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A ROLE OF PHONON-ASSISTED TUNNELLING IN ELECTRICAL
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High-field transport properties of single-wall carbon nanotubes (SWCNT) are analysed on the basis of phonon-assisted
tunnelling (PhAT) model. This model enables one to explain not only the temperature-dependent current–voltage characteristics
of SWCNT, but also the crossover from a semiconducting-like temperature dependence conductivity to a metallic-like one as
temperature is increased.
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1. Introduction

Since their discovery in 1991 [1] carbon nanotubes
have attracted much attention of researchers due to their
unique properties like high current density, chemical in-
ertness, high mechanical strength, etc. Kaiser et al. [2]
pointed out similarity between the resistivity versus
temperature behaviour ρ(T ) observed in SWCNT and
that of highly conducting polymers, in particular the
change of the ρ(T ) dependence from metallic to non-
metallic as the temperature was decreased. In analogy
to the conducting polymers, the authors of [2, 3] have
described this resistivity behaviour by a model of metal-
lic conduction in aligned nanotubes with hopping or
tunnelling through small electrical barriers correspond-
ing to defects of various types.

The non-metallic temperature dependence of ρ(T )
in SWCNT at low temperatures has been one of the in-
teresting problems. The existing interpretations of this
problem can be classified into two categories: the vari-
able range hopping (VRH) [3–6] or the weak localiza-
tion (WL), which emphasizes the role of the junctions as
energy barriers between metallic regions [2, 7–10]. Ac-
cording to the VRH mechanism, the dependence ρ(T )
is described by the formula

ρ(T ) = ρ0 exp
(
T0

T

)1/(n+1)

, (1)

∗ The report presented at the 37th Lithuanian National Physics Con-
ference, 11–13 June 2007, Vilnius, Lithuania.

where n is the dimension of the system and T0 is fit-
ting parameter. The reports of different authors vary in
their findings on the dimensionality of the VRH, rang-
ing from one to three dimensions.

There are a number of publications where a Luttinger
liquid (LL) model is used for explanation of temper-
ature behaviour of electrical conductivity in SWCNT
[11–15]. If the SWCNT behave as the LL and there
is a tunnelling barrier between the electrode and the
SWCNT, the current and conductance are described by
power laws [11, 15]:

I = bV β and G(T ) = aTα , (2)

where a and b are constants. The power-law exponents
for a LL are related by β = α+ 1.

Although a behaviour of current–voltage (I–V ) data
or conductance on temperature in some cases can be
described by the LL model, the discrepancy between
predicted values of the power-law exponents from the
theory and those derived from the experimental data
are often observed. For instance, Bae et al. [12] for fit-
ting their data measured on CNT mats with the power
law have invoked an additional term with linear tem-
perature dependence. Hunger et al. [14] have shown
that the characteristic scaling exponent α of SWCNT
bundles was spread between 0.1 and 0.9, while the the-
oretically calculated value of α = 0.24 [14]. Such
a behaviour is incomprehensible within the context of
the Luttinger liquid. Evidence of inapplicability of LL
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model for explanation of temperature-dependent I–V
data for individual nanotubes exhibit the recent results
presented by Skákalová et al. [15], because exponent β
evaluated from the I–V curves was found to be equal
to 3.3 and α = 3.9 (for a LL α < 1).

Moreover, there are publications in which other
mechanisms are invoked. The authors of [16, 17] sug-
gested the scattering of electrons by phonons at higher
fields. A plenty of mechanisms used for explanation of
the temperature dependence of current peculiarities in
SWCNT networks implies that the conduction mech-
anism in these materials is not fully understood. Re-
cently we have shown that the temperature-dependent
conductivity of nanotubular polyaniline [18] and other
polymers [19, 20] can be explained by a model based
on a phonon-assisted tunnelling (PhAT), as a mecha-
nism of free charge carriers generation. Since the PhAT
theory predicts an absorption / emission of phonons
in the process of carrier tunnelling, the variation of
current / conductivity with temperature will be deter-
mined by the competition of the absorption and emis-
sion of phonons. If the absorption of phonons prevails
over their emission, the current / conductivity should in-
crease with temperature. At high enough temperature
and electric field the emission of phonons may domi-
nate in the process of tunnelling, causing the tunnelling
rate decrease with temperature and, in the same way,
the diminution of the current, i. e. the positive tem-
perature coefficient of resistivity. Thus, the charge lo-
calization being the reason for temperature dependence
of conductivity, the PhAT mechanism provides a more
complete explanation both in the region of low temper-
atures, where the conductivity is semiconductor-like,
and in the regions of higher temperature with the metal-
lic temperature dependences of the conductivity.

The main purpose of this paper is to show that
temperature dependence of electrical conductivity in
semiconducting SWCNT, including the crossover to
metallic-like temperature dependence, could be ex-
plained by the field-induced phonon-assisted tunnelling
theories. In this paper, we focus on the data of the
crossover from a non-metallic to metallic sign of con-
ductivity at temperatures between 4 K and 200 K and
show that the trend of conductivity with temperature is
well accounted for by the PhAT model similar to that
used for polymers [18–20].

2. PhAT model and comparison with experimental
data

2.1. Theory

It is assumed that carriers in the CNT networks ap-
pear due to a phonon-assisted tunnelling of electrons
from localized electronic states at nanotube–electrode
interface. If electrons released from these centres dom-
inate, the current through the crystal I will be propor-
tional to the electron release rate W and density of the
centres N , i. e. I ∝ NW . For the calculation of
W with participation of phonons we operate with the
PhAT constructed in the effective mass approximation.
In [21], an equation for the tunnelling rate dependence
on field and temperature, W (E, T ), has been derived:

W =
eE

8m∗εT
1/2

[
(1 + γ2)1/2 − γ

]1/2
[1 + γ2]−1/4

× exp
{
− 4

3

(2m∗)1/2

eEh̄
ε
3/2
T

[
(1 + γ2)1/2 − γ

]2
×
[
(1 + γ2)1/2 +

γ

2

]}
, (3)

γ =
(2m∗)1/2Γ2

8eh̄Eε
1/2
T

.

HereΓ = 8a(h̄ω)2(2n+1) is the absorption band width
of the centre, n = [exp(h̄ω/kBT ) − 1]−1 , h̄ω is the
phonon energy, εT is the energy depth of the centre, e
is electron charge, and a is the electron–phonon inter-
action constant (a = Γ2

T=0/[8(h̄ω)
2], where ΓT=0 is

the absorption band width at T = 0 K). Consequently,
we will use this equation to explain the peculiarities of
current and conductivity dependences on temperature.

2.2. Current–voltage dependences

Current dependences on applied voltage of carbon
nanotube networks have been presented in several works
[10, 15, 22, 23]. The main peculiarities of these de-
pendences are their nonlinearity at higher voltages and
strong dependence on temperature T . Such a behaviour
of I–V data is explicable in the framework of phonon-
assisted model.

The current–voltage dependences, measured at vari-
ous temperatures for a rope of semiconducting SWCNT
by Moriyama et al. [22] and fitted to the theoretical
W (E, T ) dependences using equation (3), are shown in
Fig. 1(a, b). The calculation was performed using the
value of 0.2me for effective mass [24]. In the higher
temperature region, the phonon energy of 6 meV was
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Fig. 1. Current–voltage data at various temperatures reported by
Moriyama et al. from Figure 3(a) in [22] (symbols) fitted to the
theoretical W (E, T ) versus lnE dependences, computed using the
following parameters: (a) εT = 20 meV, m∗ = 0.2me, a = 0.7,
h̄ω = 6 meV (solid lines) and (b) a = 15, h̄ω = 6 meV (dashed

lines).

used for calculation (Fig. 1(a)) and the lower temper-
ature data were fitted to theoretical curves computed
using the value of 1 meV for phonon energy. The
electron–phonon coupling constant a was chosen so
that the best fit of the experimental data with the cal-
culated dependences should be achieved, assuming that

the field strength at the junction is proportional to the
square root of the applied voltage, i. e. the tunnelling
occurs in the high field region of the Schottky barrier.
The centre depth (activation energy) εT was estimated
from the plot of ln I versus 1/T at a 20 mV source-
drain voltage Vsd, because only at a low voltage the
slope of ln I(1/T ) curve allows one to determine the
activation energy (data for plotting was obtained from
Fig. 3(a) in [22]). As seen in Fig. 1(a), there is a good
agreement of the experimental data with the calculated
curves in the temperature range from 200 to 40 K only,
because at lower temperatures the tunnelling rate is al-
most independent on temperature. The reason of this,
in our mind, is that at temperatures lower than 40 K the
phonons of 6 meV energy are mostly “frozen” and the
phonons of a lower energy could take part in the process
of tunnelling. We note that there exists a grand variety
of SWCNT vibration modes in the energy range from
about 1 to 200 meV [24, 25] and the phonons of vari-
ous energy may take part in tunnelling process. How-
ever, at low temperatures the population of high energy
phonons is negligible and the low energy modes must be
dominating. Indeed, the W (E, T ) dependences com-
puted for the phonon energy of 1 meV cover the ex-
perimental curves measured at low temperatures (see
Fig. 1(b)).

A similar pattern is seen in the I–V characteristics of
aligned SWCNT measured by Lee et al. [23] in a tem-
perature range from 10 to 300 K. At room temperature
(300 K), the I–V curves were linear. Depending on
the sample, the I–V curves became nonlinear for T <
100 K. The authors [23] assigned the linear I–V charac-
teristics to metallic conduction, however, the nonlinear
behaviour was not explained. The fit of these data with
the computedW (E, T ) dependences using equation (3)
for the phonon energy of 12 meV, as can be seen from
Fig. 2 (dashed lines), shows a good agreement in the
temperature range from 300 to 50 K. But the curve at
10 K is outside of the theoretical curve computed for
the same temperature, while the theoretical W (E, T )
curves computed for the phonon energy of 6 meV (solid
lines) cover the data measured at 10 and 50 K quite well.
One can conclude that at low temperatures the phonons
of lower energy dominate in the process of tunnelling.

2.3. Current dependence on temperature

Temperature dependence of conductivity σ(T ) is
widely used for proving the VRH mechanism and its di-
mension according to equation (1). In the present sec-
tion we will show that in many cases the temperature
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Fig. 2. Temperature-dependent I–V characteristics of suspended
SWCNT measured by Lee et al. from Figure 4(a) in [23] (sym-
bols), fitted to lnW (E) versus lnE dependences computed for the
same temperatures as experimental data and using parameters εT =
30 meV, m∗ = 0.2me, a = 3.2,h̄ω = 6 meV (solid lines) and a =

0.7,h̄ω = 12 meV (dashed lines).

dependence of the conductivity can be described on the
basis of PhAT model. Figure 3 shows the temperature
dependence of the current for a rope of SWCNT repro-
duced from [22]. According to authors of [22], such
a behaviour of the current dependence on temperature
suggests that the thermal emission current is dominant
in the higher temperature range, while the temperature-
independent tunnelling current is dominant in the lower
temperature range (see inset in Fig. 3). As can be seen
in Fig. 3 (dashed line), the tunnelling rate W (E, T ) de-
pendence on 1/T computed for phonon energies of 6
and 1 meV describes well the current in all range of
temperatures.

We want to emphasize that this model enables one to
describe the crossover of temperature-dependent con-
ductivity from semiconducting-like to metallic-like, as
temperature is increased [9, 12, 26]. To confirm this as-
sertion we will compare the experimental data of resis-
tivity versus temperature measured by Gaál et al. [26]
on purified thick films of the single-wall carbon nan-
otubes. The “as made” sample had metal-like tem-
perature dependence down to about 150 K (TC), with
further resistance increase at lower temperatures. A
heat treatment increases the room-temperature resistiv-
ity and pushes the temperature of crossover TC higher,

Fig. 3. ln-scale plot of the current as a function of inverse temper-
ature reported by Moriyama et al. from Figure 3(b) in [22] (points)
fitted to theoretical ln(Wω1+Wω2) versus 1/T dependences, com-
puted for field strenght of 2.2 MV/m. The other parameters are the
same as in Fig. 1. The inset shows the fit of the same data with ther-
mal emission and tunnelling theories performed by authors of [22].

to about 350 K. The fit of 1/ρ extracted from Fig. 1 in
[26] with theoretical dependence of W (T ) computed
for barrier height of 34 meV for the “as made” sam-
ple and 60 meV for the heat treated one is shown in
Fig. 4. It can be seen that W (T ) curves computed for
the given field strength and the electron–phonon cou-
pling constant fit well with the measured data. Thus, the
decrease of conductivity at T > TC could be attributed
to a decrease of the electron tunnelling rate at tempera-
tures above TC.

We want to note that Rogers and Kaiser [27] have
described ρ versus T by the formula

ρ = Q exp
(
− Tm

T

)
+B exp

(
Tt

Ts + T

)
. (4)

Here Q and B are coefficients, the first term expresses
quasi-1D metallic conduction with Tm indicating the
energy required to backscattering of carriers, and the
second term arises from fluctuation-assisted tunnelling
through barriers, with Tt corresponding approximately
to the energy of the barrier and Ts depending on the
barrier parameters. The energy of the barriers deduced
from fitting varied from 4 to less than 1 meV for dif-
ferent samples. Thus the fit of the experimental data
with Eq. (4) was performed involving a lot of parame-
ters (Q, B, Tm, Tt, Ts), the physical essence of which
is mostly unclear, while the PhAT model appeals only



P. Pipinys and A. Kiveris / Lithuanian J. Phys. 48, 73–78 (2008) 77

Fig. 4. Temperature dependences of the conductivity extracted from
Gaál et al. from Figure 1 in [26], for “as made” (filled circles) and
treated in vacuum at 1200 ◦C SWCNT ropes (open circles), fitted to
temperature dependences ln(Wω1 +Wω2)(T ), computed for E =

6.4 MV/m (dashed line) and E = 14 MV/m (solid line).

to specific constants of the material, i. e. the effective
mass, phonon energy, as well as the strength of the
electron–phonon interaction.

3. Summary and conclusions

In summary, we have shown that the experimen-
tal results on the temperature-dependent conduction of
SWCNT networks can be explained by the model based
on PhAT initiated by electric field, as a free carrier
generation process. The obtained agreement between
the theoretical and experimental results, in our mind,
is not accidental but is due to the fact that the pro-
posed model includes ultimate pictures of charge trans-
port in SWCNT networks. The reason of this asser-
tion is that the number of experimental dependences,
i. e. I–V curves measured at different temperatures and
conductivity dependence on temperature measured in a
wide temperature range, is much greater than the num-
ber of fitted parameters. For the calculation of tem-
perature and field-dependent tunnelling rate W (T,E),
six parameters were used: T , εT , m∗, E, h̄ω, and the
electron–phonon interaction constant a. The values of
3 parameters (T , εT , m∗) are known: T and εT from
experiments, and the value of m∗ is published in lit-
erature. The other parameters that can be varied in a
restricted range are E andh̄ω. At low temperatures the
modes of low energy phonons (1 meV) were found to
be appropriate. At higher temperature the phonons of

higher energy (6 and 12 meV) from the discrete spec-
trum of phonons are proper for fitting the theory and ex-
perimental results. The most flexible parameter which
was chosen from the best fitting is a, the value of which
was found to be dependent both on barrier height and
the value of phonon energy.

An advantage of the proposed model over the often
used VRH model is the possibility to describe the be-
haviour of I–V data measured at both high and low tem-
peratures with the same set of parameters characterizing
the material.

On the basis of the proposed model, the phenomenon
of the crossover from non-metallic to metallic be-
haviour of the conductivity is also explained. The de-
crease of conductivity in the framework of this model
occurs at T > TC, when phonon emission in the pro-
cess of tunnelling dominates over phonon absorption.
This effect is well described also by the equation (3),
employing the same set of parameters as those used for
fitting of other experimental results.
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TUNELINIŲ ŠUOLIŲ, STIMULIUOTŲ GARDELĖS FONONAIS, VAIDMUO ANGLIES
NANOVAMZDELIŲ TINKLO ELEKTRINIAME LAIDUME
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Santrauka
Pateikiamas įvairių autorių tirtų anglies nanovamzdelių laidumo

rezultatų, gautų matuojant laidumo priklausomybes nuo temperatū-
ros ir elektrinio lauko stiprio, palyginimas su teorinėmis krūvininkų
tunelinių šuolių, dalyvaujant fononams, tikimybių priklausomybė-
mis nuo temperatūros ir elektrinio lauko stiprio.

Eksperimento ir teorinių skaičiavimo rezultatų palyginimas lei-
džia teigti, kad laidumo priklausomybes nuo lauko ir temperatū-
ros nagrinėjamuose dariniuose lemia laisvųjų krūvininkų tunelinė

generacija, kurios spartai didelę įtaką turi gardelės vibroninė ener-
gija – fononai.

Pateiktasis modelis taip pat paaiškina, kodėl esant aukštesnei
temperatūrai stebimas anglies nanovamzdelių elektrinio laidumo
virsmas iš puslaidininkinio į metalinį, t. y. neigiamas savitosios var-
žos temperatūrinis koeficientas virsta teigiamu. Tai įvyksta dėl to,
kad pakankamai stipriame lauke ir esant aukštesnei temperatūrai tu-
nelinį procesą lydi fononų emisija.


