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Thediffractionof idler beamgeneratedin opticalparametricampli�er operatingat low parametricgain is analysed.It is
revealedthatdiffractionpropertiesof idler beamunderpropagation in the freespaceis signi�cantly differentin comparison
with thepropertiesof Gaussianbeam.
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1. Intr oduction

Propagation of intenselight beamin nonlinearme-
dium is governedby interplayof diffraction andnon-
linearity. The refractive index of isotropicmediumis
modi�ed by intensebeam.As a result,the diffraction
canbecompensated,andself-focusingof thebeamoc-
curs.Anomalousbehaviour of diffractionin a medium
with quadraticnonlinearitywaspredictedin [1,2]. It
wasshown that a beaminjectedinto an optical para-
metricampli�er (OPA) canacquireunderdiffractiona
converging wave front at low energy exchangewith a
pump beam. Simultaneousmutual focusingof inter-
actingbeamsin nonlinearcrystal is possibleat strong
energy exchange.Thewave vectorsof signalandidler
wavesin thenonlinearcrystaldueto theactionof the
pump wave are modi�ed in comparisonwith the lin-
earpropagation. In OPA which operatesneardegener-
acy thediffractionof thesignalbeamcanbeeffectively
suppressed[3,4]. At degeneracy the idler beamis en-
tirely diffraction-free,and perfectspatial localization
of anidler beamis obtained.

In what follows we analysethe diffraction of idler
beamgeneratedin OPA and reveal that its behaviour
underpropagationin thefreespacecanbesigni�cantly
differentin comparisonwith propagationof aGaussian
beam.

2. Theoretical tr eatment

We shall analysethe parametricinteractionof the
quasimonochromaticlight beamsin a nonlinearcrys-
tal neglecting depletionof the pump wave. The cor-
respondingtruncatedequationsof nonlinearopticsare
[5]
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whereA1, A2, andA3 arecomplex amplitudesof sig-
nal, idler, andpumpbeams,respectively. For simplic-
ity, we supposethat the pump beamis a planewave
with an amplitudeA3 = a3 exp(i' 3), and noncriti-
cal phasematchingof interactingwaves takes place.
4 ? = (@2=@x2) + (@2=@y2) is a transverseLapla-
cianoperator, km and¾m arewave vectorandnonlin-
earcouplingparameter, respectively, of signal(m = 1)
andidler (m = 2) beams,z isalongitudinalcoordinate.
Assumingaxial symmetryfor signalandidler beams,
furtherwetakeintoconsiderationtheangularspectraof
signalandidler wavesS1(¯ ) andS2(¯ ), where¯ is an-
gularfrequency. Carryingout two-dimensionalFourier
transformof Eqs.(1) we �nd thesolutionsfor thean-
gularspectraS1(¯ ) andS2(¯ ) [4]:
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S2 = i¾2A3S¤
0(¡ ¯ ) exp(¡ iql)
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; (2)

whereq = ¯ 2=4 ¢(1=k1 ¡ 1=k2), » = ¯ 2=4 ¢(1=k1 +
1=k2), p =

p
¡ 2 ¡ »2, ¡ =

p
¾1¾2a3 is theparametric

gain factor, and l is nonlinearcrystal length. It was
assumedthatat z = 0 in OPA S1 = S0(¯ ) andS2 =
0. In thecaseof nondegenerateparametricinteraction
anidler beamcanacquirea converging sphericalwave
front (k2 > k1, q > 0) aswell asadivergingone(k2 <
k1, q < 0) [6].

Furtherwe shallanalysethepropagationof anidler
beamin thefreespacebehindtheOPA which operates
neardegeneracy. Thenk1 ¼ k2 = k, ¾1 ¼ ¾2 = ¾,
q ¼ 0, » ¼ ¯ 2=(2k), p =

p
¡ 2 ¡ ¯ 4=(4k2), ¡ ¼

¾a3. In this casethe 2nd equationof Eqs.(2) canbe
rewritten in theform

S2 = i¾A3lS¤
0(¡ ¯ )F (¯ ) exp

Ã
i¯ 2z0

2k0

!

; (3)

where

F (¯ ) =
sinh(pl)

pl
(4)

is OPA transferfunction, which determinesthe band
of angularfrequencies,andfactorexp[i¯ 2z0=(2k0)] de-
scribesthe propagation of an idler beamin the free
spacebehind the crystal at z0 = z ¡ l > 0. Here
k0 = k=n and n = n2 ¼ n1 is a refraction index
of the nonlinearcrystal. We assumethat at the input
of OPA (z = 0) the signal beamis Gaussianwith a
planewavefront. In this casetheamplitudeof thesig-
nal beamat the input boundaryof the crystal can be
written asA10 = a10 exp(¡ r 2=d2

0), wherer is a radial
coordinate,andd0 is the beamradius. Carryingout a
Fouriertransformweobtainanangularspectrumof the
signalbeamat theinputof OPA
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By useof Eq.(5) we �nd
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Then,thecomplex amplitudeA2(r ) of the idler beam
canbefoundastwo-dimensionalFourier transformof
Eq.(6),

A2(r ) =
1

2¼

1R

0
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where J0(¯ r ) is zeroth-orderBesselfunction of the
�rst kind. It follows that
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It shouldbepointedout thattheidler beamin degener-
ateOPA is diffraction-free(seeEq. (6) at z0 = 0), and
perfectspatiallocalizationof theidler beamin thecrys-
tal canbe obtained[4]. Equation(8) canbe rewritten
as

A2(½) = i¡ la10 exp(i' 3)f (½;s) ; (9)

where

f (½;s) = (10)

1
b

1Z

0

exp
µ

¡
y
b

+ isy
¶

sinh
p

¡ 2l2 ¡ y2
p

¡ 2l2 ¡ y2
J0(½

p
y) dy ;

andy = ¯ 2l=2k, s = z0n=l, ½= 2rp
bd0

, b = l=Ld; here

L d = kd2
0=2 is aRayleighrangeof asignalbeamin the

crystal.

3. Differ ence-frequencygeneration

At ¡ l ¿ 1 the parametricinteraction for idler
beamcanbetreatedasdifference-frequency generation
(DFG),andOPA transferfunctionF (¯ ) takesa form

F (¯ ) ¼
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Ã
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First in this casewe shallanalysethevariationof axial
amplitudejA2(0)j of idler beamduringits propagation
behindthecrystal.Weobtain

jA2(0)j
a10

= ¡ l jf (0; s)j =

¡ l
b

¯
¯
¯
¯

1Z

0

exp
µ

¡
y
b

+ isy
¶

siny
y

dy
¯
¯
¯
¯ : (12)

At theoutputof OPA (s = 0) we �nd

jA2(0)j
a10

= ¡ l
arctan b

b
: (13)
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Fig. 1. Difference-frequency generation.Variationof axial ampli-
tudeof idler beamunderpropagationbehindOPA in thefreespace.

Parameterb: 2 (1), 4 (2), 6 (3), 8 (4), 10 (5).

At b ¿ 1 (l ¿ L d) theaxial amplitudeof idler beam
increaseslinearly with a crystallength,jA2(0)j=a10 =
¡ l . If b À 1 (l À L d), thenaxial amplitudeof idler
beamat theoutputof OPA is determinedby Rayleigh
rangeof thesignalbeam,jA2(0)j=a10 ¼ ¼=2 ¢¡ L d. In
general,anintegrationin Eq.(12)yields:

jA2(0)j
a10

= (14)

¡ l
2b

¯
¯
¯
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2b
(s2¡ 1)b2+ 1

+ j ¼+
i
2
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1+ b2(s¡ 1)2

¯
¯
¯
¯ ;

herej = 0 at (s2 ¡ 1)b2 + 1 ¸ 0 andj = 1 if (s2 ¡
1)b2 + 1 < 0. The analysisof Eq. (14) shows that
justbehindthecrystaltheaxialamplitudeof idler beam
increasesdueto diffractionwhen

arctan b
b

< 0:5: (15)

A solutionof inequality(15) is b > 2:3.
The dependenceof an axial amplitudeof the idler

beamonnormalizedlongitudinalcoordinates = z0n=l
underpropagation behindOPA in the free spaceob-
tainedby useof Eq.(14) is presentedin Fig. 1 for vari-
ousvaluesof b. We notethat for broadsignalbeams
(b ¿ 1, l ¿ L d) OPA transfer function F (¯ ) is
sin(y)=y ¼ 1, andtheintegrationin Eq.(12)yields

jA2(0)j
a10

=
¡ l

s

1 +
µ

z0n
L d

¶ 2
:

(16)

So, for b ¿ 1 the variationof the axial amplitudeof
the idler beamunderpropagation is typical for Gaus-
sian beam. Obviously, with increaseof parameterb

Fig. 2. Difference-frequency generation.Pro�le of idler beamun-
derpropagationbehindOPA in the freespace.Parameterb = 10,

parameters: 0 (1), 1 (2), 1.5(3).

(Fig. 1) the variationof axial amplitudeof idler beam
underdiffraction is quitedifferentin comparisonwith
a variation typical for Gaussianbeam. For b > 2:3,
theaxialamplitudebehindthecrystalslowly increases,
reachesa maximumat s ¼ 1 (z0 ¼ l=n), andafter-
wardsrapidly decreases.An explanationof this phe-
nomenonis quite simple. The OPA transferfunction
(11)canbewrittenas

F (¯ ) /
exp

µ
i¯ 2l
2k

¶
¡ exp

µ
¡

i¯ 2l
2k

¶

¯ 2l
2k

: (17)

It meansthat the idler beamat the outputof OPA can
be treatedasa superpositionof two beams,onewith
converging wave front andanotherwith diverging one.
In this casethe focusingof the beamwith converging
wave front is observed behindthe crystal,causingthe
increaseof axial amplitudeof idler beam.

The pro�le of the idler beamunderdiffraction be-
hind OPA obtainedby numericalintegrationin (10) is
presentedin Fig. 2. Obviously, at the outputof OPA
(s = 0) thebeampro�le is non-Gaussian(curve 1). It
shouldbe pointedout that the complicatedpro�le of
the idler beamin this caseis causedby transferfunc-
tion of OPA F (¯ ), whichmodi�es theGaussianpro�le
of angularspectrumof thesignalbeam

S2(y)
S2(0)

= exp
µ

¡
y
b

¶
siny

y
; y =

¯ 2l
2k

; (18)

seeEq. (10) and Fig. 3. Under diffraction the beam
amplitudeon the axis increases,beamwidth gradu-
ally decreases,andoscillatingpartsof thebeampro�le
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Fig.3. Difference-frequency generation.Angularspectrumof idler
beamat theoutputof OPA. y = ¯ 2 l=(2k), b = 10.

disappear(Fig. 2, curve 2). Afterwards,strongdiffrac-
tion takesplace(Fig. 2, curve3).

Wenotethatsomediffractioncharacteristicsof idler
beamproducedin OPA aresimilar to diffractionchar-
acteristicsof super-Gaussianand�at-topped Gaussian
beams[8–10]. For example,underpropagationtheax-
ial amplitudeof super-Gaussianbeamwith envelope
exp

£
¡ (r =d0)2m ¤

�rst increasesat m = 2 andafter-
wardsdecreasesasidler beamgeneratedin OPA.

4. Parametric ampli�cation

The diffraction propertiesof idler beambehindthe
crystalessentiallydependontheparametricgain factor
¡ , aswell ason crystallengthl . Typical dependences
of axial amplitudeof idler beamon normalizedprop-
agationdistances areshown in Fig. 4 for variousval-
uesof ¡ l andb. For rathersmall valuesof product¡ l
(Fig. 4(a,b)) the slow variationof axial amplitudebe-
hind thecrystaltakesplaceat (a) b ¸ 4 and(b) b ¸ 10
up while distances · 1, as in the caseof DFG, see
Fig. 1. The increaseof axial amplitudeof idler beam
behindthecrystalnow is observedfor largervaluesof
parameterb in comparisonwith DFG. Thus, the idler
beamformedin OPA atsmallparametricgainstill pre-
servesits anomalousdiffractionpropertiesunderprop-
agationin thefreespace.

In the case of large parametricgain (¡ l = 5,
Fig. 4(c)) thevariationof axialamplitudeof idler beam
behindOPA is quitedifferentandis similarto thevaria-
tion of axialamplitudeof Gaussianbeamunderdiffrac-
tion. That is the resultof broadbandof angularfre-
quenciesof OPA existing at largeparametricgain [7].
In this casethewidth of thetransferfunctionF (¯ ) ex-
ceedsthewidth of theangularfrequenciesof thesignal

Fig. 4. Parametricampli�cation. Variation of axial amplitude
of idler beamunderpropagation behindOPA in the free space.
(a) ¡ l = 1, b = 2 (1), 4 (2), 6 (3), 8 (4), 10 (5). (b) ¡ l = 2,
b = 5 (1), 10 (2), 15 (3), 20 (4). (c) ¡ l = 5, b = 5 (1), 10 (2),

15 (3), 20 (4).

beam,andfor this reasonthe idler beamat the output
of OPA is Gaussian-like.
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5. Conclusions

The diffraction of idler beamgeneratedin OPA is
analysedunder propagation in the free space. It is
shown that at low parametricgain the diffraction of
idler beambehind the nonlinearcrystal is quite dif-
ferent in comparisonwith the diffraction of Gaussian
beam. The beamwidth of the idler beamdecreases.
Its axialamplitudebehindthecrystalincreases,reaches
maximumat thedistance¼ l=n, andafterwardrapidly
decreases.This phenomenonis moredistinctwith in-
creaseof the ratio b = l=Ld. That is causedby trans-
fer functionof OPA which modi�es theGaussianpro-
�le of angularspectrumof signal beam. In the case
of large parametricgain the diffraction of idler beam
behindOPA is similar to the diffraction of Gaussian
beam.

Therevealeddiffractionpropertiesof theidler beam
generatedin OPA shouldbe taken into accountdueto
its applicationsin laserspectroscopy, optical commu-
nications,etc.
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ANOMALI ŠALUTIN �ESBANGOS, GENERUOJAMOS OPTINIAME PARAMETRINIAME
STIPRINTUVE, DIFRAKCIJ A

A. Stabinis,V. Pyragait�e,S.Orlov

Vilniausuniversitetas,Vilnius, Lietuva

Santrauka

Išanalizuotaanomališalutin�esbangos,generuojamosoptiniame
parametriniamestiprintuve, difrakcija ma�o stiprinimoatveju. Pa-

rodyta, kad šalutin�es bangos,sklindan�cios laisvoje erdv�eje, di-
frakcin�es savyb�es esmingai skiriasi nuo Gausopluoštui būding�u
savybi �u.


