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Spinpropertiesof Hg1¡ x Cdx Te/ CdTe quantumwells (QW) with invertedenergy bandsareconsideredusingeight-band
k ¢p Hamiltonian.Thespinsplitting of doublydegeneratebands(Kramerspairs)wasincludedvia eitherRashbaor external
voltageHamiltonians.Thespinsurfaces,whichdescribetheaveragespinasafunctionof spindirectionof aballistic2D charge
carrier, in general,areshown to beellipsoidalratherthanspherical.In extremecasesthespinsurfacesmayreduceto disk,line,
or Blochsphere.Characteristicshapesof thespinsurfacesat differentwave vectorsandQW compositionx arepresentedin a
form of graphsin thespinspace.
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1. Intr oduction

Passivespincomponents(�lters, spinguides,bends,
couplers,etc.) andactive devices(spin-FETs)arere-
quiredin solid-statespintronicsto transmitandcontrol
electronandhole spin polarization[1–3]. Spin–orbit
(SO) interactionthat couplescharge currentandspin
polarizationis themainmechanismto controlelectron
andhole spinsby externalelectric �elds in thesede-
vices. In the paper[4] a critical analysisof the main
pitfalls encounteredin realizingthespin-FETwerere-
vealed. Speci�cally, it was pointedout that the spin
surface,which is ananalogueof theBloch sphere[5],
is a very usefulobjectto describeglobalpropertiesof
thechargecarrierspin.Theknowledgeof thespinsur-
faceallowsoneto envisagepossibletrajectoriesin spin
devicesaswell asto make somejudgementsaboutthe
matchingconditionsof spinsat an interfacebetween
differentmaterials.Up till now, attemptsto realizethe
spin-FETin aform proposedby DattaandDas[6] were
unsuccessful.Very recently, however, it was experi-
mentallydemonstratedthatspinprecessionof hotelec-
trons in silicon can modulatethe channelconductiv-
ity [7,8]. Apart from elementarysemiconductorsand
A3B5 compoundsthespinpropertiesof which areex-
tensively studied[1–3], thereis a groupof narrow or
zerogapsemiconductorsthatmaybeof interesttospin-
tronics,namely, theinvertedbandsemiconductorsrep-

resentedby HgTe. Very recentlyHgTe/ Hg0:3Cd0:7Te
QWswereusedto prove experimentallya new, theso-
calledquantumspin Hall effect [9,10], wherethe he-
lical edgestatetransportmight bepossibleevenin the
absenceof theexternalmagnetic�elds.

In thispaperweshallbeinterestedin Hg1¡ xCdxTe/
CdTe QWs the lattice of which possesseszinc-blende
symmetry. In HgTe the conductionbandof ¡ 6 sym-
metry is separatedfrom the valencebandby the neg-
ative energy gap Eg andat the sametime is inverted
upside-down as shown in Fig. 1(a). The light-mass
bandof symmetry¡ 8 is invertedtoo andplaystherole
of theconductionband. The invertedenergy bandsin
Hg1¡ xCdxTe appearwhen x < 0:18. At theseval-
uesof x the QW consistsof CdTe barrierswith posi-
tive (normal)bandgap andof Hg1¡ xCdxTe well with
invertedbandsasshown in Fig. 1(b). Spatialquanti-
zation of the wave function in the well gives rise to
2D electronand hole energy subbands,where inter-
play betweenthe inverted and normal bandsarises.
If Hg1¡ xCdxTe bandsare inverted, two distinct het-
erostructureregimescan be realized[12–17]. When
Hg1¡ xCdxTequantumwell is thin enoughthenthe�rst
electronicsubbandE1 is pusheduphighenough,above
the �rst heavy-hole energy subbandH1. The QW in
thiscase,despitebandinversionin thewell material,in
fact appearsasa normalsemiconductor. However, in
thick HgTewells the�rst heavy-holesubbandH1 rises
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Fig. 1. (a) The invertedbandstructureof bulk HgTe, wherebandsymmetrynomenclatureis indicated.(b) Conduction(dashedline) and
valence(solid line) bandedgepro�les in CdTe/ HgTe/ CdTe quantumwell. In CdTe thegapE g is positive,while in HgTe it is negative,as
shown by upanddown arrows,respectively. Theinverted2D subbandsin theQW appearwhenthewidth of theQW is approximatelylarger

than7:2 nm.

aboveE1. In thiscaseonehastheinverted2D subband
regime even at large kinetic energiesof the electrons.
Concretevaluesof the critical well thicknesscan be
found from bandedgeintersection.In Fig. 2, the de-
pendenceof the subbandedgeenergieson QW width
is plotted in the caseof HgTe/ CdTe QW, whereit is
seenthatat well width 7:2 nm theconductionE1 and
valenceH1 subbandsintersectandatlargerwell widths
therole of thelowestconductionbandis playedby the
hole H1 subband. For Hg0:3Cd0:7Te/ HgTe QW the
critical thicknessis 6:3 nm [10]. Below weshallbein-
terestedin inverted2D semiconductorsrepresentedby
Hg1¡ xCdxTe/ CdTe,wherethegiantRashbaSOsplit-
ting in electronic2D structureshave recentlyaroused
muchinterestdueto their possibleapplicationin spin-
tronics [11–17]. The Rashbaspin-splitting of up to
30 meV hasbeenmeasured,which is almostan order
of magnitudelargerthanin A3B5 compounds[2].

In Refs.[4, 18] it hasbeenshown thatSOinteraction
bringsaboutstrongnonsphericityin thespinsurfaces,
especiallyin thevalencebandswherebandrearrange-
mentin thecenterof theBrillouin zonefrequentlytakes
place. Since in Hg1¡ xCdxTe/ CdTe QWs the light-
massbandplaysthe role of the conductionband,one
expectsthat spin surfacesof the conductionbandwill
be deformedstronglytoo. In caseof normalbandor-
dering,for examplein A3B5 compounds,the conduc-
tion bandspin surfacesare closeto sphericaland in
thiscasetheBlochspherecanbeusedto representfree
electronspin precessionandspin dynamicsunderex-

Fig. 2. Dependenceof 2D conductionE1–E2 and valenceH1–
H3 subbandedgeenergieson thewell width in CdTe/ HgTe QWs.
Notethatat well width 7:2 nm theE1 subbandintersectswith H1
valencesubband.Thespectraat dottedvertical linesareshown in

Fig. 3.

ternalexcitationasshown in Ref. [19]. As weshallsee
below, in the invertedbandsemiconductorsthe situa-
tion is different.

In the next sectionusingk ¢p andRashbaHamil-
toniansthe spectrumof 2D electronsandholesis in-
vestigatedin Hg1¡ xCdxTe/ CdTe QWs at well width
of 12 nm. In Secs.3 and 4 the neededspin–orbital
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matricesandparametrizedspinorsareconstructed.Fi-
nally, in Sec.5 theresultsof numericalcalculationsin
a form of spinsurfacesin thespinspacearepresented
andexamined. In this article only the casewhen the

QW subbandsare in the invertedregime will be con-
sidered.Thepreliminaryresultswerepublishedin the
letter[20].

2. Basisfunctions and Hamiltonians

The bandstructureneededfor numericalcalculationsbelow is basedon an envelopefunction approachintro-
ducedby Burt [21] andappliedby Foreman[22] to take boundaryconditionsin zinc-blende-typesemiconductors
correctly. Thecorrespondingbasisfunctionsin thecentreof theBrillouin zonein the total angularmomentumJ
representationjJ; mJ i , wheremJ is theazimuthalquantumnumber, are(seeFig. 1(b) for bandsymmetrynomen-
clature):
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p
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p
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where¡ i ; mJ in theketsindicate,respectively, the representationandprojectionof theangularmomentum.The
orbitalsjX i , jY i , andjZ i transformasCartesiancoordinatesx, y, andz, andjSi is totally symmetric.Theexact
expressionsfor thesefunctionsarenot requiredin thefollowing. Theupanddown arrows indicatetwo spinstates.
Thebasis(1) is orthonormalized.

TheHamiltonianwith [001] growth directiontakesthefollowing form in theabovebasis[22,23]:
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wherethreediagonalblockscorrespondto, respectively, conduction,valence,andSOsplit-off bands.Thecoordi-
natez is assumedto beperpendicularto theQW plane.Thein-planewavevectoris characterizedby k§ = kx § iky
and k2

k = k2
x + k2

y , while the perpendicularto QW wave vector is representedby the differential operator
kz = ¡ i@=@z. Theothersymbolsin Eq.(2) are:
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Here [A; B ] = AB ¡ B A is the commutatorand
f A; B g = AB + B A is the anticommutator. P is
theKanemomentummatrix element.Theconduction
Ec and valenceEv bandedges,Fig. 1(b), spin–orbit
splitting energy ¢ , and the valence–conductionband
parameters° 1, °2, °3, · , and F are functionsof the
coordinatez. It is assumedthat thebandstructurepa-
rameterschangeabruptlyat the interface. Theparam-
eterF is relatedto theconduction-band-edgemassvia
mc=m0 = 1=(2F + 1). Theparameter· is expressed
throughvalencebandparameters,· = (¡ 1 ¡ ° 1 +
2°2 + 3°3)=3. In the bulk materials,the commutator
[·; kz] is equalto zeroandin this caseonehasC = 0,
S§ = ~S§ = ¡ (~2=m0)

p
3°3k§ kz. The parameter

¹ = (°3 ¡ °2)=2 describesthe magnitudeof valence
bandwarping.TheHamiltonian(2) givesdoublyspin-
degeneratebands,i. e. Kramersdoublets.At k = 0 the
valencebandhassymmetry¡ 8. In HgTe,at k 6= 0 the
valencebandsplitsinto heavy-massandinvertedlight-
massbands,i. e. electron-like bandsin the following
denotedas ¡ § 3=2

8 and ¡ § 1=2
8 , respectively. The band

¡ § 1=2
6 , which in A3B5 compoundsplaystheroleof the

conductionband,in HgTe is alsoinvertedandshifted
down in energy by 0:303eV. Thespinsplit-off valence
bandis below by 1:08eV from ¡ 8 point.

Table1. Bandstructureparametersof Hg1¡ x Cdx Te/ CdTe quan-
tum wells. Eg is theenergy gap,¢ is thespin–orbitsplitting en-
ergy, ¤ is thevalencebandoffset,Ep = 2m0P 2=~2 is theenergy
relatedto the Kanemomentummatrix elementP , F is relatedto
theconductionbandeffective mass,° i 's arevalencebandparame-

ters,r i 's aretheRashbacoef�cients.

HgTe Hg0:3Cd0:7Te CdTe

Eg (eV) ¡ 0.303 1.006 1.606
¢ (eV) 1.08 0.961 0.91
¤ (eV) 0 0.404 0.577
Ep (eV) 18.8 18.8 18.8
mc 0.02 0.045 0.096
F 24.5 10.6 4.7
° 1 4.1 2.26 1.47
° 2 0.5 ¡ 0.046 ¡ 0.28
° 3 1.3 0.411 0.03
r c (eV nm) 0.1
r v (eV nm) 0.1
r s (eV nm) 0.1
r vs (eV nm) 0.1

Thebandstructureparametersarelisted in Table1.
In mercury-rich Hg1¡ xCdxTe alloys the parameters
wereobtainedby linearinterpolation,exceptfor theen-
ergy bandgap. In Hg1¡ xCdxTe the dependenceof the
gap Eg on temperatureT andcompositionx wasap-
proximatedby empiricalformula[24]

Eg(eV) = ¡ 0:303(1¡ x)+ 1:606x¡ 0:132x(1¡ x)

+
[6:3(1¡ x) ¡ 3:25x ¡ 5:92x(1¡ x)] ¢10¡ 4T2

11(1¡ x) + 78:7x + T
: (12)

As mentioned,the energy will be referencedwith re-
spectto valencebandedgein theQW, Fig. 1(b). From
this �gure onereads

Ec(z) =
½

Eg(CdTe) ¡ ¤ > 0 in the barrier ;
Eg(HgTe) > 0 in the well ;

(13)

Ev (z) =
½

¡ ¤ < 0 in the barrier ;
0 in the well ;

(14)

where¤ is the valencebandoffset at the barrier–well
interface.

The spin-splittingof the 2D bandsmay arisefrom
the absenceof inversionsymmetryin the constituent
layers(bulk asymmetry)andtheQWasymmetry(struc-
tural asymmetry). The latter may be inducedby the
stress�eld, internal or external electric �eld in the
direction perpendicularto the QW, or may be inher-
ent to the QW itself (Rashbaspin-splitting), for ex-
ample,due to different arrangementof atomsin op-
posite interfaces. Large electric �eld-induced spin-
splitting effect in narrow-gap HgCdTe was observed
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for the �rst time in the oscillatorymagnetoconductiv-
ity experimentsby Wollrab et al. [25]. Later, in pa-
pers[13,15,17,23,26,27] this wascon�rmed in var-
ious experimentswith HgTe/ CdTe QW's, wherethe

spin-splittingenergy ashigh as30 meV wasobserved.
Here we shall mainly be concernedwith the Rashba
spin-splittingandelectric�eld inducedspin-splittingin
theQWs.

The RashbaHamiltonianfor 8-bandzinc-blendesemiconductorwas consideredby the invariant methodin
the book [28]. If hasbeenfound that the most generalform of the RashbaHamiltonian for the zinc-blende
lattice may have as many as ten free parameters.Estimationof the magnitudesof theseparametersfor var-
ious semiconductorsshows that only � ve–six of them are important. Below, in writing the RashbaHamil-
tonian only the leadingoneswere included (r 6c6c

41 , r 8v8v
41 , r 7v7v

41 , and r 8v7v
51 in the notationof the book [28]).

Here the reducedHamiltonian, when the Rashba�eld is parallel to z axis, will be used. Then, in the basis
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theRashbaHamiltonianassumestheform
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wherer c, r v , andr s are the Rashbacoef�cients for conduction,valence,andspin–orbitsplit-off bandsandr vs
includesthecouplingbetweenthebands.In theHamiltonian(15) the leadingtermsarelinear in thewave vector
k§ = kx § iky .

Thecalculationswerealsorepeatedwhenthespin-
splitting is inducedby externally appliedvoltageVb
over the structure. The respective potential was as-
sumedto changelinearly with the coordinatez in the
diagonalHamiltonian,

HR = eVb (z=L) I ; (16)

whereL is the total transverselengthof the structure
andI is (8 £ 8) unit matrix. The full Hamiltonianof
theproblemis equalto thesumof bothHamiltonians,

H = H0 + HR : (17)

The mercurychalcogenidelattice doesnot possess
the inversion symmetry. This asymmetrybrings an
additionalcontribution to the spin-splittingthat is in-
cluded through cubic in the wave vector terms in
the Hamiltonian (the Dresselhauscontribution [29]).
Theavailableexperimentaldataindicatethat thespin-
splitting in bulk mercury telluride should be very
small [26]. Thus, spin precessiondue to Dressel-
hauscontribution, if any, shouldbenegligible too. On
theotherhand,thespin-splittingin asymmetricn-type
HgTesinglequantumwells,dueto Rashbamechanism

in combinationwith the invertedbandstructure,was
found to bevery large [12,25–27]. By this reasonwe
shallneglecttheDresselhauscontributionaltogether.

2.1.Boundaryconditionsandmethodof solution

The wave functions (envelope functions) of the
Hamiltonian(17)shouldremaincontinuousin thetran-
sition from thewell to barrierlayers. Also thederiva-
tiveswith respectto coordinatez shouldbecontinuous.
As shown by Burt [21] andForeman[22] the correct
ratherthanad hoc symmetrizationof the operatorsin
the Hamiltonianprovidesan unambiguousdetermina-
tion of the boundaryconditionsat the interface. The
requiredderivative matrix was presentedin [23]. It
shouldbenotedthat the requiredboundaryconditions
areautomaticallysatis�ed throughthe (correct)oper-
atororderingin theHamiltonian(2), sincetheHamil-
tonian(2) containsapartfrom the symmetrizedterms
the additionaloff-diagonalelements[· (z); kz], which
areequalto zeroin the bulk structures.Therefore,in
thenumericalcalculationstheapproximationof deriva-
tivesby �nite differencesandsubsequentexpansionof
the Hamiltonianon a large meshautomaticallytakes
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Fig. 3. Dispersionof mainelectronandholesubbandsin QWsat two well widths: (a) d = 5 nm and(b) d = 12 nm. Zeroof theenergy is
referencedto valencebandedgein thewell (seeFig. 1(b)).

into accountthecorrectboundaryconditions.For fur-
therdiscussionon thispoint seetheRef. [30].

The �nite differencemethodwasusedto discretize
the wave function and its derivatives. After the dis-
cretization the resulting Hamiltonian had a blocked
structure.TheHamiltonianconsistedof (8 £ 8) diago-
nalblocksthatcorrespondedto meshpointszn , andad-
jacentupperandlower(8£ 8) blocksthatcorresponded
to meshpointszn+1 andzn¡ 1, respectively. Thepoten-
tial of the�rst andthelastpointson themeshhasbeen
assumedin�nite, what is equivalent to nullifying the
wavefunctionsat theextremeendsof thebarriers.At a
givenwavevectorthespectrumof suchHamiltonianis
discrete.Only thoseenergy levelsandwave functions
that lie in thequantumwell arephysically meaningful
andareconsistentwith thein�nite lengthsof thebarri-
ers,whereall wave functionsof theQW energy levels
shoulddecayexponentially. Discretizedandexpanded
in this way Hamiltoniangivesthe correcteigenvalues
if thediscretizationstepis smallenoughandthemag-
nitudesof wave functionsin the extremeendsof the
barriersarenegligible.

Singularvaluedecomposition(SVD) hasbeenused
to �nd the eigenvaluesand correspondingeigenfunc-
tions of the total Hamiltonian(17). For solutionsto
be meaningful,the SVD algorithmrequiresall eigen-
valuesto be positive [31]. Therefore,a constanten-
ergy wasaddedto diagonalelementsof the Hamilto-
nian (17) to shift all spectrumto positive values.This
hasno in�uence on the eigenfunctionsandspin prop-
erties.

2.2.Spectrumandprobabilitydistribution

Figures3 and4 show the energy of main 2D elec-
tron andholesubbandsasa functionof thewave vec-
tor parallelto [10] in-planecrystallographicdirection.
In Fig. 3 the spectrawerecalculatedfor two different
widths of the QW. At short well width, d = 5 nm,
the energiesof electronic(E1, E2) andhole (H1, H2,
and H3) subbandsare positive and negative, and are
separatedby energy gap, i. e. their characterbearsre-
semblanceto the standard2D spectralstructure. At
d = 12 nm, Fig. 3(b), the bandsare inverted. As a
resultthesubbandedgeenergy of theelectronE1 sub-
bandbecomesnegative (seeFig. 3). Thedispersionof
E1 bandbecomes�at and thereforedisappearsat the
energy scaleof the Fig. 3(b). On the otherhand,the
H1 subbandbecomeselectron-like. However, as we
shall seefrom spin propertiesof this subband,the va-
lencebandcharacterof its wave function is preserved
at small wave vectorsonly. At large wave vectorsthe
wave functiongraduallyacquirestheconductionband
character. In otherwordstheH1 bandis a mixtureof
conductionandvalencebands,with heavy-holevalence
bandcharacterprevailing only at low electronenergies.
In Fig. 3(b) the barriermaterialis Hg0:3Cd0:7Te. The
propertiesof the wells with CdTe barrierswerefound
to besimilar.

WhentheRashbaHamiltonian(15) is included,the
double degeneracy of the subbandsis lifted (spin-
splitting). The splitting is betterseenin Fig. 3(b). In
H1 andH2 subbandsthe splitting goesthroughmaxi-
mum while in E2 subbandit monotonouslyincreases
with the wave vector. Accordingto experiments[14]
theRashbacoef�cient is r = (0:05¡ 0:2) eVnm. The
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Fig. 4. (a) Dispersionof the lowest conduction,E2 and H1, and valence,H2, H3, and H4, bandsand (b) spin-splitting in HgTe/
Hg0:3Cd0:7Te QW when the bias voltage(seethe Hamiltonian(16)) of the amplitude0.25 V was appliedover the structure. kk[10],

d = 12 nm.

Fig. 5. Probabilitydistribution densityin thesubbandsE2, H1, H2, andH3 at thewave vectorkk[11] andjk j=0.15nm¡ 1 . Thevertical
linesshow well–barrierinterface.

valuesr c = r v = r s = r vs ´ r = 0:1 eVnm were
used.In Ref.[20] theexpandedview of thedependence
of spin-splittingenergy onwavevectorwasgiven.

The external electric �eld also brings about spin-
splitting. The effect of an externalbiasVb (Hamilto-
nian(16)) on thesubbandspectrumis shown in Fig. 4
for QW of width d = 12 nm. As in the Fig. 3, the
energy of the �rst heavy-hole subbandH1 is inverted
(electron-like) and lies above the �rst electronicsub-
bandE1 (not shown in the �gure). In Fig. 4(b) the

spin-splittingin thestructureis causedby electric�eld
¼ 70 kV=cm (theRashbainteractionr = 0 wassetin
this case).No spacechargeeffectswereincludedand
the externalelectric �eld wasassumedto be constant
over thestructure.

Figure5 shows the probability densitydistribution
in two mainconduction(E2, H1) andtwo valence(H2,
H3) subbandsof theQW, whenthespin-splittingis in-
cludedthroughthe Rashbamatrix (15). In theseand
in subsequent�gures the QW width was assumedto
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be d = 12 nm and the length of total structureL =
36 nm. Thepairsof theprobabilitydistributions(solid
anddottedlines) in Fig. 5 correspondto spin-spliten-
ergy subbands(seeFig. 4). As it should be, it has
beenfound that the numberof maximaand minima
grows with the subbandnumber, however, the distri-
bution doesnot reachzeroas is the casewith simple
quantumsystems.TheHamiltonianH R hasnegligible
effectongeneralprobabilitydistributionsshown in the
Fig. 5 for SOcouplingvaluesusedin thisarticle.

3. Spin and orbital matrices

In the absenceof SO interactionthe energy bands
aredoubly degenerate.As follows from the Kramers
theorem[32], the origin of which comesfrom time-
reversalsymmetry, thedoublydegeneratebandeigen-
spinorscorrespondto two spinstateswith theaverage
spinspointingin theoppositedirections.Theconcrete
spindirectionin therealspace,however, doesnot nec-
essarilycoincidewith the z axis, sincenow the spin
dependson carrierwave vectork andtheselecteden-
ergy subband.Within Kramersdegeneratesubbands,
thesuperpositionsof theeigenstatesdo not changethe
eigenenergy E(k). However, the directionof the av-
eragespin as well as its magnitude,in general,will
dependon a selectedsuperposition.In the absenceof
SO interaction,the two-componentspinor superposi-
tionscanberepresentedby pointson theBlochsphere,
which usuallyservesasa locus to depictall possible
spin trajectoriesin the spin control or quantumcom-
putation.Thesphericalsymmetryis preservedfor iso-
latedspinsonly. In semiconductorsthe main interac-
tion mechanismbetweenthe spin andatomicorbitals
comesfrom SO interaction,which may rearrangeen-
ergy bandsin theBrillouin zoneand,dependingon the
wave vector symmetrygroup, simultaneouslylift off
Kramerspair splitting. As a resultthespintrajectories
cannotbe representedon the Bloch sphereanymore.
Neverthelessonecanshow thatall possiblespins(their
directionsandmagnitudes)canstill bemappedontothe
closedspin surfacein a three-dimensionalspin space,
theaxesof whichcoincidewith therealspaceCartesian
axes.Thispropertyallowsoneto describespindynam-
icsin aself-evidentmannerin therealspaceratherthan
in anabstractHilbert space.

To calculatespin surfacesof the individual sub-
bandsone must know spin matriceswritten in the
same representationas the Hamiltonian (2). The
methodof constructionof the requiredspin matrices
was describedin Ref. [33]. In the basis jJ mJ i =

³
j 1
2

1
2 i ;j 1

2
1
2 i ;j 3

2
3
2 i ;j 3

2
1
2 i ;j 3

2
1
2 i ;j 3

2
3
2 i ;j 1

2
1
2 i ;j 1

2
1
2 i

´
one�nds

thefollowing (8 £ 8) Cartesiancomponentsof thespin
vectormatrixS = (Sx ; Sy ; Sz):

Sx =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
2 0 0 0 0 0 0

1
2 0 0 0 0 0 0 0
0 0 0 1

2
p

3
0 0 1p

6
0

0 0 1
2
p

3
0 1
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3
p

2
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3 0 1
2
p

3
¡ 1

3
p

2
0

0 0 0 0 1
2
p

3
0 0 ¡ 1p

6
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3
p

2
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6

0 0 0 1
3
p

2
0 ¡ 1p
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6 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (18)

Sy =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 ¡ i
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i
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2
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0 0 ¡ ip
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0 0 0 i
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;

(19)

Sz =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
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0 ¡ 1

2 0 0 0 0 0 0
0 0 1

2 0 0 0 0 0
0 0 0 1

6 0 0 ¡
p

2
3 0
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p
2

3
0 0 0 0 0 ¡ 1

2 0 0
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p
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3 0 0 ¡ 1

6 0
0 0 0 0 ¡

p
2

3 0 0 1
6

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (20)

Thesematricessatisfystandardcommutationrelations,
for example,SxSy ¡ SySx = iSz. The squareof the
vectorS givesthediagonalmatrixS2 = (3=4)I , where
I is (8 £ 8) unit matrix. Equations(18)–(20)show that
conductionbandedgemultiplet, J = 1=2, is totally
decoupledfrom theotherbands.

Similarly onecanintroduceorbital surfacesthatare
relatedwith the electronangularmomentumoperator
L . Introductionof suchan objectin solidsis justi�ed
by the fact that normally the free electronor hole is
propagatingin oneof theenergy subbandsthat is dou-
bly degenerate(Kramerspair),or split duetospin–orbit
interaction,with spin-splittingenergy ¢ E(k) smallas
comparedto thedegeneracy energy E(k). Thus,below
for completenessweshallcalculatetheorbitalsurfaces.
The respective componentsof the angularmomentum
matrix L = (L x ; L y ; L z) canbecalculatedin a similar
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mannerasspinmatrices.In theabovementionedbasis
they are

L x =

2
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6
6
6
6
6
6
6
6
6
6
6
6
4
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00 0 1p
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7
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7
7
7
7
7
7
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; (21)

L y =

2
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; (22)

L z =

2
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6
6
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7
7
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7
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: (23)

As it shouldbe, thesematricesalso satisfy standard
commutationrelationsL xL y ¡ L yL x = iL z, etc. The
zerosin theupper(4 £ 4) diagonalblocksarein agree-
mentwith thefactthattheconductionbandis madeof
s-type atomicorbitals. The total angularmomentum,
J = L + S, is equalto thesumof theaboveconstructed
L i andSi matrices.SincetheHamiltonian(17)is in the
total angularmomentumJ representation,the matrix
Jz = L z + Sz, ascanbecheckedby addingmatrices
(23) and(20), is diagonalwith elementson thediago-
nals that representJ = 1=2, 3=2, and1=2 multiplets
thatcorrespondto conduction,valence,andspin–orbit
split-off bands.

4. Parametrization of 2D wave functions

In interpretingvariousphysical propertiesof semi-
conductorsit is acommonpracticeto useenergy repre-

sentation,wherebandpropertiesaredescribedby dis-
persionlaw E i (k), with i beingthebandindex. To �nd
all possiblespinsuperpositionsstatesin thei th bandat
wave vectork we shall usethe energy representation
andwill parametrizethe consideredi th Kramerspair
(energy band)in thefollowing way:

j' (¡ i )i = cos#j' (¡ ¡ mJ
i )i + sin# eiÁj' (¡ mJ

i )i ;
(24)

wheremJ = 1=2 or 3=2, andtheparameters# andÁ
de�ne theamplitudeandphasein thesuperpositionof
spinstates.As mentioned,it will beassumedthatonly
one doubly degenerateor nearly degenerateKramers
pair is occupiedby free charge carrier. The required
banddispersionlaws E i (k), wherei indicates¡ § 1=2

8 ,
¡ § 3=2

8 , ¡ § 1=2
7 , or ¡ § 1=2

6 band,canbe foundby diago-
nalizingtheHamiltonian(2) with anappropriate(8£ 8)
unitarymatrixU:

UyH U ´ HE =

diag
·
2E

¡ § 1=2
8

; 2E
¡ § 1=2

8
; 2E

¡ § 1=2
6

; 2E
¡ § 1=2

7

¸
; (25)

where“diag” indicatesthe diagonal(8 £ 8) matrix,
with pairsof bandshaving thesamepoint groupsym-
metry. In the energy representation(25), in the order
of decreasingeigenenergies, the parametrizedspinors
have thefollowing forms:

j' (¡ § 1=2
8 )i =(cos #; sin# eiÁ; 0; 0; 0; 0; 0; 0) ; (26a)

j' (¡ § 3=2
8 )i =(0 ; 0; cos#; sin# eiÁ; 0; 0; 0; 0) ; (26b)

j' (¡ § 1=2
6 )i =(0 ; 0; 0; 0; cos#; sin# eiÁ; 0; 0) ; (26c)

j' (¡ § 1=2
7 )i =(0 ; 0; 0; 0; 0; 0; cos#; sin# eiÁ) : (26d)

Theparameters# andÁ have no in�uence on theband
eigenenergies. By selectingthe concretevaluesof #
andÁ one�x esdifferentmixing ratiosandphaserela-
tionsbetweentheKramersdoublets.With thehelpof
theparameters# andÁ onecanchangethemagnitude
andspindirectionof carrierthatpropagatesin apartic-
ular subbandwith a givenwave vectork. Therequired
unitary matrix U can be constructedfrom the eigen-
functionsof theconsideredHamiltonian(17)[34]. If U
is known, thespinorin theinitial Jz representation(1)
thenwill be

jÃ(#; Á)i = Uj' (#; Á)i : (27)

In the following we shall be interestedin thequan-
tum mechanicalaveragespinhSi . Mathematicallythe
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Fig. 6. Spinsurfacesandtheir horizontalprojectionsfor E2, H1, andH2 subbands(columns).TheQW lies in x–y plane. Thedirection
of thewave vectork is shown by lines,kk[10]. Its magnitudefor, respectively, upper, middle,andbottomrows is jk j = 0.06,0.15,and

0.3nm¡ 1 .

spinsurfacerepresentsall possiblerealizationsof hSi ,
whentheparameters# andÁ areallowedto vary,

hS(#; Á)i = hÃ(#; Á)jSjÃ(#; Á)i ; (28)

whereS is givenby matrices(18)–(20).As mentioned,
thespinorjÃi representsall possiblesuperpositionsof
“up” and“down” spineigenstatesin theKramerspair.
Thesameparametrizedspinors(26) wereusedto �nd
orbital surfaceshL (#; Á)i .

5. Spin and orbital surfaces

Figures6 and 7 show spin surfaceshS(#; ' )i for
three energy subbandswhen kjj [10] and kjj [11] and
their transformationwhenthe in-planewave vectork
increases.To draw thespinsurfaceat a selectedk, at
�rst theeigenvectorswerecalculatednumericallyfrom
thetotal 2D HamiltonianandtheunitarymatrixU was
constructed.Theapplicationof U to theparametrized
superpositionof type(26)gave thespinorsin Jz repre-
sentationhaving twoparameters# andÁ. In the�gures,

theparallelsandmeridiansthatvisualizespinsurfaces
correspondto either# = const or Á = const, respec-
tively. Thestraightline (not shown in the �gures) that
connectstwo singularpoints(poles)onthespinsurface
representsthenaturalquantizationaxesof theproblem.
It is seenthat in the consideredcasethe quantization
axeslie in theQW planeandareperpendicularto k. If
thespin-splittingis neglected(H R = 0) thesubbands
becomedegenerateand, as a result, the quantization
axis is not �x ed in the spin space. In the numerical
calculationsits direction,in fact, is determinedby al-
gorithmused.In thepresentcalculationsthequantiza-
tion axis (not theorientationof thespinsurfacein the
spin space)hasalignedautomaticallywith hSz i when
HR hasbeenswitchedoff. It shouldbe stressedonce
more that the spin surface is a universalcharacteris-
tic: neitherits shapenor alignmentin the spin space
doesdependontheconcretevaluesof thespin-splitting
energy ¢ E as long as¢ E ¿ E. Thus,on the dis-
persioncurve in the vicinity of the degeneracy point
E thespinsurfacewill representall alloweddirections
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Fig. 7. Thesameasin Fig. 6 but for kk[11].

andmagnitudesof theinjectedspinsinto thespinFET
channel.In theexperiment,theconcretedirectionand
magnitudeof hSi will beselectedby spininjector.

The �rst columnsin the Figs. 6 and 7 show that,
independentof electronenergy, the shapeof the spin
surface in E2 subbanddoesnot dependon k and is
very closeto theBloch sphere.Therefore,E2 electron
spindynamicsto highaccuracy canbedescribedby the
standardprecessionequation

dhSi
dt

= ¡ ­ £ hSi ; (29)

where­ is the precessionvectorparallel to the natu-
ral quantizationaxis. The modulusof ­ is equal to
thespin-splittingenergy ¢ E dividedby Planck's con-
stant~. Thesphericalsymmetryof E2 subbandis re-
latedwith thefact that it originatesfrom s-like atomic
orbitalsof the bulk conductionband(the band¡ § 1=2

6
in Fig. 1(b)). In Ref. [19] it hasbeenshown that the
sphericityof theelectronspinsurfacesin A3B5 QW's
is satis�ed to high accuracy: the differencein lengths

of thefundamentalspinsurfaceellipsoidalaxisappear
to be smaller than 0:1%. From this it may be con-
cludedthat thefreeelectronspindynamics(for exam-
ple, the precessionrepresentedby circles aroundthe
quantizationaxis, or spin echoesof the ensembleof
spins)in E2 subbandwill beexactly thesameasin the
standardEPRor NMR experiments,where,asknown,
the dynamicsof an ensembleof spinscould be com-
pletely describedby averagespin trajectorieson the
Blochsphere.

In Figs. 6 and 7 the secondcolumnsshow that in
the electronicH1 subbandthereis a large admixture
of p-typeatomicorbitals,sincethespinsurfaceshape
strongly dependson the charge carrier wave vector.
This propertyhasbeenfound earlier for heavy-mass
holesin bulk A3B5 semiconductors,in which the va-
lencebandconsistsentirely of p-atomicorbitals [18,
35]. At smallwave vectorsthespinsurfaceis needle-
like andreducesto a line at k = 0, however it blows
up to the Bloch spherewhen the free carrier energy
becomeslarge enough.This indicatesthat H1 indeed
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Fig. 8. Orbital surfacesandtheir horizontalprojectionsfor E2, H1, andH2 subbands(columns).TheQW lies in x–y plane.Thedirection
of wavevectorkk[11] is shown by lines.Themagnitudeof k is, respectively, for theupper, middle,andbottomrows: jk j = 0.06,0.15,and

0.3nm¡ 1 .

originatesfrom thebulk valencebandspinorsat small
energiesandfrom theconductionbandspinorsat large
energies. If the electroninjectedinto H1 subbandap-
pearsto have small energy, its spin polarizationwill
alwaysbelinearandparallelto QW normal.Fromthis
follows that to have anef�cient spin injectioninto this
subbandthe injector shouldhave vertical rather than
horizontalpolarization.Furthermore,theaveragespin
precessiontrajectoriesof suchinjectedelectronscan-
not be describedby the standardprecessionEq. (29).
Now thetrajectories,asit is suggestedby thespinsur-
faceof H1 subband,will assumetheshapeof elongated
ellipses.In thecaseof A3B5 holes,therespective pre-
cessionequations(analoguesof Eq.(29))weregivenin
Refs.[18,35] for variousdirectionsof k. Strongdevi-
ationof spinsurfaceshapefrom sphericaloneexplains
why in the experimentsit is dif�cult to observe free
electronEPRunderthermalcarrierdistribution.

In theH2 subband(thefundamentalholesubband),

asthe third columnsin Figs.6 and7 demonstrate,the
spin surfacesare needle-shapedat low hole energies
anddisc-shapedat high energies. In the lattercaseall
possiblespinpolarizationswill stretchoutona�at sur-
face.However, thesurfacedoesnot possessrotational
symmetrywith respectto thewave vector. TheFigs.6
and 7 also suggestthat the spin surface rotatessyn-
chronouslywith the in-planewave vectork. A more
detailedcomparisonbetweenthe spin surfaceprojec-
tionsonhSx i –hSy i planeaswell asonothersymmetry
planesallows oneto concludethatpossiblevariancein
thespinsurfaceshapeis verysmall,if any, for different
k directionswhenjk j = const. Thus,theshapeof the
spinsurfaceis mainly determinedby themagnitudeof
k andselectedenergy subband.

Figure8 shows theorbital surfacescalculatedunder
similarconditions.For ans-typeatomicorbital,asit is
well known, onehasL = 0, andasa resulttheorbital
surfaceshouldshrink to a point. As canbeseenfrom



A. Dargys / LithuanianJ. Phys.48, 163–176(2008) 175

the�rst column,however, dueto very smalladmixture
of p-atomicorbitals,thesurfacehasa �nite volumeal-
beitof smallmagnitude.Fromthis it maybeconcluded
that orbital ratherthan spin surfaceis more sensitive
to smalladmixtureof p-typeorbitals. Thesecondand
third columnsshow thatorbital surfaceshapesof other
subbandsstronglydependon jk j.

Sincethe total angularmomentumis J = L + S,
theFigs.7 and8 canbeusedto build thecorrespond-
ing surfacesfor the total angularmomentumhJi =
hL i + hSi . Thelattervisualizesall allowedvaluesand
directionsof theaverageJ.

6. Conclusions

In the inverted HgTe QWs the spin surfacesmay
have variousshapes– spherical,ellipsoidal, disk-, or
even needle-like. The shapeof the spin surfacede-
pendson QW composition[36] andfree carrierwave
vectorbut is independentof aparticularSOinteraction
mechanismused(Rashbaor QW asymmetryin elec-
tric �eld). In 2D conductionsubbands,the spherical
shapeis preservedonly for high energy electrons.The
spin surface of the fundamentalconductionsubband
transformsfrom linear to sphericalshapewhen elec-
tron energy increases.This propertycomesfrom band
inversionandis absentin normalgapA3B5 andA2B6

QWs,wherethe energy gap is positive. The spin sur-
facesof 2D valencesubbands,in general,werefound
to be nonspherical.The nonsphericityis relatedwith
thetransformationof thevalencebandin thecentreof
the Brillouin zoneand the dependenceon the charge
carrierwavevector.

Theknowledgeof thespinsurfaceshapeallowsone
to envisagespinprecessiontrajectoriesof ballistic car-
riers.Thisis importantin designingspintronicsdevices
andin understandingglobal spin propertiesof charge
carriersinjectedinto spin-FETchannelor spin wave-
guideaswell asin predictingspinmatchingconditions,
for example,betweenthespininjectorandchannel.Of
particularinterestmaybetheneedle-like spinsurfaces
at low carrierenergies. The charge carrierswith such
surfacesallow oneto achieve linearratherthancircular
time-dependentspinpolarization.
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KVANTINIO Hg1¡ xCdxTe/ CdTeŠULINIO LAISV �UJ �U ELEKTR ON �U BEI SKYLI �U SUKINIO
SAVYB �ES

A. Dargys

Puslaidininki�u �zikosinstitutas,Vilnius, Lietuva

Santrauka

Pasitelkus aštuoni�u juost�u k ¢p hamiltonian�a, išnagrin�etos
Hg1¡ x Cdx Te/ CdTe kvantini �u šulini �u su invertuotomisenergijos
juostomissukiniosavyb�es. Energijos juost�u suskilimas,susij�essu
sukinio laisv�eslaipsniuir Kramersoporomis,buvo �iskaitytasarba
per Rashboshamiltonian�a, arbaper išorinio lauko hamiltonian�a.
Išnagrin�eti sukinio pavirši �u, kurie nusako sukinio dyd�io priklau-

somyb�e nuo jo krypties, pavidalai. Parodyta,kad balistini �u dvi-
ma�ci �u elektron�u sukinio paviršiai bendruatveju tur�i elipsoidin�i, o
ne labiau�iprast�a sferin�i pavidal �a. Ribiniaisatvejaissukiniopavir-
šiai gali transformuotis�i disk�a, ties�e arbaBlocho sfer�a. Gra�škai
pateiktosdvima�ci �uelektron�u ir skyli �usukiniopavirši �u formossuki-
nio erdv�eje,esant�ivairiemslaisvojo krūvininko bangosvektoriams
ir skirtingomskvantin�i šulin�i sudaran�cio junginioHg1¡ x Cdx Tesu-
d�etims.


