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PARAMETRIC AMPLIFICATION OF RANDOM OPTICAL FIELDS
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We demonstrate that the initiated by quantum noise parametric downconversion of pump beam can be described in classical
approach as a parametric amplification of orthogonal coaxial vortex modes with random amplitudes and of various topological
charges n. It is shown that in the field of Gaussian pump beam the parametric gain is largest for the fundamental mode (n = 0).
The evolution of correlation in the radial spectrum of different modes under parametric amplification is analysed.
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1. Introduction

Starting from quantum noise optical parametric am-
plifier (OPA) emits a broadband spectrum of both tem-
poral and spatial frequencies. Usually the coherence,
which appears in this spectrum under parametric am-
plification by plane pump wave, is analysed by expan-
sion of the random optical field in a large set of plane
waves with random amplitudes and phases [1,2]. The
finite diameter of pump beam leads to a coupling (cor-
relation) of interacting plane waves [1,3]. An appear-
ance of Bessel-like vortex beams from quantum noise
in OPA with ring-shaped gain profile pumped by nar-
row Gaussian beam was demonstrated in Ref. [4]. The
probability of a Jy-like beam increased with the de-
crease of pump beam diameter. X-shaped spatiotem-
poral coherence can be observed in the random optical
field amplified in OPA due to interplay of chromatic
dispersion and diffraction [2,5-7]. The topological
phase-defects are spontaneously generated from noise
fluctuations in the degenerate OPA [8]. In the case of
classical fields various phenomena of vortex amplifi-
cation in OPA as well as parametric downconversion
of optical vortices were investigated, see, e. g., [9-11].
The model of phase singularities (vortices) was also
used to describe statistical properties of random fields
(especially speckle) in linear optics, see [12—16].

In what follows, we show that the expansion of ran-
dom optical field into a proper set of vortex modes with
random amplitudes essentially simplifies the analysis
of evolution of correlation in the optical field under
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propagation in OPA. We demonstrate that only two vor-
tex modes with opposite topological charges are cou-
pled in OPA. For this reason a large set of coupled dif-
ferential equations describing the interaction of plane
waves can be transferred into a rather small set of inde-
pendent systems of two equations for each mode pair.

2. Theoretical background

Throughout the paper we consider a type I degen-
erate OPA in which a pump beam (frequency 2w) is
downconverted to a signal field (frequency w). For
simplicity, our model is restricted to interaction of
monochromatic waves, it neglects pump diffraction and
depletion, and includes a classical description of the
noise that initiates the process. In this case the equa-
tion of nonlinear optics for parametric amplification of
diffracting random signal wave is

A 1(82 i

where A(x,y, z) is the complex amplitude of a random
signal wave, A,(x,y) is the pump envelope, z, y are
transverse coordinates, z is the direction of propaga-
tion, ks is the wave vector of signal wave, and ¢ is the
coupling coefficient in quadratic medium.

In cylindrical coordinates (x = r cos v, y = rsin )

from Eq. (1) we have
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and it was assumed that the pump beam is axially sym-
metric. The signal field A(r, 1), z) can be represented
as a superposition of components of an angular spec-
trum S(3, 0, z):
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where (3 is radial frequency. By use of Jacobi—Anger
expansion

exp[—ifBrcos(6 — )] =

> (=) Jn(Br)explin(d — )] (4)
we obtain
A(r, ¢, 2) = %
x 3 exp(<ing / BSu(8,2)Jn(Br) B, (5)
where

Sn(B,2) =5 /S 8,6, z)exp(inf)df  (6)

is the nth azimuthal harmonic of angular spectrum
S(5,0,z2), p =+ m/2, and J,(0r) is the nth-order
Bessel function of the first kind. As a result, the com-
plex amplitude of the signal field (Eq. (5)) has the form

A(r, ¢,z ZA
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1 oo
Folr.2) = o [ BSu(B. 2B 48 (®)
0
and F,(0,z) = 0if n # 0. We note that integral
2m

rApA;, drdyp is zero for m # n. So, the sig-
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nal field A(r, ¢, z) is represented as a superposition of
orthogonal vortex modes A, (r, ¢, z) with random am-
plitudes F,(r, z) and of various topological charges n.

In Eq. (8) the quantity S, (8, z) is a radial spectrum
of the nth mode. Further we suppose that at the input
of OPA (z = 0) the components of angular spectrum
S(5,0) of the random field correspond to a Gaussian
d-correlated noise such that

(8(8,0)) =0, (S(B1,01)S(B2,02)) =0

(S(B1,01) S*(B2,02)) = D3(B1 — B2)6(61 — 62) ,(9)

where parameter D scales the noise level. In this case
the components of the radial spectrum S, () at z = 0
also correspond to a §-correlated noise,

(Sn(B)) =0,  (Su(B1) Sn(f2)) =

(5u(00) S3(82) = 9 06— o), (10)

see Eq. (6), but the radial components of different
vortex modes m and n are uncorrelated. Further
we assume that the pump beam is Gaussian, A, =
apexp(—r?/d?), substitute Eq. (7) into Eq. (2), and,
as a result, for the nth mode we obtain
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where I' = oa,,. We take into account that
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and rewrite Eq. (11) in the following form:
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An expansion of F}, into a radial spectrum .S,,, see Eq.
(8), gives
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where I,, is a modified Bessel function of nth order.
The obtained Eq. (14) describes an evolution of the ra-
dial spectrum of nth signal vortex mode amplified in
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OPA, which is pumped by a Gaussian beam with a
beamwidth d.

Further we include into consideration the normal-
ized variables £ = 2/l (0 < & < 1), p = B/bo,
q = ~v/Po, where [ is the length of OPA crystal,
B2 = kyp\/2L/l, and k, = 2k, is a wave vector of
the pump beam. Then Eq. (14) can be written as

L"a(g’ 2 E S (p,6) +i(-1)G
x / GH, (p, @)™ (a0, €) dg, (15)
0

where G = 2I'[ is a parametric gain parameter,

H,(p,q) = aexp[—(p® + ¢*)a] I,(2apq),  (16)

here o = Lgv/G/(21), and Ly = k,pd? /2 is a Rayleigh
length of the pump beam. The correlations appearing
in the radial spectrum .S,, under parametric amplifica-
tion are caused by coupling function H,(p,q) which
peaks at p = ¢. The dependence H,(p,p) on p for
two signal modes and two values of parameter « are
shown in Fig. 1. The width of function H,(p,p) (dot-
ted lines at 0.5 level for Hy(p, p)) as well as degree of
correlation in the radial spectrum increase with a de-
crease of parameter o o< d?, but parametric gain in this
case is smaller because the power of the pump beam is
proportional to d?. We note that the coupling of radial
components of signal vortex modes is rather weak in
comparison with a fundamental mode (n = 0), Fig. 1.
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3. Correlation functions of radial spectrum

Further we consider two correlation functions
Biyn(p1,p2) and Bay, (p1, p2) for radial spectrum of sig-
nal modes:

Bin(p1,p2) = (Sn(p1) Si(p2)),

Bon(p1,p2) = (Sn(p1) S—n(p2)) - a7

3.1. Plane pump wave

In the limit case of plane pump wave (d — oo,
a — o0) the correlation functions Bj,(p1,p2) and
Bay,(p1,p2) can be easily found. At « — oo Eq. (15)
has a quite simple form:

05nlp-8) _ s /@2, (p.€) + i(—l)"%Sin@, £).

73
(13)
A solution of Eq. (18) is

50(p.6) = [cosh(36) + 10 snh(16) | S10(0)
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+ % sinh(A¢) S_no(p)*, (19)

where A = G/1 —4p*/G/2, and S,o(p) is a radial
spectrum of nth mode at the input of OPA. It is obvious
that components of radial spectrum are uncorrelated.

Using Eq. (19) for correlation function By, (p1, p2)
we obtain that
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Fig. 1. Dependence of coupling function Hy(p, p) on radial frequency p for two signal modes: (a) n =0, (b) n = 1. az 5 (1), 50 (2).
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where A; = A(p1). The spectral intensity (]S, (p)|?) =
By (p, p) for large gain G& > 1 is

ISu()?) = T expl(G — 28] @1)

The parametric gain of the component p depends on
its value due to diffraction but does not depend on the
mode number. So, the parametric gain as well as the
bandwidth of radial frequencies are the same for all
modes. In this case an intensity of nth mode at the
output of OPA (¢ = 1) for G > 1 is

B, D
1673

exp(G)/p2 exp(—2p*)J5 (pp) dp,
0

(| Falp)?) =

(22)
where p = (Bor. The distribution of normalized in-
tensity P,,(p) = (|Fn(p)|?)/{|Fo(0)|?) for three signal
modes is shown in Fig. 2. We note that under paramet-

1N Pn
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Fig. 2. Distribution of normalized intensity of signal modes at the
output of OPA. Large parametric gain, plane pump wave. n: 0 (1),
1(2),2(0).

ric amplification the correlation between signal modes

with opposite topological charges appears. At large
parametric gain G¢ > 1 we find
Bon(p1,p2) = iBin(p1, p2) - (23)

3.2. Gaussian pump beam

The equations which describe an evolution of cor-
relation in radial spectrum of signal modes in OPA
pumped by Gaussian beam can be obtained from
Eq. (15). A set of equations for nth mode has a form

O0B1n(p1,p2)
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nG/ n(p2,q

_Hn(pb q)BSn(p% Q)] dq )

q)Ban(p1,9)

0Boy(p1,p2)

¢ ( P1 +p2)\/_BZn(plap2)

”G/ n(p2,q

+Hp(p1,9)B1,—n(p2,9)] dg,

Bln(pla Q)

O0B1,—n(p1,p2)

5 =i(p} — p3)VG B _u(p1,p2)

nG/ n(p2,q
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These equations should be solved with the boundary
conditions at £ = 0:

BZn(q pl)

D
~—06(p1—p2), Ban(p1,p2) = 0. (25)

Bin(p1,p2) = o

4. Numerical results

Equations (24) were solved numerically and evolu-
tion of correlation functions By, and By, as well as
variation of spectral intensity (|S,,(p)|?) = Bin(p,p)
and mode intensity (| F,(r)|?) on propagation length in
OPA were analysed.

The intensity of radial spectrum at the output of OPA
is shown in Fig. 3 for three signal modes. With a de-
crease of pump beamwidth d (Lg o d?) the parametric
gain of vortex modes with n # 0 becomes smaller in
comparison with a fundamental mode. Simultaneously
the parametric gain is also decreasing for all modes due
to decrease of pump beam power (o< d?): compare with
a dotted line in Fig. 3(a), which corresponds to a plane
pump wave. For a pump beam with the wavelength
A = 0.5 pm and radius d = 100 pm in the nonlin-
ear crystal (length 1 cm, refraction index n, = 1.5)
we find L/l = mn,d?/(I\) ~ 9.4. The evolution of
normalized correlation function B, under propagation
in OPA for two signal modes is shown in Fig. 4. The
width of correlation function (degree of correlation) in-
creases with a propagation length. Hence the phasing
of the components of radial spectrum takes place in
OPA pumped by the beam with a finite beamwidth. At
rather low parametric gain a degree of correlation in
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Fig. 3. Normalized to D /(2) intensity of radial spectrum for three
signal modes (n = 0, 1, 2) at the output of OPA. G = 10. Lg4/l =

20 in (a) and 10 in (b). Dotted line corresponds to plane pump
wave.

the radial spectrum of modes with n # 0 is larger for
radial frequencies p < 1, Fig. 4(b). At large paramet-
ric gain the maximum of correlation degree is shifted
to the larger values of p (Fig. 4(c)) due to the shape
of coupling function H,(p), see Fig. 1(b). The de-
gree of correlation in the radial spectrum depends on a
pump beamwidth d. The normalized correlation func-
tion By, at the output of OPA is shown in Fig. 5 for
two modes at different values of L,/l. The distribution
of normalized intensity P, (p) of two signal modes at
the output of OPA is shown in Fig. 6. Hence, the in-
tensity of the mode with a nonzero topological charge
is considerably smaller in comparison with intensity of
fundamental mode, see Fig. 2. Due to nonuniform pro-
file of pump beam the largest gain in OPA occurs at the
axis (r = 0) of Gaussian beam. For this reason the
modes with the nonzero topological charges are sup-
pressed, and simultaneously the azimuthal correlation
is introduced into the noise field under propagation of
signal wave in OPA. In this way the phasing of spa-

B1o(0.p)/B1g(0,0) 3

B11(Pm:P)/B11(Pm.Pm) b

1.5

Y

Fig. 4. Evolution of correlation function B1,, under propagation in

OPA for two signal modes (n = 0,1). p,, corresponds to maxi-

mum value of B11. G = 10, Lg/l = 3 in (a,b), 10 in (c). &: 0.25
(1),0.5(2),0.75 (3), 1.0 (4).

tial spectrum of amplified signal beam from quantum
noise level by narrow Gaussian pump beam becomes
possible, and the signal beam with a good spatial qual-
ity is observed at the output of OPA, as in experiment
described in Ref. [3].
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Fig. 5. Correlation functions Bi,, at the output of OPA for different values Ly /l. G = 10. p., corresponds to maximum value of B11. n =
0in (a), L in (b); Lq/l: 20 (1), 10 (2), 3 (3).

5. Conclusions

It was shown that in cylindrical coordinates a ran-
dom optical field can be described in classical approach
as a superposition of orthogonal coaxial vortex modes
with random amplitudes and of various topological
charges n. It was demonstrated that only vortex modes
with opposite topological charges are coupled under
parametric amplification, and that essentially simplifies
the analysis of correlation in the random optical field.

In OPA pumped by a plane wave the parametric gain
of all vortex modes is the same. In contrast to this, the
largest parametric gain in OPA pumped by Gaussian
beam is observed for fundamental mode (n = 0). As a
result, with decrease of pump beamwidth a suppression
of modes with nonzero topological charges occurs, and
at large gain an azimuthal correlation in amplified ran-
dom optical field appears. Simultaneously, the phasing
of the components of radial spectrum takes place. In

1=CFn |
0.8
0.6¢
0.4

0.2y

Fig. 6. Distribution of normalized intensity of signal modes at the
output of OPA. G =10, Lq/1 =20.n =0 (), 1 (2).

this way an optical beam of high correlation degree can
be obtained under parametric amplification of random
optical fields in OPA.
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PARAMETRINIS TRIUKSMINIU OPTINIU LAUKU STIPRINIMAS

V. Pyragaité, A. Stabinis

Vilniaus universitetas, Vilnius, Lietuva

Santrauka

Parodyta, kad kvantinio triuk§mo sukeltas parametrinis gene-
ravimas gali bti aprasytas klasikiniame artinyje kaip ortogonaliy
bendraasiy stikuriniy mody su atsitiktinémis amplitudémis ir jvai-
riais topologiniais kriiviais n parametrinis stiprinimas. Kaupinant

Gauso pluostu, didziausias parametrinis stiprinimas yra bidingas
pagrindinei modai (n = 0), o kitos modos yra slopinamos. Ana-
lizuojama jvairiy mody radialinio spektro koreliacijos evoliucija
vykstant parametriniam stiprinimui.



