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Spin propertiesof Hgi; x Cd, Te/ CdTe quantumwells (QW) with invertedenegy bandsare consideredisingeight-band
k ¢p Hamiltonian. The spinsplitting of doubly degeneratédbands(Kramerspairs)wasincludedvia eitherRashbaor external
voltageHamiltonians Thespinsurfaceswhichdescribeheaveragespinasafunctionof spindirectionof aballistic2D chage
carrier in generalareshavn to beellipsoidalratherthanspherical In extremecaseghespinsurfacesmayreduceto disk, line,
or Bloch sphere Characteristichape®f the spinsurfacesat differentwave vectorsandQW compositionx arepresentedh a

form of graphsn the spinspace.
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1. Intr oduction

Passve spincomponents Iters, spinguidesbends,
couplers,etc.) andactive devices(spin-FETs)arere-
guiredin solid-statespintronicgto transmitandcontrol
electronand hole spin polarization[1-3]. Spin-orbit
(SO) interactionthat coupleschage currentand spin
polarizationis the mainmechanismo controlelectron
and hole spinsby external electric elds in thesede-
vices. In the paper[4] a critical analysisof the main
pitfalls encounteredh realizingthe spin-FETwerere-
vealed. Speci cally, it was pointedout that the spin
surface,which is an analogueof the Bloch spherd5],
is a very usefulobjectto describeglobal propertiesof
the chage carrierspin. The knowledgeof the spinsur
faceallows oneto ernvisagepossibletrajectoriesn spin
devicesaswell asto make somejudgementsaboutthe
matchingconditionsof spinsat an interface between
differentmaterials.Up till now, attemptdo realizethe
spin-FETin aform proposedy DattaandDas[6] were
unsuccessful.Very recently however, it was experi-
mentallydemonstratethatspinprecessiomf hotelec-
tronsin silicon can modulatethe channelconducty-
ity [7,8]. Apartfrom elementarysemiconductorand
A3Bs compoundghe spin propertiesof which are ex-
tensiely studied[1-3], thereis a group of narrawv or
zerogapsemiconductorthatmaybeof interesto spin-
tronics,namely theinvertedbandsemiconductorgep-
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resentedby HgTe. Very recentlyHgTe/ Hgo.3Cdy.7 Te
QWswereusedto prove experimentallya new, the so-
called quantumspin Hall effect [9, 10], wherethe he-
lical edgestatetransportmight be possibleevenin the
absencef the externalmagneticelds.

In this paperwe shallbeinterestedn Hgy; xCd, Te/
CdTe QWs the lattice of which possessezinc-blende
symmetry In HgTe the conductionbandof j g sym-
metry is separatedrom the valencebandby the neg-
ative enegy gap E4 andat the sametime is inverted
upside-davn as showvn in Fig. 1(a). The light-mass
bandof symmetry;j g is invertedtoo andplaystherole
of the conductionband. The invertedenegy bandsin
Hoi; xCdi Te appearwhenx < 0:18. At theseval-
uesof x the QW consistsof CdTe barrierswith posi-
tive (normal) bandgap andof Hg; x Cdy Te well with
invertedbandsas shawvn in Fig. 1(b). Spatialquanti-
zation of the wave function in the well givesrise to
2D electronand hole enegy subbandswhere inter-
play betweenthe inverted and normal bandsarises.
If Hoy; xCdy Te bandsare inverted, two distinct het-
erostructureregimescan be realized[12-17]. When
Hoi; xCdy Tequantumwell is thin enoughthenthe rst
electronicsubbandel is pusheduphighenoughabove
the rst heary-hole enegy subbandH1l. The QW in
this casedespitebandinversionin thewell material,in
fact appearsasa normal semiconductor However, in
thick HgTe wellsthe rst heary-holesubbandH1 rises
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Fig. 1. (a) Theinvertedbandstructureof bulk HgTe, wherebandsymmetrynomenclaturés indicated. (b) Conduction(dashedine) and

valence(solid line) bandedgepro les in CdTe/ HgTe/ CdTe quantumwell. In CdTethegapE g is positive, while in HgTe it is negative, as

shovn by upanddown arrows, respectrely. Theinverted2D subbandé the QW appeamwhenthewidth of the QW is approximatelyarger
than7:2 nm.

abore E1. In this caseonehastheinverted2D subband
regime even at large kinetic enegiesof the electrons.
Concretevaluesof the critical well thicknesscan be

found from bandedgeintersection.In Fig. 2, the de-

pendencef the subbandedgeenegieson QW width

is plottedin the caseof HgTe/ CdTe QW, whereit is

seenthatat well width 7:2 nm the conductionE1 and
valenceH1 subbandntersectindatlargerwell widths

therole of thelowestconductiorbandis playedby the

hole H1 subband. For Hgp.3Cdy.7Te/ HgTe QW the

critical thicknesss 6:3 nm[10]. Below we shallbein-

terestedn inverted2D semiconductorsepresentethy

Hgy; xCdy Te/ CdTe, wherethe giantRashbeSO split-

ting in electronic2D structureshave recentlyaroused
muchinterestdueto their possibleapplicationin spin-

tronics [11-17]. The Rashbaspin-splitting of up to

30 meV hasbeenmeasuredyhich is almostan order
of magnituddargerthanin A3Bs compoundg$2].

In Refs.[4, 18] it hasbeenshovn thatSOinteraction
bringsaboutstrongnonsphericityin the spin surfaces,
especiallyin the valencebandswherebandrearrange-
mentin thecenterof theBrillouin zonefrequentlytakes
place. Sincein Hgy; xCdiTe/ CdTe QWs the light-
massbandplaysthe role of the conductionband,one
expectsthat spin surfacesof the conductionbandwill
be deformedstronglytoo. In caseof normalbandor-
dering,for examplein A3Bs compoundsthe conduc-
tion band spin surfacesare closeto sphericaland in
this casethe Bloch spherecanbe usedto representree
electronspin precessiorand spin dynamicsunderex-
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Fig. 2. Dependencef 2D conductionE1-E2 andvalenceH1—

H3 subbandedgeenegieson thewell width in CdTe/ HgTe QWSs.

Notethatat well width 7:2 nm the E1 subbandntersectswith H1

valencesubband.The spectraat dottedvertical linesareshavn in
Fig. 3.

ternalexcitationasshowvn in Ref.[19]. As we shallsee
below, in the invertedbandsemiconductorshe situa-
tion is different.

In the next sectionusingk ¢p and RashbaHamil-
toniansthe spectrumof 2D electronsand holesis in-
vestigatedin Hgy; xCd, Te/ CdTe QWs at well width
of 12 nm. In Secs.3 and 4 the neededspin-orbital
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matricesandparametrizedpinorsareconstructed Fi-
nally, in Sec.5 theresultsof numericalcalculationsn

QW subbandsarein the invertedregime will be con-
sidered.The preliminaryresultswerepublishedin the

aform of spinsurfacesin the spin spaceare presented
and examined. In this article only the casewhenthe

letter[20].

2. Basisfunctions and Hamiltonians

The bandstructureneededor numericalcalculationsbelow is basedon an envelopefunction approachntro-
ducedby Burt [21] andappliedby Foreman[22] to take boundaryconditionsin zinc-blende-typeemiconductors
correctly The correspondindpasisfunctionsin the centreof the Brillouin zonein the total angularmomentum]
representatiopJ; myi, wherem; is theazimuthalquantumnumber are(seeFig. 1(b) for bandsymmetrynomen-
clature):

jie tl=2i = (1=IO 3)jS"i ;
jieri 172 = (1:ID 3)jS #i;
jig;+3=2i = (1=ID 2)j(X +iY)"i;

(1:ID 6)(j(X +iY)#ii 2Z");

jis;+l=2i =

jigri 1=2i = j (1:Io 6)(X i iY)"i +22Z #i;

jisii 32 = 1 (1= DX 1 iY) #i;

ji 7;+1=2i = (1=IO 3)((X +iY)#i+jz");

ji7ii 122 = = BT IY) " iz #) &)

wherej i; mj in the ketsindicate,respectiely, the representatioand projectionof the angularmomentum.The
orbitalsjXi, jYi, andjZi transformasCartesiarcoordinates, y, andz, andjSi is totally symmetric.The exact
expressiongor thesefunctionsarenotrequiredin thefollowing. Theup anddown arrows indicatetwo spinstates.
Thebasis(1) is orthonormalized.
TheHamiltonianwith [001] growth directiontakesthefollowing form in the above basis[22,23]:
2

q._ 3
T 0 i 5Pks 3Pk, gl—épki 0 i PLPks i PLPK,
0 T 0 ip:Pke 3Pkz PPk |i P5Pke PLPk;
itk,P O Uu+v S, R o |[eS, i 2R
q 2 . pZ_ q_
2kP j Pk P| S UiV C R v i 3s
H0: —6 : . q_— P ; (2)
Pk, P gk P| RY cY uU;v g i §s+ Y
0  pokeP 0 RY S+ U+V| 2RV #LS,
ipl—ngPip%kiP %Q’ *;év i 3 "R |Uiec  c
i PekiP PEKP | 2RY 35S Py S| O Ui

wherethreediagonalblockscorrespondo, respectiely, conductionyalence and SO split-off bands.The coordi-
natez is assumedo beperpendiculato the QW plane.Thein-planewave vectoris characterizethy ks = ky 8 iky
and kf = k2 + kﬁ, while the perpendiculato QW wave vector is representedy the differential operator

k; = i i@@. Theothersymbolsin Eq. (2) are:



166 A. Dargys / LithuanianJ. Phys.48, 163—176(2008)

2

£
T=Ec+ — (2F + DK2+ k(2F + Dk, ; (3)
2mg
2 ¢
U=Eyj —lolkz"' kz°1kz ; (4)
2mg K ,
.._Zi ¢
Vo= — k2 2k,°0k; ; (5)
2Mg
_. P o o 2¢)
R—lm 3k ki (6)
Ss =i — "3k tonikegt [ kil 7
§ — | m 8 3 Zg [! Z] ) ()
~2 P i, 1 ¢
S§ =1 m 3k§ f 31ng| §[1 kZ] ) (8)
2
1= 3i %2,
5 (10)
o o3+ 02.
=22 (11)

Here [A;B] = AB | BA is the commutatorand
fA;Bg = AB + BA is the anticommutator P is
the Kane momentummatrix element. The conduction
E. andvalenceE, bandedges,Fig. 1(b), spin—orbit
splitting enegy ¢ , andthe valence—conductioband
parameters i, °», °3, -, andF arefunctionsof the
coordinatez. It is assumedhatthe bandstructurepa-
rameterschangeabruptlyat the interface. The param-
eterF is relatedto the conduction-band-edgmassvia
mc=mp = 1=(2F + 1). Theparameter is expressed
throughvalencebandparameters; = (j 1j °1 +
2°, + 3°3)=3. In the bulk materials,the commutator
[; k7] is equalto zeroan(B'n this caseonehasC = 0,
Ss = Ss = j (~°=mg) 3°3ksk,. The parameter
1 = (°3j °2)=2 describeghe magnitudeof valence
bandwarping. The Hamiltonian(2) givesdoubly spin-
degeneratdandsj. e. Kramersdoublets At k = 0the
valencebandhassymmetry;j g. In HgTe,atk 6 O the
valencebandsplitsinto heary-massandinvertedlight-
massbands,i. e. electron-like bandsin the following
denotedasj 3% and; S ', respectiely. The band
i 3122 \whichin A3Bs compoundsplaystherole of the
conductionband,in HgTe is alsoinvertedand shifted
downin enegy by 0:303eV. Thespinsplit-off valence
bandis below by 1:08 eV from j g point.

Tablel. Bandstructureparametersf Hgq; x Cdi Te/ CdTe quan-
tumwells. Eg is theenegy gap, ¢ is the spin—orbitsplitting en-
ey, o is thevalencebandoffset,E, = 2moP?=-? is theenegy
relatedto the Kane momentummatrix elementP, F is relatedto
the conductiorbandeffective mass,’ ;'s arevalencebandparame-
ters,ri'sarethe Rashbacoefcients.

HgTe HgosCdo:vTe CdTe
Eq (eV) i 0.303 1.006 1.606
¢ (eV) 1.08 0.961 0.91
a (eV) 0 0.404 0.577
E, (eV) 18.8 18.8 18.8
me 0.02 0.045 0.096
F 24.5 10.6 4.7
°1 4.1 2.26 1.47
° 0.5 i 0.046 i 0.28
°3 1.3 0.411 0.03
re (eVnm) 0.1
rv (evVnm) 0.1
rs (eV nm) 0.1
rvs (€Y nm) 0.1

Thebandstructureparametersarelistedin Table1.
In mercury-rich Hgy; xCdk Te alloys the parameters
wereobtaineduy linearinterpolation exceptfor theen-
ergy band@p. In Hgy; xCd Te the dependencef the
gap Eg ontemperaturel’ and compositionx was ap-
proximatedoy empiricalformula[24]

Eg(eV) = i 0:303(1j x)+ 1:606xj 0:132(1j X)

, [6:3(1i x)i 325 5:92(1j x)] ¢10 412
11(1; x)+ 787x+ T

As mentionedthe enepgy will be referencedwith re-
spectto valencebandedgein the QW, Fig. 1(b). From

this gure onereads
1

Y5 . .
2Eg(CdTe) i @ > 0 in the barrier;
Eg(HgTe) > 0 in the well;

1 (12)

Ec(2) = (13)

% . .
2i a < 0 in the barrier ;

Ev@= " 5 i the well:

(14)
wherez is the valencebandoffset at the barrierwell
interface.

The spin-splittingof the 2D bandsmay arisefrom
the absenceof inversionsymmetryin the constituent
layers(bulk asymmetryandthe QW asymmetrystruc-
tural asymmetry). The latter may be inducedby the
stress eld, internal or external electric eld in the
direction perpendiculaito the QW, or may be inher
ent to the QW itself (Rashbaspin-splitting), for ex-
ample, due to different arrangementf atomsin op-
posite interfaces. Large electric eld-induced spin-
splitting effect in narrav-gap HgCdTe was obsened
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spin-splittingenegy ashigh as30 meV wasobsenred.
Here we shall mainly be concernedwith the Rashba
spin-splittingandelectric eld inducedspin-splittingin
the QWs.

for the rst time in the oscillatory magnetoconduati
ity experimentsby Wollrab et al. [25]. Later, in pa-
pers[13,15,17,23,26,27] this wascon rmed in var
ious experimentswith HgTe/ CdTe QW's, wherethe

The RashbaHamiltonianfor 8-bandzinc-blendesemiconductomas consideredby the invariant methodin
the book [28]. If hasbeenfound that the most generalform of the RashbaHamiltonianfor the zinc-blende
lattice may have as mary as ten free parameters. Estimationof the magnitudesof theseparameterdor var
ious semiconductorshaws that only ve-six of them are important. Below, in writing the RashbaHamil-
tonian only the leading oneswere included (r §5¢, r8¥®, r7y”, andr&"" in the notationof the book [28]).
Here the sgeducedHamiltonian, when the Rashbaeld -is parallel to z axis, will be used. Then, in the basis

jamyi = j3i;35i55830;82i55310:5330:544i;j4Li  theRashbaHamiltonianassumesheform
2 0 irk| O 0 0 0 0 o 3
iircke O 0 .0 0 0 0 0
0 © 0 ik 0 0 i Prysk; 0
P .
Hg = P - . (15)
R O O O |rvk+ D 0 | |73rvki | §d—§rvsk+ 0 1
o o o 0 iz2rke O 0 i Prysks
0 0 |[Porweks 0 yrwk, O 0 T ok;
0 0 0 ?d—zrvskJ, 0 p'—ér\,ski i irsks 0

whererg, ry, andrg arethe Rashbacoefcients for conduction,valence,and spin—orbitsplit-off bandsandr g
includesthe couplingbetweenthe bands.In the Hamiltonian(15) the leadingtermsarelinearin the wave vector

The calculationswvere alsorepeatedvhenthe spin-
splitting is inducedby externally applied voltage Vj,
over the structure. The respectie potentialwas as-
sumedto chang€linearly with the coordinatez in the
diagonalHamiltonian,

Hr = ey (z=L) I (16)

wherelL is the total trans\erselength of the structure
andl is (8 £ 8) unit matrix. The full Hamiltonianof
the problemis equalto the sumof both Hamiltonians,

H = Ho+ Hg: (17)

The mercurychalcogeniddattice doesnot possess
the inversion symmetry This asymmetrybrings an
additionalcontribution to the spin-splittingthat is in-
cluded through cubic in the wave vector terms in
the Hamiltonian (the Dresselhaugontribution [29]).
The availableexperimentaldataindicatethat the spin-
splitting in bulk mercury telluride should be very
small [26]. Thus, spin precessiondue to Dressel-
hauscontritution, if ary, shouldbe nggligible too. On
the otherhand,the spin-splittingin asymmetrian-type
HgTe singlequantumwells, dueto Rashbanechanism

in combinationwith the invertedband structure,was
foundto bevery large [12,25-27]. By this reasorwe
shallngglectthe Dresselhausontribution altogether

2.1.Boundaryconditionsand methodof solution

The wave functions (ervelope functions) of the
Hamiltonian(17) shouldremaincontinuousn thetran-
sition from the well to barrierlayers. Also the deriva-
tiveswith respecto coordinatez shouldbecontinuous.
As shown by Burt [21] and Foreman[22] the correct
ratherthan ad hoc symmetrizatiorof the operatorsn
the Hamiltonianprovides an unambiguougletermina-
tion of the boundaryconditionsat the interface. The
requiredderivative matrix was presentedn [23]. It
shouldbe notedthatthe requiredboundaryconditions
are automaticallysatis ed throughthe (correct)oper
ator orderingin the Hamiltonian(2), sincethe Hamil-
tonian (2) containsapartfrom the symmetrizederms
the additionaloff-diagonalelementq- (z); k], which
areequalto zeroin the bulk structures.Therefore,in
thenumericalcalculationgheapproximatiorof deriva-
tivesby nite differencesandsubsequengxpansionof
the Hamiltonianon a large meshautomaticallytakes
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Fig. 3. Dispersionof mainelectronandhole subband$n QWsattwo well widths: (a)d = 5nmand(b) d = 12 nm. Zeroof theenepgy is
referencedo valencebandedgein thewell (seeFig. 1(b)).

into accountthe correctboundaryconditions. For fur-
therdiscussioronthis point seethe Ref. [30].

The nite differencemethodwasusedto discretize
the wave function and its derivatives. After the dis-
cretization the resulting Hamiltonian had a blocked
structure.The Hamiltonianconsistedf (8 £ 8) diago-
nal blocksthatcorrespondetb meshpointsz,, andad-
jacentupperandlower (8£ 8) blocksthatcorresponded
to meshpointsz,+1 andz,; 1, respectiely. Thepoten-
tial of the rst andthelastpointsonthemeshhasbeen
assumedn nite, whatis equialentto nullifying the
wave functionsattheextremeendsof thebarriers.At a
givenwave vectorthe spectrunof suchHamiltonianis
discrete.Only thoseenepy levels andwave functions
thatlie in the quantumwell arephysically meaningful
andareconsistentvith thein nite lengthsof the barri-
ers,whereall wave functionsof the QW enepy levels
shoulddecayexponentially Discretizedandexpanded
in this way Hamiltoniangivesthe correcteigervalues
if the discretizationstepis smallenoughandthe mag-
nitudesof wave functionsin the extreme endsof the
barriersarenggligible.

Singularvaluedecompositio{SVD) hasbeenused
to nd the eigervaluesand correspondingeigenfunc-
tions of the total Hamiltonian (17). For solutionsto
be meaningful,the SVD algorithmrequiresall eigen-
valuesto be positive [31]. Therefore,a constanten-
ergy was addedto diagonalelementsof the Hamilto-
nian (17) to shift all spectrumto positive values. This
hasno in uence on the eigenfunctionsand spin prop-
erties.

2.2.Spectrunmand probability distribution

Figures3 and4 shav the enegy of main 2D elec-
tron andhole subbandsisa function of the wave vec-
tor parallelto [10] in-planecrystallographidirection.
In Fig. 3 the spectrawere calculatedfor two different
widths of the QW. At shortwell width, d = 5 nm,
the enegiesof electronic(E1, E2) andhole (H1, H2,
and H3) subbandsare positive and negative, and are
separatedby enegy gap,i. e. their charactetbearsre-
semblanceo the standard2D spectralstructure. At
d = 12 nm, Fig. 3(b), the bandsareinverted. As a
resultthe subbandedgeenepy of the electronEl sub-
bandbecomesegative (seeFig. 3). The dispersiorof
E1 bandbecomesat andthereforedisappearst the
enegy scaleof the Fig. 3(b). On the otherhand,the
H1 subbandbecomeselectron-lile. However, aswe
shall seefrom spin propertiesof this subbandthe va-
lencebandcharacterof its wave functionis presered
at smallwave vectorsonly. At large wave vectorsthe
wave function graduallyacquiresthe conductionband
character In otherwordsthe H1 bandis a mixture of
conductiorandvalencebandswith heary-holevalence
bandcharacteprevailing only atlow electronenegies.
In Fig. 3(b) the barriermaterialis Hgo.3Cdy.7Te. The
propertiesof the wells with CdTe barrierswerefound
to besimilar.

Whenthe RashbaHamiltonian(15) is included,the
double degenerag of the subbandsis lifted (spin-
splitting). The splitting is betterseenin Fig. 3(b). In
H1 andH2 subbandshe splitting goesthroughmaxi-
mum while in E2 subbandt monotonouslyincreases
with the wave vector Accordingto experiments14]
theRashbacoefcient isr = (0:05j 0:2) eVnm. The
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valuesre = ry = rs = rys = 0:1 eVnmwere
used.In Ref.[20] theexpandedriew of thedependence
of spin-splittingenegy on wave vectorwasgiven.

The external electric eld also brings about spin-
splitting. The effect of an externalbiasV, (Hamilto-
nian (16)) on the subbandspectrums shovn in Fig. 4
for QW of width d = 12 nm. As in the Fig. 3, the
enegy of the rst heary-hole subbandH1 is inverted
(electron-lile) andlies above the rst electronicsub-
bandE1 (not shavn in the gure). In Fig. 4(b) the

spin-splittingin the structureis causedy electric eld
Y, 70 kV =cm (the Rashbanteractionr = 0 wassetin
this case).No spacechage effectswereincludedand
the external electric eld wasassumedo be constant
overthestructure.

Figure 5 shaws the probability densitydistribution
in two mainconductionE2, H1) andtwo valence(H2,
H3) subbandsf the QW, whenthe spin-splittingis in-
cludedthroughthe Rashbamatrix (15). In theseand
in subsequentgures the QW width was assumedo
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bed = 12 nm andthe length of total structureL =
36 nm. The pairsof the probability distributions(solid
anddottedlines)in Fig. 5 correspondo spin-spliten-
emgy subbandqseeFig. 4). As it shouldbe, it has
beenfound that the numberof maximaand minima
grows with the subbandnumber however, the distri-
bution doesnot reachzeroasis the casewith simple
guantumsystems.The HamiltonianH g hasnegligible
effect on generalprobability distributionsshown in the
Fig. 5 for SOcouplingvaluesusedin this article.

3. Spin and orbital matrices

In the absenceof SO interactionthe enegy bands
are doubly degenerate.As follows from the Kramers
theorem[32], the origin of which comesfrom time-
reversalsymmetry the doubly degeneratédbandeigen-
spinorscorrespondo two spin stateswith the average
spinspointingin the oppositedirections.The concrete
spindirectionin therealspacehowever, doesnot nec-
essarilycoincidewith the z axis, sincenow the spin
dependson carrierwave vectork andthe selectecen-
ergy subband. Within Kramersdegeneratesubbands,
the superpositionsf the eigenstatedo not changethe
eigenenay E (k). However, the direction of the av-
eragespin as well asits magnitude,in general,will
dependon a selectedsuperposition.In the absencef
SO interaction, the two-componenspinor superposi-
tionscanberepresentetly pointsontheBloch sphere,
which usually senesas a locusto depictall possible
spin trajectoriesin the spin control or quantumcom-
putation. The sphericalsymmetryis preseredfor iso-
lated spinsonly. In semiconductorshe main interac-
tion mechanisnmbetweenthe spin and atomic orbitals
comesfrom SO interaction,which may rearrangeen-
ergy bandsn theBrillouin zoneand,dependingnthe
wave vector symmetrygroup, simultaneoushfift off
Kramerspair splitting. As aresultthe spintrajectories
cannotbe representean the Bloch spherearymore.
Nevertheles®necanshow thatall possiblespins(their
directionsandmagnitudesganstill bemappedntothe
closedspin surfacein a three-dimensionadpin space,
theaxesof which coincidewith therealspaceCartesian
axes. This propertyallows oneto describespindynam-
icsin aself-evidentmannetin therealspaceatherthan
in anabstracHilbert space.

To calculate spin surfacesof the individual sub-
bandsone must know spin matriceswritten in the
same representationas the Hamiltonian (2). The
methodof constructionof the requiredspin matrices
was describedin Ref. [33]. In the basisjJmji =

3

i330i5513313510331i350i5511551 onends
thefollowing (8 £ 8) Cartesiarcomponent®f thespin
vectormatrixS = (Sy; Sy; S;):

2 3
oo o 0o 0|0 O
000 0 0 0| 0 O
00/0 s 0 0 [fk O
004 0 3 0| 0 &

S=£000 1 0 .l 0508

3 23| 372
0000 0 #= 0| 0 o
00 O iz#5 O] 0O 5}
00[0 5 0 jeliz O
20;%0 o 0 oo o°
$0/0 0 0 0|0 O
00[0jf50 0 [if; O

FTROOIO 4 0y gy 0
00/0 0 $5 0| 0 o
00[fs 0 5 0] 0 ¢ &
00(0 5 0 #z|jg O

(19)
2%ooo o oo o0°
0j20 0 0 0/ 0 O
007 0 0 0[Q 0O
_8000 g 0 Oi5 Q

SZEoooo it 0|0 j-F (20)
0000 030 O
00[0i % @ 0]i§ O
0000 j20[0 1%

Thesematricessatisfystandarccommutatiorrelations,
for example,SSy | SySx = iS,. Thesquareof the
vectorS givesthediagonaimatrixS? = (3=4)l , where
| is (8 £ 8) unit matrix. Equationg18)—(20)shaw that
conductionbandedgemultiplet, J = 1=2, is totally
decoupledrom the otherbands.

Similarly onecanintroduceorbital surfacesthatare
relatedwith the electronangularmomentumoperator
L. Introductionof suchanobjectin solidsis justi ed
by the fact that normally the free electronor hole is
propagtingin oneof the enegy subbandshatis dou-
bly degenerat€Kramerspair), or split dueto spin—orbit
interaction,with spin-splittingenegy ¢ E (k) smallas
comparedo thedegenerayg enegy E (k). Thus,below
for completeneswe shallcalculateheorbital surfaces.
The respectie component®f the angularmomentum
matrixL = (Lx;Ly; L) canbecalculatedn asimilar
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mannerasspin matrices.In the aborementionedasis
they are

2 3
0000 0 0 0|0 O
000 0 0 0/0 O
000 0 p5 0 Ofifs O
00k 0 % 0|0
Lx=koo 0 2 o0 e 0 77 (2D
0000 0 #; 00 »e
ooipl—éog—iocz) 2 L
000 0 i 0 # 5 O
000 0 0 0[]0 0°
000 0 0O 0]0 O
0000 i 0 O |z O
00#= 0 |5 0|0 8
Ly = 2i = O S 7 (22)
yTR00 0 F 0 ey C
0000 0 ¢z 0|0
00fi P O_ig'i—i Olg%g
ooo;ﬁoi%éo
2
0000 0 0[O0 O
0000 0 0|0 O
0010 0 0[O0 O
p_
L_ooo%ooszo_ -
2760000300 2 (23)
0000 0100
00020 0/2 05
0000 % 0[0j %

As it shouldbe, thesematricesalso satisfy standard
commutatiorrelationsLxLy j LyLyx = iL,, etc. The

zerosin theupper(4 £ 4) diagonablocksarein agree-
mentwith the factthatthe conductiorbandis madeof

s-type atomic orbitals. The total angularmomentum,
J = L+ S, isequalto thesumof theabore constructed
L; andS; matrices.SincetheHamiltonian(17)isin the

total angularmomentumJ representationthe matrix

J, = L, + S;, ascanbe checled by addingmatrices
(23) and(20), is diagonalwith elementson the diago-
nalsthatrepresentl = 1=2, 3=2, and 1=2 multiplets
thatcorrespondo conduction yvalence andspin—orbit
split-off bands.

4. Parametrization of 2D wave functions

In interpretingvariousphysical propertiesof semi-
conductorst isacommonpracticeto useenegy repre-

sentationwherebandpropertiesaredescribedy dis-
persionlaw E;(k), with i beingthebandindex. To nd
all possiblespinsuperpositionstatesn theith bandat
wave vectork we shall usethe enegy representation
andwill parametrizethe consideredth Kramerspair
(enegy band)in thefollowing way:
J' ()i = cos#' (i1 ™)i+ sin#eh (i M)i;
(24)
wheremj; = 1=2 or 3=2, andthe parameter# andA
de ne the amplitudeandphasein the superpositiorof
spinstates As mentionedijt will beassumedhatonly
one doubly degenerateor nearly degenerateKramers
pair is occupiedby free chage carrier The required

banddispersionlaws E;(k), wherei indicates;j Slzz,

i 33:2, i 31:2, or j 21:2 band,canbe found by diago-
nalizingtheHamiltonian(2) with anappropriatd8£ 8)

unitarymatrix U:
UyH u’ HE =

diag 2E 51=2;2E 51-2;2E 51-2;2E 512 ; (25)
lg lg l g 17

where“diag” indicatesthe diagonal(8 £ 8) matrix,
with pairsof bandshaving the samepoint groupsym-
metry In the enegy representatiot(25), in the order
of decreasingigenengagies, the parametrizedpinors
have thefollowing forms:

i G §1=2)i =(cos #; sin#eiA; 0;0;0;0;0;0); (26a)
i' (i $3)i =(0;0; cos#; sin# €*;0;0;0;0); (26b)
i' (i $%)i =(0;0;0;0; cos#; sin# d”;0;0); (26c)

i' (i 3%)i =(0;0;0;0;0;0; cos#; sin# ) : (26d)
Theparameter# andA have noin uence ontheband
eigenengdgies. By selectingthe concretevaluesof #
andA one x esdifferentmixing ratiosandphaserela-
tions betweenthe Kramersdoublets. With the help of
the parameter# andA onecanchangethe magnitude
andspindirectionof carrierthatpropagtesin a partic-
ular subbandvith agivenwave vectork. Therequired
unitary matrix U can be constructedrom the eigen-
functionsof theconsideredHamiltonian(17)[34]. If U
is known, the spinorin theinitial J, representatiofil)
thenwill be

A A = Uj #A): (27)
In the following we shall be interestedn the quan-
tum mechanicabveragespin hSi. Mathematicallythe
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Fig. 6. Spinsurfacesandtheir horizontalprojectionsfor E2, H1, andH2 subbandgcolumns). The QW lies in x—y plane. The direction
of the wave vectork is shavn by lines, kk[10]. Its magnitudefor, respectiely, upper middle, andbottomrows is jkj = 0.06,0.15,and
0.3nm %,

spinsurfacerepresentsll possiblerealizationsof hSi,
whenthe parameterg andA areallowedto vary,

hS(#; A)i = PA#; A)jSiA#: A)i; (28)
wheresS is givenby matriceq18)—(20).As mentioned,
the spinorjAi representsill possiblesuperpositionsf
“up” and“down” spineigenstatef the Kramerspair.

The sameparametrizedpinors(26) wereusedto nd
orbital surfaceshL (#; A)i.

5. Spin and orbital surfaces

Figures6 and 7 showv spin surfaceshS(#;" )i for
three enegy subbandswvhen kjj[10] and kjj[11] and
their transformatiorwhenthe in-planewave vectork
increases.To draw the spin surfaceat a selectedk, at

rst theeigervectorswerecalculatechumericallyfrom
thetotal 2D Hamiltonianandthe unitarymatrix U was
constructed.The applicationof U to the parametrized
superpositiorof type (26) gave the spinorsin J, repre-
sentatiorhaving two parameterg andA. In the gures,

the parallelsandmeridiansthatvisualizespin surfaces
correspondo either# = constor A = const, respec-
tively. Thestraightline (notshavn in the gures) that
connectgwo singularpoints(poles)onthespinsurface
representghenaturalquantizatioraxesof theproblem.
It is seenthatin the consideredtasethe quantization
axeslie in the QW planeandareperpendiculato k. If
the spin-splittingis neglected(Hg = 0) the subbands
becomedegenerateand, as a result, the quantization
axisis not x edin the spin space. In the numerical
calculationsts direction,in fact, is determinedoy al-
gorithmused.In the presentalculationghe quantiza-
tion axis (not the orientationof the spin surfacein the
spin space)asalignedautomaticallywith hS;i when
Hgr hasbeenswitchedoff. It shouldbe stressednce
more that the spin surfaceis a universal characteris-
tic: neitherits shapenor alignmentin the spin space
doesdependntheconcretevaluesof thespin-splitting
enegy ¢ E aslongas¢ E ¢ E. Thus,on thedis-
persioncurve in the vicinity of the degenerag point
E thespinsurfacewill represenall alloweddirections
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Fig. 7. Thesameasin Fig. 6 but for kk[11].

andmagnitude®f theinjectedspinsinto thespin FET
channel.Iln the experiment,the concretedirectionand
magnitudeof hSi will beselectedy spininjector.
The rst columnsin the Figs. 6 and 7 shav that,
independenbf electronenepy, the shapeof the spin
surfacein E2 subbanddoesnot dependon k andis
very closeto the Bloch sphere.Therefore E2 electron
spindynamicgo highaccurag canbedescribedy the
standargprecessiorquation

ar =ij- £hSi; (29)
where- is the precessiorvector parallelto the natu-
ral quantizationaxis. The modulusof - is equalto
the spin-splittingenepy ¢ E divided by Plancks con-
stant~. The sphericalsymmetryof E2 subbands re-
latedwith the factthatit originatesfrom s-like atomic
orbitals of the bulk conductionband(the bandi 2 1=
in Fig. 1(b)). In Ref. [19] it hasbeenshowvn thatthe
sphericityof the electronspinsurfacesin AzBs QW's
is satis ed to high accurag: the differencein lengths

of the fundamentakpinsurfaceellipsoidalaxis appear
to be smallerthan 0:1%. From this it may be con-
cludedthatthe free electronspin dynamics(for exam-
ple, the precessiomrepresentedby circles aroundthe

guantizationaxis, or spin echoesof the ensembleof

spins)in E2 subbandvill be exactly thesameasin the

standardePRor NMR experimentswhere,asknown,

the dynamicsof an ensembleof spinscould be com-

pletely describedby averagespin trajectorieson the

Bloch sphere.

In Figs. 6 and 7 the secondcolumnsshav thatin
the electronicH1 subbandthereis a large admixture
of p-type atomicorbitals, sincethe spin surfaceshape
strongly dependson the chage carrier wave vector
This property hasbeenfound earlier for heary-mass
holesin bulk A3Bs semiconductorsin which the va-
lence bandconsistsentirely of p-atomic orbitals[18,
35]. At smallwave vectorsthe spin surfaceis needle-
like andreducedo aline atk = 0, however it blows
up to the Bloch spherewhen the free carrier enegy
becomedarge enough. This indicatesthat H1 indeed
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Fig. 8. Orbital surfacesandtheir horizontalprojectionsfor E2, H1, andH2 subbandgcolumns).The QW liesin x—y plane.Thedirection
of wave vectorkk[11] is shavn by lines. Themagnitudeof k is, respectiely, for the upper middle,andbottomrows: jkj = 0.06,0.15,and
0.3nm' %,

originatesfrom the bulk valencebandspinorsat small
enegiesandfrom the conductiorbandspinorsatlarge
enegies. If the electroninjectedinto H1 subbandap-
pearsto have small enepy, its spin polarizationwill
alwaysbelinearandparallelto QW normal. Fromthis
follows thatto have anef cient spininjectioninto this
subbandthe injector should have vertical ratherthan
horizontalpolarization. Furthermorethe averagespin
precessionrajectoriesof suchinjectedelectronscan-
not be describedby the standardorecessiortqg. (29).
Now thetrajectoriesasit is suggestedby the spinsur
faceof H1 subbandwill assumeheshapeof elongated
ellipses.In the caseof A3Bs holes,therespectie pre-
cessiorequationganaloguesf Eq.(29)) weregivenin
Refs.[18,35] for variousdirectionsof k. Strongdevi-
ationof spinsurfaceshapdrom sphericalbneexplains
why in the experimentsit is dif cult to obsere free
electronEPRunderthermalcarrierdistribution.

In the H2 subbandthe fundamentahole subband),

asthethird columnsin Figs.6 and7 demonstratethe
spin surfacesare needle-shapedt low hole enegies
anddisc-shapedt high enegies. In the latter caseall

possiblespinpolarizationswill stretchoutona at sur

face. However, the surfacedoesnot possessotational
symmetrywith respecto thewave vector The Figs.6

and 7 also suggestthat the spin surface rotatessyn-
chronouslywith the in-planewave vectork. A more
detailedcomparisorbetweenthe spin surface projec-
tionsonhS,i—Syi planeaswell ason othersymmetry
planesallows oneto concludethat possiblevariancen

thespinsurfaceshapéds very small,if ary, for different
k directionswhenjkj = const Thus,the shapeof the
spinsurfaceis mainly determinedy the magnitudeof

k andselectedcenegy subband.

Figure8 shaws the orbital surfacescalculatedunder
similar conditions.For ans-typeatomicorbital, asit is
well known, onehasL = 0, andasaresultthe orbital
surfaceshouldshrinkto a point. As canbe seenfrom
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the rst column,however, dueto very smalladmixture
of p-atomicorbitals,the surfacehasa nite volumeal-

beitof smallmagnitude Fromthisit maybeconcluded
that orbital ratherthan spin surfaceis more sensitve

to smalladmixtureof p-type orbitals. The secondand
third columnsshaw thatorbital surfaceshape®f other
subbandstronglydependn jkj.

Sincethe total angularmomentumis J = L + S,
the Figs. 7 and8 canbe usedto build the correspond-
ing surfacesfor the total angularmomentumhli =
hLi + hSi. Thelattervisualizesall allowedvaluesand
directionsof theaveragel.

6. Conclusions

In the inverted HgTe QWs the spin surfacesmay
have variousshapes- spherical,ellipsoidal, disk-, or
even needle-lile. The shapeof the spin surface de-
pendson QW composition[36] andfree carrierwave
vectorbut is independensdf aparticularSOinteraction
mechanisnused(Rashbaor QW asymmetryin elec-
tric eld). In 2D conductionsubbandsthe spherical
shapeis preseredonly for high enegy electrons.The
spin surface of the fundamentalconductionsubband
transformsfrom linear to sphericalshapewhen elec-
tron enegy increasesThis propertycomesfrom band
inversionandis absenin normalgap A3zBs andA»Bg
QWs, wherethe enegy gapis positive. The spin sur
facesof 2D valencesubbandsin generalwere found
to be nonspherical. The nonsphericityis relatedwith
thetransformatiorof the valencebandin the centreof
the Brillouin zoneandthe dependencen the chage
carrierwave vector

Theknowledgeof the spinsurfaceshapeallows one
to ervisagespin precessiortrajectoriesof ballistic car
riers. Thisis importantin designingspintronicglevices
andin understandingylobal spin propertiesof chage
carriersinjectedinto spin-FET channelor spin wave-
guideaswell asin predictingspinmatchingconditions,
for example betweerthe spininjectorandchannel Of
particularinterestmay be the needle-lile spinsurfaces
at low carrierenegies. The chage carrierswith such
surfacesallow oneto achieve linearratherthancircular
time-dependergpinpolarization.
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KVANTINIO Hgi; xCdxTe/CdTe SULINIO LAISV UJU ELEKTR ONU BEI SKYLI U SUKINIO
SAVYBES
A. Dagys
Puslaidininku zik osinstitutas,Vilnius, Lietuva
Santrauka somyle nuo jo krypties, pavidalai. Parodyta,kad balistiniu dvi-

meciu elektroru sukinio pavirSiai bendruatveju turi elipsoidiri, o

ne labiauiprasta sferin pavidala. Ribiniais atvejais sukinio pavir-

Siai gali transformuotis diska, tiese arbaBlocho sfera. Gra Skai

pateiktodvimeciu elektronuir skyli u sukiniopavirSiu formossuki-

nio erdweje, esantivairiemslaisvojo kruvininko bangosvektoriams
ir skirtingomskvantiri Sulini sudaranio junginioHg:; x Cds Tesu-
detims.

Pasitelkus astuonii juosu k ¢p hamiltoniar, iSnagriretos
Hgi; x Cdk Te/ CdTe kvantiniu Suliniu su invertuotomisenegijos
juostomissukinio savybes. Enegijos juosu suskilimas,susigssu
sukiniolaisveslaipsniuir Kramersoporomis,buvo iskaitytasarba
per Rashboshamiltoniara, arbaper iSorinio lauko hamiltoniara.
ISnagrireti sukinio pavirSiu, kurie nusalo sukiniodyd io priklau-



