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The work dealswith the study of metamateriahollow-core cylindrical (MHC) waveguides. In the article the solution
of Maxwell's equationsto analysea MHC waveguideis presented.A dispersionequationwas obtainedin the form of a
determinant.We createdthe computeralgorithmin MATLAB languageo investigatethe dispersionpropertiesof the MHC
waveguide. The MHC waveguidewasstudiedin thefrequeng rangefrom 75to 115GHz with differentwaveguideparameters
(radius,azimuthalindex). We have analysedhedependencesf the MHC waveguidemainandhigherordermodes'dispersion

characteristicen awaveguideradiusandanazimuthalindex.
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1. Intr oduction

Metamaterialgleft-handedmaterials)arethe arti -
cial structureswhich consistof the arraysof periodi-
cally repeatectlementsi. e. unit cells. Metamaterials
have suchnamebecaus®f their ability to interactwith
electromagnetiavaves in the way the naturalmateri-
alscannot.Thefunctionalelectromagneticespons®f
metamaterialarisesrom theability to rectify thereso-
nantelectricand/ or magnetiacesponsehroughdesign
of the sub-wavelengthresonatoelementg1].

Recentlytherehasbeenarapidgrowth of interestin
metamaterialsFor example,Ruppindemonstratethe
existenceof a surfacepolariton modeat the interface
betweenmetamateriamediumand dielectric material
[2,3].

Onepossibleapplicationareafor MHC waveguides
is in telecommunications. MHC waveguides could
concevably demonstratéower, or evenfar lower, opti-
cal attenuatiorthanconventional bres, which arelim-
ited by the optical propertiesof their solid cores[4].
Anotherapplicationareaof the MHC waveguidesis the
eld of laserdelivery. With their greatlyreducednon-
linearity [5] andincreasedlamagehresholdg6], and
with dispersiorcharacteristicgery differentto corven-
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tional bres, this applicationarealooks like a signi -
cantopportunity

Metamaterial waveguides are very promising in
termsof applicationin optical communication.Meta-
materialwaveguideshave beensuggestednddemon-
stratedas optical waveguides, Iters, polarizersand
splitters,couplerspoptical bres, delaylinesandwave-
lengthdemultiplexors, high-enegy accelerator§r].

In this article we presentdispersioncharacteristics
of electromagnetimmainandhigherordermodesn the
MHC waveguidesin the 75-115GHz frequeng range.

The structureof the article is asfollows. The sec-
ondsectionintroducedlispersiorequatiorof theMHC
waveguide. Thethird sectionpresentsnain principles
of creationof thecomputeralgorithmin MATLAB lan-
guage. In this part testing of the madealgorithmis
alsopresentedNumericalcomputationsredescribed
in the Section4 followed by the Conclusionssection.

2. The dispersionequation of the MHC waveguide

A solutionof Maxwell's equationgo analyseMHC
waveguidesis presentedn this part.

The methodwe have usedto solve our waveguide
problemis basedon two approaches.The rst is the
coupledmodemethodandtheseconds thepartialarea
method.
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Fig. 1. MHC waveguidemodel.

The form of longitudinal componentsof electric
eld E2 andmagneticeld H 2 thatsatis esMaxwell's
equationsn theair mediumis asfollows:

E2= A1JIm(Kk3r) exp(im' ); (1)

H2=B1Jn(k3r) exp(im' ); (2)

whereA, B, areunknovn arbitrary amplitudes,Jm

is the Besselfunction, k3 is the trans\ersepropag-
tion constanffor the air medium,r is theradiusof the
MHC waveguide, m is the azimuthalindex character
izing anglevariationsof the eld, ' is the azimuthal
coordinate.

The representatiorof longitudinal componentsof
electric and magnetic elds that satis es Maxwell's
equationsn themetamateriain nite mediumis asfol-
lows:

EM = AyHn(K5'r) exp(im' ); (3)

H" = BoHp(k3'r) exp(im' ) ; 4)

whereH 1, is the Hankel functionof thesecondkind.

We have expressedazimuthalcomponent€: |, H:
throughlongitudinal componentsE ,, H, of the elec-
tromagnetic eld and equatedtangentialcomponents
with eachother The satis ed boundaryconditionsare
asfollows:

E2=E]); (5)
H&=HI; (6)
Ef=EM; (7)
H&=HM: (8)
Thedispersiorequationof the MHC waveguideis
¢ = 2A2n2m2 .+ . 1 12

(kM2r ' (k3)2r
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where” = Jn(k3r), A = Hp (k'r), "9 and A°
arederivatives of quantities” andA correspondingly
"M and"? arethe permittiity of the metamateriahnd
the free spacecorrespondingly* " and! 2 arethe per

meability of the metamateriabndthe free spacecor-

respondingly Quantitiesk’' andk3 are relatedwith

thelongitudinalpropa@tionconstanandmaterialcon-

stantqthepermittivity andpermeabilityof themetama-
terial) asfollows:

q —
kK'= k2"mim; h2; (10)
q _
k§ = k2"ataj h?; (11)
wherek = ! =cis thewave numberin avacuum,h is

thelongitudinalpropagtionconstant.

We obtainedthe dispersiorequationsn the form of
a determinantand createda MATLAB computerpro-
gramto investigatetheMHC waveguide. Thecomputer
algorithm is basedupon the dispersionequation(9)
above. The systemof algebraicequationgor the un-
known h obtainedfrom the boundaryconditionsis ho-
mogeneousThe conditionof solvability wasobtained
equallingthe determinanbf the systemto zero. Since
our dispersionequationcannotbe solved analytically
longitudinalpropagtion constanthave beenobtained
by searchindor aroot of thedispersiorequation.

The programis madein the following way: user
can choosewaveguide parametergpermittivities and
permeabilitiesof the waveguide media, radius of the
waveguide,valueof theindex m).

Testingof the programwascarriedout usingthe ar
ticle [8]. In that article the dispersioncharacteristics
of anopencylindrical dielectricrod waveguidearepre-
sented.

3. Numerical results

In this section we presentthe numerical results
of electrodynamicainvestigationsof the MHC wave-
guide. We have analysedhe dispersiorcharacteristics
of the main and highermodesof a MHC waveguide.
Metamaterialn this caseis representetly themedium
whichis madeof threelayers.Therearethreestripsin
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Fig. 2. Dispersioncharacteristicof the MHC waveguide when
m=1r=1mm.

the rst andthethird layers,andtwo split-ringsin the
secondayer|[9].
Metamateriaparameterstiependencen frequeny
in the 75-115GHz frequeng rangeis presentedn the
article[9]. Accordingto this metamateriaparameters’
dependencéhe MHC waveguide propertieshave been
analysedn theabore-mentionedrequeng interval.

3.1.Analysisof the MHC waveayuidepropertieson the
waveuideradiusr

It is known that the larger the radiusof the wave-
guide, the greaternumberof modesis transmittedin
the waveguide. This statementhasbeenchecled by
analysingMHC waveguide.Parametersf theanalysed
metamateriatorrespondo the permittivity andperme-
ability dependencen frequeng publishedin [9]. The
valuesof permittivity and permeabilityof the meta-
materialmediumthat we have usedbelongto the 75—
115 GHz frequeng range. Thesevaluesaregivenin
Tablel.

We have analysedthe caseswhen radius of the
waveguideis 1, 2, 3, and8 mm.

In Fig. 2 we seethat whenthe radiusr = 1 mm,
thereis only the main modein the MHC waveguide.
The cutoff frequeng of this modeis 76.25GHz. We
should note that suchwaveguide works in one mode
regimein thefrequeng rangeof 75-115GHz.

In Fig. 3 we seethatwhenr = 2 mm, thereare
2 modesin the MHC waveguide. We cannotdeter
mine the cutof frequeny of the main modebecause
it hasshifted to the left and doesnot belongto the
75-115GHz frequeng range. We shouldnotice that
the cutoff frequeng of the secondhigher mode is
87.5GHz.

275

Table 1. Valuesof the metamateriapermittivity and

permeabilityin the 75-115GHz frequeng range[9].

09

h/k

ki

f,GHz " e
75 i 4125 1.17
76.25 3833 117
77.5 i 3833 125
78.75 i 35 1.17
80 i 35 1.17
81.25 i 35 1.17
82.5 i 33.75 117
83.75 | 325 1.17
85 i 31.25 1.17
86.25 3125 117
87.5 i 30 1.17
88.75 i 30 1.17
90 i 30 1.67
91.25 | 31.67 1.835
92.5 i 38.33 2.5
93.75 i 30 2.33
95 i 22.5 1.34
96.25 | 16.67 15
97.5 i 10 1.25
98.75 | 6.67 1
100 i 6.67 175
101.25 833 | 0.625
102.5 i 10 0
103.75 i 10 0
105 i 10 0.25
106.25 i 10 0.5
107.5 i 10 0.25
108.75 i 10 0.5
110 i 10 0.25
11125  8.33 0.5
1125  8.33 0.5
113.75 | 8.33 0.5
115 i 10 0.5
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Fig. 3. Dispersioncharacteristicef the MHC waveguide,m = 1,
r=2mm.
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Fig. 4. Dispersioncharacteristicef the MHC waveguide,m = 1,
r=3mm.

Fig. 5. Dispersioncharacteristicef the MHC waveguide,m = 1,
r=38mm.

In Fig. 4 we seethatwhenr = 3 mm, thereare4
modesin the MHC waveguide. Herewe canseethat
the cutoff frequenciesof the main aswell asthe rst
higher modeshave shifted out of the consideredre-
gueng range.We have determinedhatthe cutof fre-
quencief the secondandthe third highermodesare
81.25and108.75GHz correspondingly

Figure 5 shavs dispersioncharacteristicsof the
MHC waveguidewhenthe waveguideradiushasbeen
strongly enlaged comparingwith the waveguideswe
have analysedefore. In Fig. 5 we seethatwhenr =
8 mm, thereare11 modesin the MHC waveguide.We
seethat the cutoff frequencief seren highermodes
have shifted outside the left limit of the considered
frequeng range. The cutoff frequenciesof seventh,
eighth, ninth, tenth higher modesare 78.75, 88.75,
97.5,and106.25GHz respectiely.

We candraw the conclusionthat the larger radius
of the MHC waveguideis, thelarger numberof hybrid

Fig. 6. Dispersioncharacteristicof the MHC waveguide when
m=0,r = 2mm.

Fig. 7. Dispersioncharacteristicef the MHC waveguide,m = 2,
r=2mm.

HEmnn andEHm, modess propagtedin suchwave-
guide.

3.2.Analysisof the MHC waveyuidepropertiesat
azimuthalindexm = O and2

We have analysedthe propagtion of symmetric
modesin the MHC waveguide with the azimuthalin-
dexm = Oand2.

We have analysedhe casewhenm = 0 andradius
r = 2mm. In this casetheaxis-symmetrienodesprop-
agatein the MHC waveguide.

ComparingFigs. 3 and6 we candraw a conclusion
thatwhenthevalueof theazimuthaindex m decreases,
the cutoff frequengy f . of the rst highermodemoves
to theright (f. = 88.75GHz).

We alsohave analysedhe casewhenm = 2 andthe
radiusr = 2 mm.
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ComparingFigs. 3 and7 we candraw a conclusion
thatwhenthevalueof theazimuthaindex m increases,
the cutoff frequeng of the rst highermodemovesto
theleft. We cannotdetermingheexactvalueof thecut-
off frequeng of this modebecauséts valueis smaller
than75GHz. FromFig. 7 we canseethatwhenthe az-
imuthalindex m = 2, themainsymmetricmodeis par
allel to the frequeng axis. This meanshatthe longi-
tudinalpropagtion constants practicallyindependent
of the frequeng. The MHC waveguide for the mode
with indexesm = 2 andn = 1 is a nondispersional
waveguide structure. The phasespeedof this modeis
equalto thelight speedc ¥ 3€1.0° m=s).

Comparing Figs. 6 and 7 we can note that the
axis-symmetrianodewith indicesm = 0 andn = 1
crosseghe ordinateaxisin the point with value0.725
whenfrequengy is 75 GHz. The symmetricmodewith
indicesm = 2 andn = 1 crosseshe ordinateaxis
in the point with value 1 whenfrequeny is 75 GHz.
We candrawv a conclusionthat the greateris the az-
imuthalindex of thesymmetricwaves,thelargeris the
h value. Thereforethe length of the wave propagted
in the MHC waveguideis smaller

Analysingthedispersiorcharacteristicgivenin [8]
and our dispersioncharacteristiceof the MHC wave-
guide,we candraw aninterestingconclusion:theratio
of h andk valuesfor dielectric rod waveguidesh=k
is> 1[8]. Suchwaveguidescanbeusedin delaylines.
The sameratio for the MHC waveguideis h=k - 1
(seeFigs. 2-7). Thereforethe MHC waveguidescan
be usedashigh-enegy accelerators.

4. Conclusions

We have obtainedthe solution of Maxwell's equa-
tions to analyseMHC waveguides. The methodwe
have usedto solve waveguideproblemss basedntwo
approaches.The rst approachis the coupledmode
methodandthe secondneis the partialareamethod.

Accordingto the dispersionequationof the MHC
waveguide we have createdthe computeralgorithm
with 2D graphicalvisualizationin MATLAB language.
This computeralgorithmhasbeentestedusingthe ar
ticle [8]. We have got dispersioncharacteristicof
the MHC waveguidewith differentparameter¢radius,
azimuthalindex) in the wide frequeng rangeof 75—
115GHz.

Analysingthe MHC waveguide we have found out
that the larger is the radius of the MHC waveguide,
thegreatemumberof modesds propagtedin the MHC
waveguide. We wereassuref the correctnessf this
statementfterwe had madenumericalcomputations.
We have notedthatthe ratio of h andk valuesfor the
MHC waveguideis h=k - 1. Thereforeall the modes
of the MHC waveguidewe have analysedarefast(the
phasespeeds largerthanthelight speed).

We have notedthatwhenthe valueof the azimuthal
index m = 2,themainmodeis parallelto thefrequeng
axis. The MHC waveguidefor the modewith indices
m = 2 andn = 1 is nondispersionalvaveguidestruc-
ture.
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METAMED IA GINI U TUSCIAVIDURI U CILINDRINI U BANGOLAID |

U DISPERSINES

CHARAKTERISTIK OS

L. Nickelson,T. Gric, S. ASmontas

Puslaidininku zik osinstitutas,Vilnius, Lietuva

Santrauka

Nagrirejamasmetamed iaginiguciaviduris cilindrinis bango-
laidis. SiekiantiSnagrireti tokiu bangolaid u sarybes, sprestos
Maks\welo lygtys. Gautadispersim lygtis buvo u raSyta determi-
nantopavidalu. NaudojantMATLAB programaimo kalba, buvo
sukurtaskompiuterinisalgoritmasmetamed iaginii tusciaviduriu
cilindriniu bangolaid u dispersirms saszybemsanalizuoti. Me-

tamed iaginistu&ciaviduris bangolaidissu skirtingais parametrais
(skirtingasspindulys azimutinisperiodiSkumandeksaspuvo ana-
lizuojamas75-115GHz ruo e. IStirtos metamed iaginictusciavi-
duriocilindrinio bangolaid iopagrindiresbeiaukZiausiosio®iles
modu dispersinii charakteristik priklausomylesnuobangolaid io
spindulioir azimutinioindekso.



