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Themodelwith competingexchangeJ anddipole–dipoleD interactionson 2D hexagonallattice is studiedusingMonte
Carlo method. We calculatethe energy, speci�c heat,orderparameter, andsusceptibilityof the systemcloseto the phase
transitionpoint Tc from stripephaseto isotropicstripephase.This allows usto determinephasetransitionpointsfor different
valuesof exchangeanddipole–dipoleinteractionratio´ = J=D andcalculatethephasediagramfor transitionsto stripephases
AFh of differentstripewidth h. By usinghistogrammethodwe determinethe orderof the transitionat Tc . The �rst order
phasetransitionwasfound to AF1 andAF2 phasesandthe secondorderoneto AF3 andAF4 phases,with tricritical point
beingcloseto theAF2 andAF3 phaseboundaryin thephasediagram.We alsocalculatethestructurefactorabove andbelow
Tcs to AF1, AF2, AF3, andAF4 phases.Studyingthe dynamicalpropertiesof the modelwe have found that in AF1 phase
andin apartof AF2 phasethespinrelaxationcorrespondsto theIsingmodeldynamics.In phasesAF3 andAF4 thedynamics
slowsdown, andstripedomaingrowth with timeis proportionalto log t. With furtherincreaseof parameteŕ andapproaching
theferromagneticphasethedynamicssatis�estheIsingmodeldynamicsagain.
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1. Intr oduction

Self-organizeddomainstructuresin formof droplets,
bubbles,or stripesareoftenfound in two-dimensional
systemswith long-rangeelectrostatic,magnetic, or
elasticinteractions. For example,electrostaticdipole
interactionsinducestripe-likephasesin Langmuirmul-
tilayers in water–air interface [1]. Three types of
competing O–Cu interactions, with repulsive long
rangeforcescausedby substratemediatedelasticity,
are responsiblefor Cu–O stripesin partly O-covered
Fe(110)[2]. Strainanddomainwall effectscausethe
formationof periodicdomainstructuresin theoldestof
known ferroelectrics,Rochellesalt[3].

In certain magneticthin �lms and nanostructures
long-rangedipole–dipole interactionsbetweenmag-
netic spinsare as importantas short-rangeexchange
interactions. If thesetwo forcesare competing(e.g.
exchange interactions are ferromagnetic(FM) and
dipole–dipoleinteractionsareantiferromagnetic(AF)),
¤ Thereportpresentedatthe37thLithuanianNationalPhysicsCon-
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the periodicmagneticdomainstructure,consistingof
stripes with one magnetizationdirection alternating
with stripesof oppositedirection,might occur in the
system.Thewidth of stripesh in unitsof latticespac-
ing a dependsona ratioof theseinteractions.If dipole
interactionsare dominatingthe stripesare narrow, if
short rangeinteractionsare prevailing the stripesare
broador FM phaseoccurs. The bestknown experi-
mentalrealizationof a magneticstripedsystemis ul-
trathin�lms of Fe/ Cu(001).In these�lms magnetiza-
tion switchingfrom perpendicularto in-planedirection
is found with increaseof �lm thickness[4]. At very
small�lm thickness,whenmagnetizationis perpendic-
ular to �lm plane,differenttopologicalstripedefectsas
well asdirect transitionbetweenisotropicandstraight
stripephases[5] andeveninversetransitioneffects[6]
arefound.

Surface(perpendicular)anisotropy of verythin �lms
(in arange2.3–5.3monolayersof Fein Fe/ Cu(001)[4])
prevails over in-plane anisotropy of thicker �lms,
causedby dipole–dipoleinteraction,thus making the
magneticmomentsin an ultrathin �lm analogousto
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Ising spins. This fact allows for a simple theoreti-
cal descriptionof magneticpropertiesof these�lms in
termsof a FM Ising model plus only one additional
dipolar term decayingwith distanceasr ¡ 3. The �rst
Monte Carlo calculationusingthis modelon a square
lattice,in which stripephasesof differentwidthswere
found at low temperature,wasperformedby McIsaak
etal [7]. Verysoonthesamegroup[8] foundthatstripe
phasemeltingwith increaseof temperaturehappensvia
the intermediateisotropic phasewith short rangeor-
derandperpendicularcornersbetweenstripedomains.
The �nding of this intermediatephasecon�rmed ear-
lier predictionof Abanov et al [9] (obtainedusingthe
continuousapproximation)that the transition stripe–
paramagneticphasehasto be mediatedby the phase
called“tetragonalliquid”.

Classifyingthephasesandusingliquid crystalster-
minology(in termsof topologicaldefects),thefollow-
ing situationmight beexpectedin a systemwith com-
peting exchangeand long-rangeinteractions[10]: at
low temperaturethe smectic(stripe) phasepossesing
both long-rangeorientationaland spatialorder is ob-
served. At �nite temperatureit may contain bound
pairsof dislocationsin a form of stripeterminationand
thereforeslight distortionof nearbystripes.Spatialor-
derin thisphasedecaysalgebraicallywith distance.At
higher temperaturethe phasetransitionfrom smectic
to nematicphasemight occur. In nematicphaseorien-
tationalorder is maintained,spatialorderdependson
distanceexponentiallyand unbindingof dislocations
into pairsof disinclinationsis observed. A disinclina-
tion is the point at which two domains,in which the
stripesare orientedin different directions,meet and
terminate.At still highertemperaturethe transitionto
tetragonalphaseonasquarelatticeor transitionto hex-
aticphaseonhexagonal(triangular)latticeis expected.
In thesephasesorientationalorderis lostandmagnetic
momentshave thesymmetryof theunderlyinglattice.
Thetransitionto thetetragonalor hexaticphaseis char-
acterizedby theunbindingof disinclinations.

Thusin agreementwith predictionsof Abanov [9],
stripe–tetragonalphasetransitionwasfoundin calcula-
tionsfor asquarelattice[8], but in contrastto thesepre-
dictionsthephasetransitionsequencestripes–nematic–
tetragonalwasnot found.

In recentyearsdifferentaspectsof the Ising model
with competingexchangeanddipolarinteractionswere
studiedon a squarelattice. Gleiser et al found the
metastablephasein betweenAF1 (h=1)andAF2 (h=2)
phasesof the phasediagram[11] and calculatedthe
dynamicsof domain growth in this region [12]. In

Ref. [13] two different typesof magnetizationrelax-
ation were found. Calculationsof thermodynamic
propertiesand structurefactor on very large lattices
were performedin Ref. [14]. The type of transition
into thestripephasewasanalysedin Refs.[15,16].

Stoycheva and Singer [17,18] performedthe only
study we know of this model on a hexagonallattice.
Visual evidencesuggeststhat the type of the stripe
melting transition they obtain is Kosterlitz–Thouless
type unbinding of dislocationsof the stripe phase
into disinclinationsof the isotropic (hexatic) phase.
They showed, by using both Monte Carlo calcula-
tions and analytical theory, that decreasingrepulsion
(dipole–dipole)strengthleadstocrossoverfromdefect-
mediatedstripemeltingtousualspin-disordering.They
weretrying to demonstrateKosterlitz–Thoulessmech-
anismof transitionat stripemeltingpoint: by increas-
ing thesizeof thelatticeup to 76, they showedthatthe
peakof heatcapacityat the transitionpoint decreases
with systemsize.

The Ising model with competingshort-rangeand
long-rangeinteractionsandtheplanar(X Y , Kosterlitz–
Thouless)modelwith p-fold symmetrybreakingorien-
tational �eld [19,20] are rathersimilar. For the pla-
narmodelvery differentpredictionsfor thecasesp =
4 (squarelattice) and p = 6 (hexagonal lattice) are
drawn. In the lattercasethephasetransitionsequence
disordered! isotropicquasiliquid! orderedphaseis
anticipatedwith decreaseof temperature[19,20]. In
the caseof a squarelattice the intermediatephaseis
expectedto have a vanishinglysmall stability region.
Thereforeit is not obvious at all that the study of a
stripemeltingtransitionon a squarelatticewould give
similar resultsasthatonahexagonallattice.

In this paperwe studyIsing modelwith competing
exchangeanddipolar interactionson a hexagonallat-
tice. TheHamiltonianof themodelhastheform

H = ¡ J
X

hi6= j i

si sj + D
X

hi 6= j i

si sj

r 3
ij

; (1)

whereJ is a FM interactionconstantandthe�rst sum
is restrictedto pairsof thenearestneighbourspins. In
the secondsumD is dipolar interactionconstantand
site indicesi andj run over all N sitesof a hexagonal
lattice. In Hamiltonian(1) we considerthe sumover
every pair of spinsin dipolar termjust once.Thespin
variablessi = § 1, and the spinsaresupposedto be
alignedout of plane. By usingMonte Carlo method,
in Section2 we calculatethe thermodynamicparame-
tersof themodel,determinethephasetransitionpoint
Tc to thestripephasefor differentvaluesof interaction
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parameteŕ = J=D, andpresentthe phasediagram.
Furthereverywherethe temperatureT = kBT(K) =D
and the interactionparameteŕ are in dimensionless
units. By applyingthehistogrammethodwe calculate
the orderof the phasetransitioninto phasesof differ-
entstripewidthsin Section3. We presentthestructure
factorof our system(below, at, andabove Tc) in Sec-
tion 4. Thedynamicpropertiesof themodelarestudied
in Section4.

2. Phasetransition thermodynamicsand phase
diagram

To obtainthephasetransitionpointTc into thestripe
phasewe calculatethe temperaturedependenceof the
energy per spin E = H=N , the speci�c heatCV =
(1=T2)(hE 2i ¡ hE i 2), theorderparameter, andthesus-
ceptibility of themodel(1) for four mainphasesAF1,
AF2, AF3, andAF4. We performthe calculationsby
Monte Carlo methodusingMetropolisalgorithmon a
hexagonallattice of N = 48£ 48 spins,including the
long-rangedipolar interactionsup to the distanceof
24a. The sizeof the lattice andthe cut-off we found

optimalfor calculationsof thephasetransitionthermo-
dynamicsanddynamics,sincefurther increaseof lat-
ticedoesnotaddto accuracy of Tc determination.

Theorderparameteris constructedto �nd theorien-
tationalalignmentin stripe interfaces. For the square
latticetheorderparameterde�ning thephasetransition
from stripephaseto isotropicmeltedstripephasehas
the form j(nh ¡ nv )=(nh + nv )j, wherenh(nv ) is the
numberof horizontal(vertical)bondsbetweenantipar-
alel neighbouringspins[8]. For hexagonallattice it is
convenientto useits analoguein a form proposedin
Ref. [17]

g2 =
¿¯

¯
¯
¯

1
N

X

i;j

±si ;¡ sj e2iµi;j

¯
¯
¯
¯

À
; (2)

wheredeltafunction±si ;¡ sj retainsonly nearest-neigh-
bourspinpairsof opposite(interface)spins.Thevector
joining suchapairmakestheangleµi;j with areference
direction,andi is imaginaryunit. Theparameterg2 =
0.5in astripephaseandzeroin isotropicor disordered
phase.Thusthesusceptibilityis obtainedfrom thefor-
mulaÂ = (1=T)(hg2

2i ¡ hg2i 2).

Fig. 1. Temperaturedependencesof meanenergy closeto theTc point for (a)AF1, (b) AF2, (c) AF3, and(d) AF4 phases.
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Thestripemeltingtransitionpoint Tc is foundfrom
temperaturedependencesof speci�c heatandsuscep-
tibility . The E(T) dependencesin thin stripe phases
AF1 andAF2 arealsogoodindicationsof theTc point.
In Fig. 1 we presentE(T) dependencesin all four AF
phases.It is seenthat the energy in the phasetransi-
tion region of phasesAF1 andAF2 changesabruptly,
in contrastto the E(T) dependencefor phaseswith
broaderstripeswhich is inclinedandmuchstrongerin-
�uencedby the�uctuations. Thesametendency might
be seenin temperaturedependencesof orderparame-
ter (Fig. 2). CorrespondinglythepeaksatTc of CV (T)
andÂ(T) aresharpandnarrow atthetransitionsto AF1
andAF2 phasesandmore�at at thoseto AF3 andAF4
(seeFigs.3 and4) andevenbroaderstripephases.

UsingthusobtainedTc dataat different´ valueswe
presentin Fig. 5 thephasediagramof themodel(1) for
hexagonallattice. Determinationof the stripephases
with h > 4 for hexagonallattice is ratherdif�cult, be-
causethickerstripesdonotanymoremaintainthestripe
con�guration with �x ed thickness. Due tue stronger
�uctuations and defectsthe thicknessof the stripe is
spacially alternatingin low temperaturestripe phase
as well as in isotropic meltedstripe phase. Compar-

ing our phasediagramwith the similar diagramsob-
tainedfor the squarelattice [7,11,14], we cannotice
that the phaseboundariesAF2–AF3, AF3–AF4, and
AF4–AF(with h > 4) roughlycorrespondto thoseob-
tainedfor the squarelattice multiplied by 3=2, the ra-
tio of numberof nearestneighboursin hexagonaland
squarelattices[21]. We did not �nd sucha correspon-
dencefor theAF1–AF2boundary.

3. Transition order

Analysisof temperaturedependencesof main tran-
sitionparametersin four AF stripephasesindicatesthat
in theAF1 andAF2 phasesthestripemeltingtransition
is, mostlikely, of the �rst, while in the h > 2 phases
it is of the secondorder. The study of the transition
orderfor thesquarelatticeusingfourthordercumulant
andhistogrammethods[16,15] determinedthe weak
�rst ordertransitionfor theAF2 phaseandsecondor-
dertransitionfor theAF3 phase.Thetransitionorderin
theAF1 phasewasnotunambigouslyde�ned,sincethe
twin-peakedstructurewasnotfoundin energy distribu-
tion P(E) at thetransitionpoint. In our calculationof

Fig. 2. Temperaturedependencesof speci�c heatcloseto theTc point for (a)AF1, (b) AF2, (c) AF3, and(d) AF4 phases.
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Fig. 3. Temperaturedependencesof orderparametercloseto theTc point for (a)AF1, (b) AF2, (c) AF3, and(d) AF4 phases.

theenergy histogramsfor hexagonallatticeweobserve
twin-peakP(E) structurein theAF1 andAF2 phases
andsinglepeakstructurefor theAF3 andAF4 phases
(seeFig. 6). Thereforethetransitionto theAF1 phase
shouldalsobeattributedto the�rst orderphasetransi-
tions, andthe tricritical point separating�rst andsec-
ondorderphasetransitionsonthephasediagramhasto
be roughly at the AF2 andAF3 phaseboundary. Fig-
ure6(c) in a way corroboratesthelatterstatement,be-
causeat ´ = 1.55,which is very closeto this bound-
ary, thehigher-T phasepeakstructurewith a lower-T
phaseshoulderwith decreaseof temperaturecontinu-
ously changesinto lower-T phasepeakandhigher-T
phaseshoulder. This behaviour is very similar to the
P(E) dependencesat transitionpoint of a 2D 4-state
Pottsmodelwhich hasthe secondorderphasetransi-
tion very closeto thetricritical point in T versusstates
numberdependence.The 2D 5-statePottsmodelhas
thetwin-peakP(E) structure,indicatingweak�rst or-
derphasetransition[22].

4. Structur e factor

We calculatedthe structurefactorabove andbelow
transitiontemperaturesto theAF1,AF2,AF3,andAF4
phases.Thestructurefactorpeaksin k spaceatT ¼ Tc

re�ect the degeneracy of the systeminducedby the
underlyinglattice. At T < Tc they show the domi-
nantstripedirection (seeFig. 7). The coordinatesof
thepeaksin k spaceallows to distinguishbetweenthe
phasesof differentstripewidths. Temperaturedepen-
dencesof the structurefactor intensitiesare good in-
dicationsof the phasetransitionpoint. The structure
factorhastheform

S(k) =
D ¯

¯
¯
X

r
S(r ) eikr

¯
¯
¯
2E

; (3)

wherer = am1x + am2(x=2 +
p

3y=2) and k =
2¼[n1x + (2n1 ¡ n2)y=

p
3]=aarethebasicvectorsof

directandinversehexagonallatticerespectively, x and
y areunit vectors,andn1;2, m1;2 arewholenumbers.

Above the phasetransitionto the AF1 phasesmall
peaksareobserved on a boundaryof the hexagonin-
dicating 6-fold degeneracy of the hexagonalsystem
(Fig. 7(c)). At T ¼ Tc (Fig. 7(b)) six peaksmight
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Fig. 4. Temperaturedependencesof susceptibilitycloseto theTc point for (a)AF1, (b) AF2, (c) AF3, and(d) AF4 phases.

Fig. 5. Phasediagramin (T; ´ = J=D) coordinates.Insets:snapshotsof domainsjust above andbelow phasetransitionpointsfor ´ = 1:1
(AF2), ´ = 2 (AF4), and´ = 3:3 (AF8–12).Blackdotsrepresentspinsup,while whitedotsarefor spinsdown.
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Fig. 6. Energy distribution histogramsfor several temperaturevaluesat thephasetransitionpoint: (a) ´ = 0:3 (AF1 phase),(b) ´ = 1:0
(AF2 phase),(c) ´ = 1:55 (AF3 phase),and(d) ´ = 2:0 (AF4 phase).

(a) (b) (c)

Fig. 7. Typical structurefactorpeaksfor AF1 phase(here´ = 0:3): (a)T < Tc , (b) T ¼ Tc , and(c) T > Tc .

be well-distinguishedin k spacepoints(0; § 2¼=
p

3),
(¼; § ¼=

p
3), and (¡ ¼; § ¼=

p
3). At thesevaluesof

temperaturethesystemstill did not “decide” to which
of three directionsof the hexagonallattice to orient
the stripe. At still lower temperature(Fig. 7(a)) dom-
inant stripe direction is chosen: intensity of peaksat

(¼; § ¼=
p

3) is growing at expenseof that of other
peaksandat Tc attain the maximumvaluealmostby
jump. The temperaturedependenceof thesepeaks'
intensityhave almostone-to-onecorrespondencewith
the temperaturedependenceof the orderparameterof
theAF1 phase(Fig. 3(a)).
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Fig. 8. Energy relaxationat ´ = 0:25 in theAF1 phase:(a) semilogplot and(b) log–logplot. Quenchtemperaturesareshown nearthe
correspondingcurves.Dashedline shows theIsingmodeldynamics.

The situation is similar in other phasesat T ¼
Tc. In AF2 phasethe peaks are at (0; § ¼=

p
3),

(¼=2; § ¼=(2
p

3)), and (¡ ¼=2; § ¼=(2
p

3)), i. e. the
sidesof occuringhexagon in k spaceare two times
shorterthanthoseof the AF1 phasehexagon. Corre-
spondinglythepeaksin theAF3 phaseareat (0; § 2¼=
(3

p
3)), (¼=3; § ¼=(3

p
3)), and(¡ ¼=3; § ¼=(3

p
3)), in

AF4 phaseat (0; § ¼=(2
p

3)), (¼=4; § ¼=(4
p

3)), and
(¡ ¼=4; § ¼=(4

p
3)). At T < Tc only onepair of those

peaksremainsandincreasesup to themaximumvalue.
It shouldbenotedthat in theAF3 andAF4 phasesad-
ditional pair of smallerpeaksarealsofound asin the
calculationsof the structurefactor for the squarelat-
tice [7,14].

5. Dynamics

We have also studiedthe dynamicalpropertiesof
the model(1). The systemwasannealedat high tem-
peraturesandthenquenchedto temperaturesbelow the
transitiontemperatureTc (to avoid the�uctuations,we
usuallyusedthe temperatureT < 0:6Tc asa quench
temperature).We monitoredhow the energy E(t) of
a disorderedsystemrelaxes to the groundstatestripe
phaseenergy E(1 ), here t is the time measuredin
MonteCarlosteps(MCS)persite.The�nal curvesare
obtainedby averagingover 20–50E(t) dependences.
It is known that for the Ising-typemodels(e.g. when
D = 0 in (1)) the sizeof a ferromagneticdomainR
growswith timeasR » ¢ E ¡ 1 » t0:5 [23–25],where
¢ E = E(t) ¡ E (1 ). The sameresult was found
studyingthe dynamicsof the AF1 stripedomainon a
squarelattice[12]. Herewe studythedynamicsfor all
the phasesfound in the phasediagramfor hexagonal
lattice (Fig. 5), presentingthe resultsfor AF1, AF2,
AF3, andAF4.

In Fig. 8 we presentthe time dependencesof the
normalizedenergy difference¢ EN = ¢ E=[E(0) ¡
E (1 )] for ´ = 0:25. The Fig. 8(a) representstyp-
ical dynamicsof the AF1 phase: for higher quench
temperaturethe curve immediatelygoesdown to sat-
uration, while for lower temperaturecritical slowing
down at startingtimesis clearlyseen.In log–logscale
(Fig.8(b))wecanrecognizetheIsingmodeldynamics.
Thegrowth of theAF1 phasedomainis demonstrated
in Fig. 9 asa seriesof snapshotsat differentmoments
of time.

In Fig. 10 we show theenergy relaxationcurvesfor
threevaluesof theinteractionparameteŕ (0.25,0.33,
and0.5)whicharein theAF1 phaseregionof thephase
diagram. It is interestingto note that for any chosen
temperatureinsidethe AF1 phase,the datapoints for
all 3 valuesof ´ fall onto one curve, indicating that
thedynamicsinsidetheAF1 phaseis thesamefor all
´ values,andthedomaingrowth in this phasefollows
the» t0:5 law. Thedynamicsin theAF2 phaseis more
complicated. The curves are concave and sloppy in-
dicatingsomesaturationfor highesttemperatureasin
theAF1 phase,but therelaxationis clearlyslower (see
Fig. 11). Somecurves obtainedfor higher valuesof
temperatureeven satisfy the exponentialdependence,
but still node�nite answerabouttherelaxationdynam-
ics canbegiven. We considerthis behaviour asinter-
mediatebetweenthe Ising-typedynamicsof the AF1
phaseandmuchslower dynamicsof thebroaderstripe
phases.

Timedependencesof ¢ EN for AF3 andAF4 phases
arepresentedin Fig. 12. Thedynamicsis slow andup
to 105 MCS=s clearly follows the¢ E(t) » (log t) ¡ 1

dependence.This law still holdsfor phaseswith h = 5
and 6. For higher valuesof ´ it hasto give way to
Isingmodeldynamicsagain,sinceathighervaluesof ´
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Fig. 9. Snapshotsof thegrowth of theAF1 phasedomainat differenttimesmeasuredby MonteCarlostepspersite. Black andwhite dots
representstripesof differentorientation.White linesshow bordersof differentdomains.

Fig. 10. Energy relaxationfor three´ valuesin theAF1 phaseandthreevaluesof quenchtemperature:(a)semilogplot and(b) log–logplot.
Dashedline shows theIsingmodeldynamics.

phaseswith verybroadstripesor FM phaseoccur. The
calculationsof ¢ EN (t) for thephaseat ´ = 3:3 (h is
varyingandmightbebetween8 and12)con�rmed this
prediction. Obviously it mustalsohold for thestripes
thatarebroaderthanthe latticesizeusedin our calcu-
lations.

6. Discussion

It shouldbenotedthat in AF1, AF2, AF3, andAF4
phasesand the isotropic short-rangestripe phases,to

which thosementionedphasespassabove the transi-
tion point, thestripewidth is �x edandit doesnot vary
with temperatureup to very high temperature.Thesit-
uationis differentfor highervaluesof ´ : stripewidth
is varyingandcannotbeunambigouslyde�ned in AFh
with h ¸ 6 (comparethesnapshotsof insetsin Fig.5 at
thetransitionpoint in AF2, AF4, andAF8–12phases).
Varyingstripewidth in broader-stripephasesmight be
relatedto higherTcsandcorrespondinglystronger�uc-
tuationsin thesystem.On theotherhand,variationof
stripewidth is alsoobservedat lower temperature,thus
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Fig. 11. Energy relaxationin theAF2 phaseat ´ = 1:1: (a) semilogplot and(b) log–logplot. Quenchtemperaturesareshown nearthe
correspondingcurves.Dashedline shows theIsingmodeldynamics.

Fig. 12. Semilogplots of energy relaxationin the AF3 andAF4
phases.Uppercurvesat ´ = 2 (AF4 phase),lower curvesat ´ =
1.67 (AF3 phase). AF4 curves are vertically shifted for clarity
by 0.5. Quenchtemperaturesare shown nearthe corresponding

curves.

theunderlyingreasoncouldberelatedtoeffectsof elas-
ticity, dislocations,or defectswhich canstrongerman-
ifest themselvesin large-domainsystems.

Monitoring thestripestructuresabove thetransition
point, we did not �nd any indicationof the paramag-
neticphase– thephaseabove the transitionpoint was
isotropicshort-rangestripes(hexatic)phasein a whole
rangeof ´ valuesof our phasediagram. According
to predictionsof the analytic theory[17], the melting
of narrow andaverage-widthstripesproceedsthrough
isotropic short-rangestripesphase,while the melting
of verybroadstripesis relatedto spindisordering.Two
examplesof intermediateshort-rangestripephaseused
in calculationon a squarelattice [8] were taken for
stripephasesof averagewidths, h = 4 and8. In our
calculationswestill seethetransitionfrom isotropicto
straightstripesat ´ · 5. At ´ = 5 we �nd two broad
stripesin our 48£ 48 pattern(h ¼ 10–15),but no spin

Fig. 13. Width of stripedomainsfor ´ = 3.3 andrelaxationfor
105 MCS=safteraquenchto differenttemperatures:(a)T = 0.09,

(b) T = 0.3,and(c) T = 0.9.

disordering(paramagneticphase).At ´ = 10eitherFM
phase,or thephasewith thestripewidth largerthanthe
latticesizeis observed.

Studyingthe dynamicsof the stripe phaseat ´ =
3.3, we found one interestingfeaturewhich was not
observed for phasesAF1–AF4: the size h of stripe
domainsafter a quenchto different temperaturesand
relaxationfor 105 MCS=s wasclearly different: very
small for quenchto very low T (h = 3–4) andmore
or lesscharacteristicof thesé values(h ¼ 8–12)for
quenchto T ¼ Tc=2 (seeFig. 13). This shows that
critical slowing down at low T and large valuesof ´
is much strongerthan that for small ´ . Moreover, it
demonstratestheprocessof stripegrowth which could
notbeobservedatsmall´ , becausethestripesin phases
AF1–AF4 are too thin. Thus, the phasegrows �rst
forming thin stripesandthenmakingthemthicker and
thicker until they reachthe h value characteristicof
given´ value.

Studyingsnapshotsfor ´ = 3.3 at high and lower
temperatures,a slight ripening of stripesis also ob-
servedwith decreaseof temperature,thefactwell doc-
umentedin experiments[4,5].
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7. Summary

We have studiedby usingMonte Carlo methodthe
magneticspinssystemon a hexagonallattice, where
thespinsinteractby meansof ferromagneticexchange
J anddipole–dipoleD interactions.The stripemelt-
ing phasetransition from stripe phaseto short-range
isotropic stripe phasewith extendeddomains,within
which the spinsareorderedbut do not possessdirec-
tionalandtranslationalsymmetriesof thestripedphase,
is obtainedfrom temperaturedependencesof speci�c
heatandsusceptibilityfor differentvaluesof theinter-
actionratio ´ = J=D. This transitionat temperature
point Tc proceedsvia straighteningof stripesdueto a
symmetrybreaking�eld which removes the degener-
acy of stripeorientationsinducedby hexagonallattice
andintroducesthelong-rangestripeorder. Stripewidth
h in a stripe phaseAFh dependson ´ = J=D. We
obtainedthe phasediagramof the systemfor differ-
entAFh phases.By usinghistogrammethodwe deter-
minedthe existenceof the �rst order(to the AF1 and
AF2 phases)andthesecondorder(to theAF3 andAF4
phases)phasetransitions. We calculatedtemperature
dependencesof the structurefactor above and below
phasetransitionpoints to AF1, AF2, AF3, and AF4
phases.We have also studiedthe dynamicalproper-
ties of the chosenmodel by quenchingthe spin sys-
tem equilibratedat high temperaturesto T < Tc and
following how the energy E(t) of a disorderedsys-
tem relaxes to the ground statestripe phaseenergy
E(1 ). For the Ising-typemodels(e.g. when D =
0) the size of ferromagneticdomain grows as R »
(E(t) ¡ E (1 )) ¡ 1 » t0:5, wheret is thetimemeasured
in MC steps.Wehavefoundthatin AF1 phaseandin a
partof AF2 phaserelaxationdynamicscorrespondsto
the Ising modeldynamics.However, with increaseof
´ value(in phasesAF3 andAF4) the dynamicsslows
down andrelaxationis ¢ E(t) » (log t) ¡ 1. Therefore
it cannotbe excludedthat the dynamicsin this region
belongsnotto Isingmodeluniversalityclass,but to that
of morecomplicatedmodels,e.g. planar(Kosterlitz–
Thouless)model.With further increaseof ´ , whenthe
domainsizebecomescomparableto thelatticesizeand
we approachtheferromagneticphasein thephasedia-
gram,thedynamicssatis�esthet ¡ 0:5 law again.
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MAGNETINI �U JUOST �U TERMODIN AMINI �U IR DINAMINI �U SAVYBI �U MODELIA VIMAS
DVIMA T �EJE HEKSAGONIN �EJE GARDEL �EJE

A. Joknys,E.E.Tornau

Puslaidininki�u �zikosinstitutas,Vilnius, Lietuva

Santrauka

Kai kuriuose plonuosemagnetik�u sluoksniuoseir nanodari-
niuose,be artiveiki �u pamainini�u s�aveik �u tarp magnetini�u sukini �u,
veikia ir toliveik�esdipolin�esj �egos.Jeigušiosdvi s�aveikosyrakon-
kuruojan�cios (pvz., pamainin�e yra feromagnetin�e (FM), o s�aveika
tarpdipoli �u – antiferomagnetin�e (AF)), sistemojegali atsirastibe-
sikartojan�cios vienoskryptiessukini �u juostos,atskirtostokio pat
storio priešingoskrypties sukini �u juostomis,vadinamosdry�iais.
Tokiosjuostosrandamosnetik magnetikuose,pvz.,išdaliesdeguo-
nimi padengtameFe(110)ar labai plonuoseFe/ Cu(001)sluoks-
niuose.Josbūdingosdaugeliuisaviformavimo būduatsiradusi�u �-
zikini �u ir netbiologini �u sistem�u.

Šiamedarbemesmodeliavome sukini �u sistem�a su konkuruo-
jan�ciomis pamainin�emis ir dipolin�emiss�aveikomis heksagonin�eje
gardel�eje.Sukiniaiyragardel�esmazguose,j �u kryptisstatmenagar-
del�esplokštumai.Sukini �u s�aveikosenergija E = ¡ J

P
i;j si sj +

D
P

i;j si sj =r3
ij . �CiaJ – FM pamainini�u s�aveik �u konstanta,o D –

dipolini �u s�aveik �u konstanta.Dvi magnetiniosukiniobūsenosgar-
del�esi mazgeyra aprašomossukiniokintamuoju¾i = § 1. Pirma
sumaapimaartimiausiuskaimynus,antra– visusgardel�esmazgus.
MonteKarlo metodumesapskai�ciavomemin�etossukini �u sistemos
energijos,šilumin�estalpos,tvarkosparametroir magnetiniojautrio
priklausomybesnuotemperat̄uros. Iš ši �u parametr�u anomalij�u nu-
stat�emefazinio virsmo taškusTc tarp juost�u faz�es,pasi�ymin�cios
tolim �aja tvarka,ir susisukusi�u juost�u faz�es,pasi�ymin�ciostik arti-
m �ajatvarka.�emosetemperat̄uroseatsiranda�ivairausplo�cio juost�u

faz�es,o juostosplotis h (gardel�eskonstantosvienetais)priklauso
nuo J=D santykio. Tokiu būdu mesapskai�ciavome fazin�e dia-
gram�atemperat̄urosir parametroJ=D koordinat�ese�ivairausplo�cio
juost�u dariniams(AF1 (h = 1), AF2 (h = 2) ir t. t.). Histogram�u
metodunustat�eme,kadfazin�ejediagramojeegzistuojair pirmos(�i
AF1 ir AF2 sritis), ir antros(�i AF3 ir AF4 sritis) rūšiesfaziniai
virsmai. Taip pat apskai�ciavomesistemosstrukt̄urinio faktoriaus
priklausomybesnuotemperat̄uros,kai temperat̄urayraaukštesn�e ir
�emesn�e u� faziniovirsmo �i AF1, AF2, AF3 ir AF4 fazestempe-
ratūr �a. Strukt̄urinis faktoriusparodo,kaip d�el heksagonin�esgarde-
l �esišsigimusisistema,ma��ejanttemperat̄urai,palaipsniuipraranda
išsigimim�a ir pasirenkavien�a iš trij �u galim �u juost�u orientacij�u.

Mes taip pat nagrin�ejomedinaminesmodeliosavybes. Aukš-
toje temperat̄urojeatkaitintasukini �u sistemabuvo staigiaiu�grūdi-
nama,j �a patalpinant�emoje (T < Tc) temperat̄uroje,o toliau se-
kama,kaip netvarkiossistemosenergija E (t) relaksuoja�i pagrin-
din�e juost�u būsenosenergij �a E (1 ). Yra �inoma, kad Izingo tipo
modeliuose(pvz., kai g = 0 (1)) FM domenodydisvirsmoaplin-
koje auga taip: R / 1=¢ E / t0;5 , kur ¢ E = E (t) ¡ E (1 )
o t yra laikas,matuojamasMonte Karlo �ingsni �u skai�ciumi. Nu-
stat�eme,kad AF1 faz�eje ir dalyje AF2 faz�es sukini �u relaksacin�e
dinamikaatitinkamin�et �a Izingo modeliod�esn�i. Ta�ciaudid�ejantJ
vertei (AF3 ir AF4 faz�ese)relaksacijayra kitokia: 1=¢ E / ln t.
Tod�el gali būti, kaddinamikatoje srityje priklausonebeIzingo, o
Kosterlicoir Taulesofazini �u virsm�u klasei. Toliau didinant J ir
fazin�eje diagramojeart�ejantprie FM faz�es,dinamikav�el tenkina
¢ E / t ¡ 0;5 d�esn�i.


