonstratedthe
existenceof a surfacepolaritonmodeat the interface
betweenmetamaterialmediumanddielectricmaterial
[2,3].

Onepossibleapplicationareafor MHC waveguides
is in telecommunications. MHC waveguides could
conceivablydemonstratelower, or evenfar lower, opti-
calattenuationthanconventional�bres, whicharelim-
ited by the optical propertiesof their solid cores[4].
Anotherapplicationareaof theMHC waveguidesis the
�eld of laserdelivery. With their greatlyreducednon-
linearity [5] andincreaseddamagethresholds[6], and
with dispersioncharacteristicsverydifferentto conven-
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tional �bres, this applicationarealooks like a signi�-
cantopportunity.

Metamaterial waveguides are very promising in
termsof applicationin optical communication.Meta-
materialwaveguideshave beensuggestedanddemon-
stratedas optical waveguides, �lters, polarizersand
splitters,couplers,optical�bres, delaylinesandwave-
lengthdemultiplexors,high-energy accelerators[7].

In this article we presentdispersioncharacteristics
of electromagneticmainandhigherordermodesin the
MHC waveguidesin the75–115GHzfrequency range.

The structureof the article is as follows. The sec-
ondsectionintroducesdispersionequationof theMHC
waveguide. Thethird sectionpresentsmainprinciples
of creationof thecomputeralgorithmin MATLAB lan-
guage. In this part testingof the madealgorithm is
alsopresented.Numericalcomputationsaredescribed
in theSection4 followedby theConclusionssection.

2. The dispersionequationof the MHC waveguide

A solutionof Maxwell's equationsto analyseMHC
waveguidesis presentedin thispart.

The methodwe have usedto solve our waveguide
problemis basedon two approaches.The �rst is the
coupledmodemethodandthesecondis thepartialarea
method.
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Fig. 1. MHC waveguidemodel.

The form of longitudinal componentsof electric
�eld E a

z andmagnetic�eld H a
z thatsatis�esMaxwell's

equationsin theair mediumis asfollows:

E a
z = A1 Jm (ka

? r ) exp(im' ) ; (1)

H a
z = B1 Jm (ka

? r ) exp(im' ) ; (2)

whereA1, B1 areunknown arbitraryamplitudes,Jm
is the Besselfunction, ka

? is the transversepropaga-
tion constantfor theair medium,r is theradiusof the
MHC waveguide,m is the azimuthalindex character-
izing anglevariationsof the �eld, ' is the azimuthal
coordinate.

The representationof longitudinal componentsof
electric and magnetic�elds that satis�es Maxwell's
equationsin themetamaterialin�nite mediumis asfol-
lows:

E m
z = A2 Hm (km

? r ) exp(im' ) ; (3)

H m
z = B2 Hm (km

? r ) exp(im' ) ; (4)

whereHm is theHankel functionof thesecondkind.
We have expressedazimuthalcomponentsE ' , H '

throughlongitudinalcomponentsEz, H z of the elec-
tromagnetic�eld and equatedtangentialcomponents
with eachother. Thesatis�edboundaryconditionsare
asfollows:

E a
z = E m

z ; (5)

H a
z = H m

z ; (6)

E a
' = E m

' ; (7)

H a
' = H m

' : (8)

Thedispersionequationof theMHC waveguideis
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where´ = Jm (ka
? r ), Â = Hm (km

? r ), ´ 0, and Â0

arederivativesof quantities´ andÂ correspondingly,
"m

r and"a
r arethepermittivity of themetamaterialand

thefreespacecorrespondingly, ¹ m
r and¹ a

r aretheper-
meability of the metamaterialand the free spacecor-
respondingly. Quantitieskm

? andka
? are relatedwith

thelongitudinalpropagationconstantandmaterialcon-
stants(thepermittivity andpermeabilityof themetama-
terial) asfollows:

km
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q
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r ¡ h2 ; (10)
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q
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r ¹ a
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wherek = ! =c is thewave numberin a vacuum,h is
thelongitudinalpropagationconstant.

We obtainedthedispersionequationsin theform of
a determinantandcreateda MATLAB computerpro-
gramto investigatetheMHC waveguide.Thecomputer
algorithm is basedupon the dispersionequation(9)
above. The systemof algebraicequationsfor the un-
known h obtainedfrom theboundaryconditionsis ho-
mogeneous.Theconditionof solvability wasobtained
equallingthedeterminantof thesystemto zero. Since
our dispersionequationcannotbe solved analytically,
longitudinalpropagationconstantshave beenobtained
by searchingfor a rootof thedispersionequation.

The programis madein the following way: user
can choosewaveguide parameters(permittivities and
permeabilitiesof the waveguide media, radiusof the
waveguide,valueof theindex m).

Testingof theprogramwascarriedout usingthear-
ticle [8]. In that article the dispersioncharacteristics
of anopencylindrical dielectricrodwaveguidearepre-
sented.

3. Numerical results

In this section we presentthe numerical results
of electrodynamicalinvestigationsof the MHC wave-
guide.We have analysedthedispersioncharacteristics
of the main andhighermodesof a MHC waveguide.
Metamaterialin thiscaseis representedby themedium
which is madeof threelayers.Therearethreestripsin
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Fig. 2. Dispersioncharacteristicsof the MHC waveguide when
m = 1, r = 1 mm.

the �rst andthe third layers,andtwo split-ringsin the
secondlayer[9].

Metamaterialparameters'dependenceon frequency
in the75–115GHz frequency rangeis presentedin the
article[9]. Accordingto this metamaterialparameters'
dependencetheMHC waveguidepropertieshave been
analysedin theabove-mentionedfrequency interval.

3.1.Analysisof theMHC waveguidepropertieson the
waveguideradiusr

It is known that the larger the radiusof the wave-
guide, the greaternumberof modesis transmittedin
the waveguide. This statementhasbeenchecked by
analysingMHC waveguide.Parametersof theanalysed
metamaterialcorrespondto thepermittivity andperme-
ability dependenceon frequency publishedin [9]. The
valuesof permittivity and permeabilityof the meta-
materialmediumthat we have usedbelongto the 75–
115 GHz frequency range. Thesevaluesaregiven in
Table1.

We have analysedthe caseswhen radius of the
waveguideis 1, 2, 3, and8 mm.

In Fig. 2 we seethat when the radiusr = 1 mm,
thereis only the main modein the MHC waveguide.
The cutoff frequency of this modeis 76.25GHz. We
shouldnote that suchwaveguide works in one mode
regimein thefrequency rangeof 75–115GHz.

In Fig. 3 we seethat when r = 2 mm, thereare
2 modesin the MHC waveguide. We cannotdeter-
mine the cutoff frequency of the main modebecause
it has shifted to the left and doesnot belong to the
75–115GHz frequency range. We shouldnotice that
the cutoff frequency of the secondhigher mode is
87.5GHz.

Table 1. Valuesof the metamaterialpermittivity and
permeabilityin the75–115GHz frequency range[9].

f , GHz " m
r ¹ m

r

75 ¡ 41.25 1.17
76.25 ¡ 38.33 1.17
77.5 ¡ 38.33 1.25
78.75 ¡ 35 1.17

80 ¡ 35 1.17
81.25 ¡ 35 1.17
82.5 ¡ 33.75 1.17
83.75 ¡ 32.5 1.17

85 ¡ 31.25 1.17
86.25 ¡ 31.25 1.17
87.5 ¡ 30 1.17
88.75 ¡ 30 1.17

90 ¡ 30 1.67
91.25 ¡ 31.67 1.835
92.5 ¡ 38.33 2.5
93.75 ¡ 30 2.33

95 ¡ 22.5 1.34
96.25 ¡ 16.67 1.5
97.5 ¡ 10 1.25
98.75 ¡ 6.67 1
100 ¡ 6.67 ¡ 1.75

101.25 ¡ 8.33 ¡ 0.625
102.5 ¡ 10 0
103.75 ¡ 10 0

105 ¡ 10 0.25
106.25 ¡ 10 0.5
107.5 ¡ 10 0.25
108.75 ¡ 10 0.5

110 ¡ 10 0.25
111.25 ¡ 8.33 0.5
112.5 ¡ 8.33 0.5
113.75 ¡ 8.33 0.5

115 ¡ 10 0.5

Fig. 3. Dispersioncharacteristicsof theMHC waveguide,m = 1,
r = 2 mm.
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Fig. 4. Dispersioncharacteristicsof theMHC waveguide,m = 1,
r = 3 mm.

Fig. 5. Dispersioncharacteristicsof theMHC waveguide,m = 1,
r = 8 mm.

In Fig. 4 we seethat whenr = 3 mm, thereare4
modesin the MHC waveguide. Herewe canseethat
the cutoff frequenciesof the main aswell as the �rst
higher modeshave shifted out of the consideredfre-
quency range.We have determinedthat thecutoff fre-
quenciesof thesecondandthe third highermodesare
81.25and108.75GHzcorrespondingly.

Figure 5 shows dispersioncharacteristicsof the
MHC waveguidewhenthewaveguideradiushasbeen
stronglyenlargedcomparingwith the waveguideswe
have analysedbefore. In Fig. 5 we seethatwhenr =
8 mm, thereare11 modesin theMHC waveguide.We
seethat the cutoff frequenciesof seven highermodes
have shifted outsidethe left limit of the considered
frequency range. The cutoff frequenciesof seventh,
eighth, ninth, tenth higher modesare 78.75, 88.75,
97.5,and106.25GHzrespectively.

We can draw the conclusionthat the larger radius
of theMHC waveguideis, thelargernumberof hybrid

Fig. 6. Dispersioncharacteristicsof the MHC waveguide when
m = 0, r = 2 mm.

Fig. 7. Dispersioncharacteristicsof theMHC waveguide,m = 2,
r = 2 mm.

H Emn andEHmn modesis propagatedin suchwave-
guide.

3.2.Analysisof theMHC waveguidepropertiesat
azimuthalindex m = 0 and2

We have analysedthe propagation of symmetric
modesin the MHC waveguidewith the azimuthalin-
dex m = 0 and2.

We have analysedthecasewhenm = 0 andradius
r = 2 mm. In thiscasetheaxis-symmetricmodesprop-
agatein theMHC waveguide.

ComparingFigs.3 and6 we candraw a conclusion
thatwhenthevalueof theazimuthalindex m decreases,
thecutoff frequency f c of the�rst highermodemoves
to theright (f c = 88.75GHz).

Wealsohaveanalysedthecasewhenm = 2 andthe
radiusr = 2 mm.
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ComparingFigs.3 and7 we candraw a conclusion
thatwhenthevalueof theazimuthalindex m increases,
thecutoff frequency of the �rst highermodemovesto
theleft. Wecannotdeterminetheexactvalueof thecut-
off frequency of this modebecauseits valueis smaller
than75GHz. FromFig. 7 wecanseethatwhentheaz-
imuthalindex m = 2, themainsymmetricmodeis par-
allel to the frequency axis. This meansthat the longi-
tudinalpropagationconstantis practicallyindependent
of the frequency. The MHC waveguidefor the mode
with indexes m = 2 and n = 1 is a nondispersional
waveguidestructure.Thephasespeedof this modeis
equalto thelight speed(c ¼ 3¢108 m=s).

Comparing Figs. 6 and 7 we can note that the
axis-symmetricmodewith indicesm = 0 andn = 1
crossestheordinateaxis in thepoint with value0.725
whenfrequency is 75 GHz. Thesymmetricmodewith
indicesm = 2 and n = 1 crossesthe ordinateaxis
in the point with value1 whenfrequency is 75 GHz.
We can draw a conclusionthat the greateris the az-
imuthalindex of thesymmetricwaves,thelargeris the
h value. Thereforethe lengthof the wave propagated
in theMHC waveguideis smaller.

Analysingthedispersioncharacteristicsgivenin [8]
and our dispersioncharacteristicsof the MHC wave-
guide,wecandraw aninterestingconclusion:theratio
of h and k valuesfor dielectric rod waveguidesh=k
is > 1 [8]. Suchwaveguidescanbeusedin delaylines.
The sameratio for the MHC waveguide is h=k · 1
(seeFigs. 2–7). Thereforethe MHC waveguidescan
beusedashigh-energy accelerators.

4. Conclusions

We have obtainedthe solutionof Maxwell's equa-
tions to analyseMHC waveguides. The methodwe
haveusedto solvewaveguideproblemsis basedontwo
approaches.The �rst approachis the coupledmode
methodandthesecondoneis thepartialareamethod.

According to the dispersionequationof the MHC
waveguide we have createdthe computeralgorithm
with 2D graphicalvisualizationin MATLAB language.
This computeralgorithmhasbeentestedusingthear-
ticle [8]. We have got dispersioncharacteristicsof
theMHC waveguidewith differentparameters(radius,
azimuthalindex) in the wide frequency rangeof 75–
115GHz.

Analysingthe MHC waveguidewe have found out
that the larger is the radiusof the MHC waveguide,
thegreaternumberof modesis propagatedin theMHC
waveguide.We wereassuredof thecorrectnessof this
statementafterwe hadmadenumericalcomputations.
We have notedthat the ratio of h andk valuesfor the
MHC waveguideis h=k · 1. Thereforeall themodes
of theMHC waveguidewe have analysedarefast(the
phasespeedis largerthanthelight speed).

We have notedthatwhenthevalueof theazimuthal
index m = 2, themainmodeis parallelto thefrequency
axis. The MHC waveguidefor the modewith indices
m = 2 andn = 1 is nondispersionalwaveguidestruc-
ture.
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METAMED�IA GINI �U TUŠ �CIAVIDURI �U CILINDRINI �U BANGOLAID�I �U DISPERSIN �ES
CHARAKTERISTIK OS

L. Nickelson,T. Gric, S.Ašmontas

Puslaidininki�u �zikosinstitutas,Vilnius, Lietuva

Santrauka

Nagrin�ejamasmetamed�iaginistuš�ciaviduris cilindrinis bango-
laidis. Siekiant išnagrin�eti toki �u bangolaid�i �u savybes, spr�estos
Maksvelo lygtys. Gautadispersin�e lygtis buvo u�rašyta determi-
nantopavidalu. NaudojantMATLAB programavimo kalb�a, buvo
sukurtaskompiuterinisalgoritmasmetamed�iagini�u tuš�ciaviduri �u
cilindrini �u bangolaid�i �u dispersin�emssavyb�emsanalizuoti. Me-

tamed�iaginistuš�ciaviduris bangolaidissu skirtingais parametrais
(skirtingasspindulys,azimutinisperiodiškumoindeksas)buvo ana-
lizuojamas75–115GHz ruo�e. Ištirtosmetamed�iaginiotuš�ciavi-
duriocilindrinio bangolaid�iopagrindin�esbeiaukš�ciausiosioseil�es
mod�u dispersini�u charakteristik�u priklausomyb�esnuobangolaid�io
spindulioir azimutinioindekso.


