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Electrostaticelds in thetonerimagetransfemip of laserprinterswerecalculatedy exactsolutionof thePoissorequations
for atwo-dimensiona(2D) modelandby applyingfor the papertheapproximatiorof dielectricthickness Boththedistribution
and location of the electric eld strengthcomponentparallelto the papersuriacewere investigatedand eld valueswere
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1. Intr oduction

In electrophotographigrinters and copiers, the
tonerimageis transferredrom the photoreceptoonto
the paperor ontoanintermediatebelt usingan electric

eld. Thequality of thetransferredmagedependsn

the electric eld strengthandits con guration in the
transfernip. Variousaspectof tonerimagetransfer
have beenwidely investigated[1-11]. An imagetrans-
fer systemis frequentlyquite complicatedwith acom-
plex symmetry(Fig. 1), the paperis dielectricallyin-

homogeneousand an exact mathematicablescription
of chagetransfer(i. e., of transferof the chagedtoner
particles)is thereforeespeciallycomplex. For thisrea-
sontheimagetransferdynamicsareusuallyconsidered
in termsof a simpli ed one-dimensiona{1D) model
[1,4,7] or a model basedon the assumptiorthat the
eld linesareperpendiculato every surfaceof thesys-
tem layer [2,6]. The latter assumptiorallows oneto

calculatethe vertical componentof the electric eld

perpendiculato the papersurfacein acomple system
thoughthereis no exactjusti cation for suchapprox-
imation. Besidesit is thenimpossibleto evaluatethe
horizontalelectric eld componentparallelto the pa-

persurface,whichis importantin practice. The paral-
lel componentausedy the paperroughnes$iasbeen
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Fig. 1. Diagram of the system photoreceptorcylinder — toner
(PCT) - paper— transfercylinder', where%is the surfacechage
densityat the semiconducte#tonerinterface,Q is thetonerspace
chage density ¥4 is the semiconductocylinder radius, h is the
distancefrom the PCT centerto the toner edge, d is the paper
thickness,%2 is the radiusof the transfercylinder (all quantities
aredimensionlessseethetext).

evaluatedusingthemethodof nite elementg8] andit
hasbeenfoundto be quite small—about1% of theper
pendiculaelectrical eld value.In addition,it hasbeen
shawn [8] thatvaluesof the perpendiculacomponent
obtainedusingthe 1D modelmaydiffer from the exact
valuesobtainednumericallyby a factorgreaterthan?2.

ISSN1648-8504



146 J. Kalade etal. / LithuanianJ. Phys.49, 145-162(2009)

It is clearthatthesemodelsare only a crudeapproxi-
mation of a realimagetransfersystem. Not only the
mentionedpaperdielectricinhomogenityand surface
roughnessbut alsothe geometryof a real systemcan
have anessentiafole in thedistribution of electrostatic
eld. In the tonerpaperinterfaceregion the electric
eld hasnot only a vertical componeniperpendicular
to the papersurfacebut also a horizontalcomponent
parallel to the papersurface. The latter component,
togetherwith the Paschenreffect, canplay role in the
wideningof thetransferredmageandits quality. The
role of thegeometryontheelectric eld distributionin
the tonertransfernip is not investicatedin detail but
the rising requirementgo the imagequality make im-
portantthe investication of theimpactof thegeometry
of tonertransfemip.

Variousresearche§3, 10,11] have investigatedthe
in uence of the dielectric heterogeneityf paperand
the role of papermicrostructureon the tonerimage
transferusing modi ed 1D models. Finite element
methodscanbe usedto studyvariationin the electric
eld z componentwith local variationsin paperstruc-
ture and dielectric properties,althoughthe horizontal
behaiour remainsunclear

A similar problem of calculatingthe electric eld
strengthin a systemwith a comple con guration
arisesin the analysisof the photoreceptochaging by
thecylinder[12]. In this caseglectric elds have been
evaluatedusinga 1D modelandit is claimedthatthe
resultsarein goodagreementith experimentaldata,
althoughthereis no analysisof thelimits of applicabil-
ity of the 1D approximatior{12].

The presentwork is not concernedwith problems
of chage dynamicsandpaperinhomogeneitylnstead,
theaimis to obtainexactsolutionsof the Poissorequa-
tion takinginto accounthe2D geometryof thesystem,
in orderto determinepropertiesof electrostaticeld in
a tonerimagetransfersystemandto evaluatethe par
allel to the papersurfaceelectric eld componentEx-
pressionof the photoreceptoland toner electrostatic
potentialarederived,the caseof in nite dielectricper
mittivity of paperis analysedandthe highestvalue of
electrostaticeld strengths determinedAlsothecom-
mon methodsfor the calculationare formulatedand
othercaseof paperparametersreanalysedisingthe
approximatiorof dielectricthickness.

Exactcalculationof theelectric eld distributionand
its dependencen the transfernip geometryand pa-
perdielectricpermittivity andthicknessnablesneto
predicttheconditionsof theoccurrencef Pascherdis-
chage. Theresultsobtainednaybeimportantnotonly
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paper surface
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r=2:(h+d) 1°
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Fig. 2. Diagramsof the investicatedsystemin polar coordinates:

(@"p = 1 and(b)"p, = "o. S, T arethepointsin the semicon-
ductorandin thetonerrespectrely; A is apointin theair.

for thede nition of initial conditionsfor thetransferof
chagedtoner particles,but alsofor the evaluationof
resultsof 1D models.

2. Distrib ution of electrostatic potential in the
cylinder—semiconductotoner system

In all casesonsideredn this work, the photorecep-
tor cylinder of organicsemiconductowascoveredby a
constanthicknesgonerlayer (PCT)andonly the pho-
toreceptorandthe toner properties(thickness dielec-
tric permittivity) werevaried. The systemis unlimited
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in the z direction perpendicularto the plane of the
cross-sectioshavn in Fig. 1, andit is symmetricrela-
tiveto thexOz plane(Fig. 2).

The radius of the metal cylinder coatedwith the
semiconductolayeris denotedR (cm), andits poten-
tial, whichis equialentto thetonerimagetransferpo-
tential,is denotedJp (V). The potentialof the transfer
cylinder is zero. In the analysis,if not stated other-
wise we use dimensionlessquantities: distancede-
ing expressedn units of R, and potentialsin units of
Up. Using suchunits, the radiusof the cylinder and
its potentialareequalto unity (Fig. 1), the paperthick-
nessd is equalto the actualpaperthicknesdgim (cm)
dividedby R (cm),i. e.,d = dgim =R, all dielectricper
mittivities arerelative to the air dielectricpermittivity.
Thelattervalueis "o = 1 but in thetext it is denoted
as"o. Dimensionles®lectric eld strengthis obtained
afterdividing thedimensionaklectric eld strengthby
cylinder radius: Up (V) =R (cm) etc. Thedistribution
of the potentialU in the PCT part is then described
in polar coordinatessand’ (Fig. 2) by the following
equation:

@u,1@ 16U _
@ @ $@°?
whereQ is thedimensionlesspacechage density

gR?
= : 2
IIaUO ( )

whereR and Ug guantitieson the right-handside of
equationaredimensional;" ; is the absolutedielectric
permittivity of the semiconductoor toner andqis the
dimensionabpacechagedensity(C=m?3). Sincein the
PCTregionthepolarradius’zvariesin a nite interval
1. Y- h(Fig.1),andthesystems symmetricalela-
tiveto thexOz plane(Fig. 2), thegenerakxpressiorof
the potentialis alinearcombinatiorof partialsolutions
of thehomogeneousquation(1):

B cogn ¢ );

i Q; (1)

Const; In¥%s %" cosn ¢ );

n=1;2;:::: )

plus a partial solution of the inhomogeneousquation

Ug. AssumingthatQ is independenof both' and;
q .

we obtain

Ug = i %Ql/fv: (4)

In orderto derive the generakexpressiongor poten-
tials in the semiconductoandin thetoner we assume
thatthereis no spacechagein the semiconductqi. e.

Uq = 0. Thus,thegeneralkexpressiorfor the potential
in the semiconductois

i ) ¢
IAnl/é "+a,# cosn' ;

(5)
whereAg, A, Ap, a, areconstants.Us mustsatisfy
theboundaryconditionUg(1;"' ) = 1, sothatAg = 1,
an = | An, and(b) becomes

R
Us(¥2! ) = Ao+ AlnYa

n=1

Us(¥! )= 1+ Aln¥s+

n=1

Ap(A" i Y)cosn' ;

(6)
wherel - Y- 14 (Fig.1),0- ' - Ya(Fig. 2).
SincethetonerspacechagedensityQ 6 0, thepo-
tentialinsidethetonerUs is givenby

1
Ur (%! )= Bo+ B In%; ZQl/Zv

L TR ¢
+ Bns" + b2 cosn' ; (7)
n=1
whereBg, B, B, andh, areconstantsTheboundary
conditionsat 2= Y3 (wherezi 1isthesemiconduc-
tor thicknessseeFig. 1) are

Us(¥2! ) = Ur(¥%!); (8)
H " -

Qs "2@s - _ .

@ ek g, O

Y=,

where", and", arethe relative dielectric permittiv-
ity of the semiconductorand the toner respecitiely,
Y% is the dimensionlessurface chage densityon the
semiconductettonerinterface
YaR
" 1aU0 1
with R andUg dimensional;' 15 is theabsolutedielec-
tric permittivity of the semiconductqrand % is the
dimensionakurfacechage density which is assumed
constant.

This work usesthe approximationof complete
chagecompensatiortherefore

Y = | YR(h? | Y)q;

Ya=

(10)

(11)

where¥y, R, garedimensionafjuantitiesandhi %4 is
thedimensionlesghicknessf thetoner(Fig. 1). From
(11), (20), after insertingthe tonerabsolutedielectric
permittiity "4 in (2), we obtain

" 2. 1
Y "2h i Y%
2y Y2

Q: (12)
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Using relations(8) and (9), we obtain the expres-
sion for the By coefcient, which appearsn equation
(7), via the B coefcient, andthe expressiondor the
B andh, coefcients viathe A, coefcient (seeAp-
pendixA). Theresultingexpressiornof the potentialin
thetoneris
H " 1
Ur(¥%? )= 1+ % B 1B 2h?2-2iny

1

Ko 1/11

2nt 72
+ "1In Y2 + In 7 B

% u®q 1/911

+ An %+_n@ cosn' ; (13)
n=1
where¥z - %- h,0- ' - Y(Fig. 2),
1. n l‘l mn ﬂ 5
@= > 1+ 20 1i o W ;
2 1 1
1. n p m ﬂ )
=l 1+ A (14)
1

Theconstant8 andA, areobtainedirom relation-
shipsbetweenlJt andthe potentialU, of theambient
air atthepoint¥= h.

3. The caseof in nite dielectric permitti vity of
paper ("p = 1)

Whenthedielectricpermittivity of thepaperisin n-
ity, the surfacepotentialof the paperfacingthetoneris
equalto the potentialof the transfercylinder, i. e., it is
equalto zero(the paperis assumedo bein nite in the
y direction). ThepotentialUa of theair betweertoner
andpapermustsatisfythe boundaryconditionUs = 0
whenx = j h (Fig. 2(a)),andit alsomustobey thecor
respondingcontinuity conditionsbetweenU, andUr.
In orderto simplify the mathematicakxpressiondol-
lowing from theboundaryconditionUa (x = j h) = 0,
Up isthereexpressedn termsof solutionsof Eq.(1) in
two coordinatesystemswith differentpointsof origin:
O (asin Section2) andO%de nedby x = j 2h, where
thelatter pointis obtainedby re ecting O in the paper
surface(Fig. 2(a)). The analysedegion may be at an
arbitrary distancefrom O and O° andthe expression
for Uy mustthereforecontainonly termsthat do not
vanishatin nity , i. e.

1
cosn' ©
3 TP
(15)

Ua(¥! ) = Cln —+ Cn

At pointsx = j h, wehare¥%= ¥ ' = ¥j '
cos' © = (j 1)"cosn' . The boundarycondition
Ua(x = j h) = Ois satisedwhenD,, = j (j 1)"C,,
and
v, R Heosn ol
;9*' Cn T + (i )"

n=1

cosn
A
(16)
Theradiusvectorsyzandy? atary pointin spaceare
relatedasfollows (Fig. 2):

Ua=ClIn

W= + Yy (17)

hencethesevectorsandtheir projectionson the x axis
arerelatedby expressions

q
W= r2+ 18+ 2rYcos
x%=r+ x=r+ Y¥os = Ycos

Wsin' °= ysin' ;

r + ¥cros'

v 0
= arccos 19 ;

(r=2h): (18)

The valuesof the constantC, C,, B, A,, areob-
tainedfrom the conditions

"O%E =" @JTE .

@/2 ¥Y=h 2 @/2 1/e:h.

(19)

Ut (13)is expandedn aFourierseriegelatveto’ , so
thatthe equationdor the constantsanbe obtainedby
equatinghecorrespondingrouriercoefcients onboth
sidesof equalities(19). After eliminatingB andAp
from the equationghusobtainedthefollowing system
of algebraiequationss obtainedor thedetermination
of C andC,, (seeAppendixB):

UA ¥Y=h = UT 1/z=h;

i‘lll0 lI0 h rﬂ

i N+ —In_+In- C

I Illn a- llznl/a- nh

oyt Q" !

+ - + = 12 2+ 2 .
—Cn=1+ 7 %i h®+2h Ing

n=1

(i 1)m“h_2ﬂmgm+ 1
m r

c+ ¥ E DT
+ +n + (i

gm | 1 - —Mmn (l ) mn
£C,=0:

m=1;2:::: (20)
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Here,
__hm 2
™M Oni 1Y
2/4 . ' H 1 0 ' v 0
sinm' sinn' ”j gmcosm' cosn q -
P N '
+
o a+ bcos 21)
a=r2+h% b= 2rh;
" C T (h=Y4 2m
Om = _2®11 | m( Z) . (22)

"0®n + m(h=%)m’

and' %is calculatedrom Eq. (18) aftersetting¥s= h.
Equationg20) aresolvedby replacingin nite sums
with nite sums: npmax = N, the value of N be-
ing chosenso that ary further increasedoesnot af-
fect the nal resultswithin the permitteduncertainty
limits. Resultsof the calculationof various compo-
nentsof the electric eld strengthin the air between
toner and paper(perpendiculacomponentelative to
the papersurface Ex(X;y) = | @Qa=@, parallel
componentrelative to the papersurface Ey(x;y) =
i QJa=@, radial componentrelative to toner exter
nal surace Ey(h;' ) = | (@Qa=@)jw=n, and tan-
gential componentrelative to toner external surface
E (h;') =i (1=22@QJr=@ )jy= 1) nearthetonerare
shavn in Figs. 3 and4. In the casediscussedn this
section("p = 1), theresultsobtaineddo not depend
on the size of the supportcylinder, andthe calculated
valueof Ey is thelargestpossiblevalueof E4 thatcan
beobtainedby varying", andpaperthickness.

4. Thecase'p, = "o

Assuminghypotheticallythat the paperhasdielec-
tric permittvity ", = "o andhasno spacechage, the
paperis mathematicallyequivalentto air, andthemag-
nitude of Ex nearthe toneris the smallestpossible.
The eld strengthdepend=on the radiusof the trans-
fer cylinder and on the paperthickness. Considering
thecasewhentransferroller is replacedyy theconduc-
tiveplate,i.e.when%2 ! 1 (thecaseof nite %2 will
bediscussedeparately)we canthenusethe formulas
of Sec.3, with r replacedby r = 2(h + d). Thede-
pendencef the eld strengthcomponentss shavn in
Figs.5 and6.

5. The caseof the real paper

In a 1D system,e.g. madeof an air and dielec-
tric layerhaving no spacechage,theelectrostaticeld
strengthin the air doesnot dependon dielectricthick-
nessanddielectricpermittivity separatelyout depends
on their ratio only. In the systemshowvn in Fig. 1 the
paperandthe air betweernpaperandtoneris nota 1D
systembut it may have somepropertiesof 1D system
locally. Having in mind that the paperthicknessd -
0.02andobtainingthe valuesof electric eld strength
at papersurfacefrom Figs.3 and5, we obtainthatthe
changeof electric eld strengthin thepracticalyimpor-
tanty axisregion0.1- y - 0.2doesnotexceedl0%.
Therebythe local homogeneityon y axis exists at the
mentionedaccurag and heravith one-dimensionality
existsalso. Thusin theanalysisof arealpapercasewe
considerthatthe paperdielectricpropertiesaredepen-
dentonly on its dielectricthicknessdy = d=",. The
validity of this approactwe will analysdaterbut here
we will only notethatin the limiting cases'p, = 1,
"o = "o (do = 0,dp = d respectiely) the dielectric
thicknessapproachis accurate.

At abore-mentionectonditionsthereis no needin
the additionalmathematicahpparatudo calculatethe
electric eld strength:it is sufcient to replacethe pa-
perthicknessly by the paperdielectricthicknessn the
formulasfrom the third section(", = "o). The calcu-
lation resultsarepresentedn Figs.7-9.

6. Discussion

Theresultsarediscussedor asinglesideof thegap
betweenthe photoreceptoand the paperthat corre-
spondstoy , 0. The electric eld strengthand its
distribution on the otherside of thegap (y - 0) will
be differentbecausen a printer the toneris thenon
the paperandthe calculationis not directly applicable
then.

Theresultspresentedn Figs. 4 and6 indicatethat
theradialandtangentiacomponent&,andE: of the
electric eld on the tonersurfaceexist in an approxi-
mately30-deggreewideinterval 180° > ' > 150 (this
interval correspond$o adistancesqualto 0.6timesthe
photoreceptoradius,asmeasuredlongthe papersur
face)and rapidly decreasdo zerowith increasing' .
When", = 1, the largestvaluesof E: and of the
ratio E: =E., (seeFig. 4(b,c)) arelargerthanthe cor-
respondingralueswhen", = "o (Fig. 6(b,c)), andthe
latter valuesdecreasavith increasingpaperthickness
d. Fortherealpaper', > "o, butanincreasen ", has
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Fig. 3. Dependencef electric eld strengthin Up (V) =R (cm)unitsonthedistancey in theair betweertonerandpaperat variousheights

h + x abore the paperwhen”, = 1 . Left-handscale:in (a) vertical componen{perpendiculato the papersurface),in (b) horizontal

componentparallelto the papersurface),in (c) theirratio. For all curves,h = 1.005,%4 = 1.001;"; = 2;", = 2.5;Q = 200. Right-hand
scale:thebrokenline representshe externaltonersurface.y andh + x arein R (cm) units.

qualitatively thesameeffectasa decreasén d, andthis
meanghatfor realpaperthelargestvaluesof E: andof
theratio E: =E.,would not exceedthe valuesobtained
for", = 1 . Thus,for the analysecqyeometryandthe
h, ¥4, "1, "> valuesindicatedin Figs. 4, 6 andfor ary
d and",, E: doesnot exceed0.04, (seeFig. 4(c)).
Thereforejn the mentionedcasethe eld linescanbe
assumedo be perpendiculato thetonersurface.
Onthepapersurface,the perpendiculaandparallel
to papersurfacecomponent&y (i h;y) andEy(j h;y)
are greatestin theinterval 0 - y - 0.5 (Figs. 3(a),
5(a,b), 7(a,b)). This correspondso the mentionedn-
tenal of ' values(18C0* > ' > 150). When"p = ",
the largestvalue of the Ey component(Eyuax ) on
the papersurface decreasesvith increasingd, but is

equalto zerowhend = 0 (when", = 1). It fol-
lows that Eymax hasa maximumasa function of d.
Theresultsindicatethatthis maximumis atd = 0.005.
However, theratio Eymax =Ex increasesvith d andit
canexceed0.15 (Fig. 7(c)). This valueis essentially
higher as comparedwith that obtainedanalysingthe
paperroughnessn uence [8]. This ratio also shavs
that the assumptiorof the perpendicularityof electric
eld linestothepapersurface[2, 6] maybequitecrude.
Assumingthatthe eld line is perpendiculato the pa-
persurfaceandthatEymax =Ex - 0.03,it follows that
for paperwith e.g. ", = 10 this would be the caseif
the paperthicknessd - 0.02(Fig. 8(c)). For example,
if the photoreceptodiameteris 30 mm, thenthe paper
thicknesswould be 3001 m andthe paperwould have
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Fig. 4. Dependencef electric eld strengthin Up (V) =R (cm) unitsontheangle' (Fig. 2(a))in theair nearthetonersurface(¥%2= h)
when", = 1 . Left-handscale:in (a) radialcomponentin (b) tangentiacomponentin (c) theirratio. h, ¥2, "1, "2, Q arethesameasin
Fig. 3. Right-handscale:the brokenline representshe externaltonersurface.

a large contentof salt addedin orderto increasethe
electricalconductvity. In ary casethereis arealprob-
ability thatthe componeng&, onthe papersurfacede-
creasesheresolutionof animage.Thenon-zerovalue
of Ey above the paperalsocontritutesto this effect.

An increasen tonerdielectricpermittivity leadsto a
decreasén the effective distancebetweerthe polesof
potential,i. e., hasthe sameeffect asa decreasén pa-
perthickness.lt is alsoclearthatthe electric eld de-
pendson theratio of the dielectricthicknessesf toner
andpaper((h i ¥2)="» andd="p, respectiely). For a
tonerthicknessh j %= 0.004,anincreaseof tonerdi-
electricpermittivity from 2.5to 10 leadsto a decrease
in dielectricthicknessof 0.0012. When", = "¢ and
d = 0.02,thisis aninsigni cant effect. However, for
real paperwith ", = 3 andd = 0.02, the suggested

increasen ", hasapproximatelythe sameeffect asa
changein paperthicknessfrom d = 0.02to 0.0055.
When", = "o, "2 = 2.5thiswould thusbesigni cant.
Calculationswith differenttonerdielectricpermittiity
con rm thesequalitative conclusions.In Fig. 7(b,c),
this is shovn only for the Ey componen{(curves?2, 4
and5, 6).

Forthemodeldiscussedhere thehorizontalcompo-
nentof the electric eld Ey is notalwayszero(Ey >
0). This causessomespreadingof chaged toneron
the papersurface, particularly in the practically im-
portantregion 0 < y < 0.5. Calculations(also see
Fig. 7(b)) indicatethatfor apaperthicknessd = 0.005—
0.05,thelargestvaluesof this componenbn the paper
surfacearelocatedbetweerny = 0.07and0.19,which
correspondgo valuesof %j ' from 4* to 11*. The
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h + x above the paperwhen", = "¢, %2 !

1 for two valuesof paperthicknessd. Left-handscale:in (a) vertical componentjn (b)

horizontalcomponentin (c) their ratio. For all curves,h = 1.005,%2 = 1.001;"; = 2;", = 2.5;Q = 200. Right-handscale:the broken
line representshe externaltonersurface.y andh + x arein R (cm) units.

non-zerovalueof Ey in this region is the main differ-
encebetweerthe discusseanodelandthe 1D approx-
imation. Anotherdifferenceis the dependencef the
verticalcomponenE, onthedistanceo the papersur
face(Figs. 3(a), 5(a); alsoseefurtherin this section).
An importantcontritution to E, comesfrom theloga-
rithmic termin potentialUa, which on the papersur
face(x = i h)is givenby (AppendixB)
r(chij r)

(h2+ y2)[(r i h)2+ y?]
whereC is theconstantappearingn theexpressiorfor
thepotential(16). If thepoint O%in Fig. 2(b)is located
on the axis of the supportcylinder, then,for nite %,
r = h+ % + d. Takinginto accountthatC < 0 we

obtain¢ Ey < OwhenYz + d < h. Thus,undercertain
conditionsthe focusingof the transferredoneris pos-

CEy(i hyy) =y

C. (23

sible. This indicatesthatusinga transfercylinder with
a certain nite diameterit is possibleto obtaina bet-
terimagethanwhenthetonerimageis transferrednto
anintermediateat transferbelt (when%2 approaches
in nity).

The calculatedvaluesof the vertical componenbf
the electric eld on apapersurfacewheny = 0 (i. e.,
Ex(j h;0)) areequalto the valuesof eld strengthE
given by the 1D model, whenthe 1D eld is calcu-
latedunderthesameconditionsasE (X; y), i. e.,when
"o =1 or"p ="o. Thisshouldalsoapplyfor thereal
paper("p, 6 "o). Thismeanghattheinterpolatedsalue

of Ex on the real papersurface ESNT)(i h;y) can
beobtainedusingthe maximumvalueE \"* )(i h;y)
when", = 1 andtheminimumvalueEﬁM'N)(i h;y)

when", = "o.
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Fig. 6. Dependencef electric eld strengthin Uy (V) =R (cm) unitson theangle' (Fig. 2(b)) in the air nearthetonersurface(¥%2= h)

when", = "o, % !

1 for two valuesof paperthicknesdd. Left-handscale:in (a) radialcomponentin (b) tangentiakomponentin (c)

theirratio. h, %2, "1, "2, Q arethesameasin Fig. 5. Right-handscale:the brokenline representshe externaltonersurface.

Calculatinge for realpaperfrom the 1D equality
1+ %(hi )2
=0 1 ;
/:1"| 1+ h|" /g_l_ "E
1 2 p

(24)

assumingthe sameweights for g MAX )(i h;y) and

E>(<M'N )(i h; y) for all y, andtakingthoseweightsfrom
thecasewheny = 0, we obtain

EMNT)(i hyy) = EMA)( hyy)

EX™O3 h0)i E
EMG h0)i EMN( h;0)

£
£ EMOG hy) i EMMNG Ry (25)

Figure8(a)(curves? and3) presentshecomparison
of the calculationresultsobtainedby usingexpression
(25) andby applyingthe paperdielectricthicknessap-
proximation. The proximity of the resultsshavs the
reliability of theusedmethods.

It is known (e.g. [2, 7]) andhasbeenmentionedn
theintroductionof this work thatoneof thetransferred
tonerimagequality deterioratve factorsonthePaschen
dischage. Theconditionsof thelattereffectarenotin-
vestigatedenough. Our work gives the possibility to
determingheinitial conditionsof Paschereffectin the
tonerimagetransfemip. Withoutgoingfurtherinto the
air ionizationphenomenanechanismsye have taken
thePaschercurve [13] which hasbeendeterminedin-
der conditionswhenthe eld strengthis the sameat
all pointsin the air gap. Although in the analysed



154 J. Kalade etal. / LithuanianJ. Phys.49, 145-162(2009)

Fig. 7. Dependencef electric eld strengthin Uy (V) = R (cm) units on the distancey nearthe papersurface. Left-handscale:in (a)

vertical componentjn (b) horizontalcomponentjn (c) their ratio, for several valuesof paperthicknessandof tonerandpaperdielectric

permittivity. For all thecurves,h = 1.005,% = 1.001;"; = 2; Q = 200. Right-handscale:the brokenline representshe externaltoner
surface.y andx arein R (cm)units.

imagetransfersystemthe electric eld in the air gap
is not strictly homogeneousn the supposedegion of
Paschereffecty doesnot exceed0.15R (cm) andthe
degree of inhomogeneityas seenfrom Fig. 9(b,c) is
notsigni cant.

Figure 9 presentscalculationresultswhen the pa-
peris characterizedby its dielectricthicknessdy. Fig-
ure9(a)illustratesthe Paschereffectandshovs thatat
Up = 10° V, R = 0.01m the semiconductothickness
¥ i Ris 10! mandtonerthicknesshj %3 is40! m,
andthelargestinterval of thicknessc; of theair gapbe-
tweenthe paperandthe tonerwherethe effect is pos-
sibleis from 16 to 731 m. This intenal corresponds
to a paperdielectricthicknessdy = 0. As the dielec-
tric thicknessncreasesthe interval for the effect nar

rows and,whendy , 91 m, it disappeargsompletely
The thicknessx; andits air coordinabey are related
to eachother by the expressiony = = (2hj X1)X1
(seeFig. 9(b), right-handscale) from which it follows
that for the chosenset of transfernip parameterghe
aborementionednterval of x; values(16 to 73 m)
correspondgo y valuesfrom 570to 1210t m. Cal-
culations,which are partly illustratedin Fig. 9(b), in-
dicatethat whenthe paperdielectric thicknessvaries
from 2 to 200 m, they coordinate which givesthe
distancefrom the xOz planeto the point of the maxi-
mumbhorizontalcomponenof theelectric eld strength
Ey (i.e., Eymax ), increasefrom 390 to 12101 m.
Thus, it includesthe completeinterval of the maxi-
mum Paschereffect. BesidesEyuax increasegrom
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Fig. 8. Dependencef electric eld strengthin Up (V) =R (cm)unitsonthedistancey nearthe surfaceof paperfor differentvaluesof paper
dielectricthicknessd="p. Left-handscale:in (a) verticalcomponentjn (b) horizontalcomponentjn (c) their ratio. h, ¥4, "1, Q arethe
sameasin Fig. 5. y andx arein R (cm) units.

the papersurfacetowardsthetonersurface.For exam-
ple whenthe paperdielectricthicknessdy = 401t m,
Eymax increasedrom 3.8upto 5.3V andcomprises
3-4% of the vertical componentof eld strengthin
thatregion of the air (seeFig. 8). In the region of the
Paschereffect, theverticalcomponenbf eld strength
Ex doesnotchangesigni cantly from thepapersurface
towardsthe toner (seeFig. 9(c)) andit is practically
the sameasin the 1D model,which assumeshe paper
thicknessequalto x;. Far from the Paschereffect re-
gion, e.g.,wheny , 0.005m, therelatve increasan
Ex from thepapertowardsthetoneris morenoticeable
(seeFigs.3(a),5(a)).

At thementionedraluesof R, ¥4, andh thePaschen
effect canonly occurwhenthe cylinder potentialex-
ceeds870V (seeFig. 9(a)). However, in the caseof

paperwith ", = 10 andthickness100! m (dielectric
thickness0.001) the Pascheneffect will occur when
the potentialexceeds1020V. The situationis differ-
entfor othervaluesof R, ¥4, andh. If R andl; are
the sameasbeforeandthe tonerthicknessis reduced
by onehalf, thenthe Paschereffect takes placewhen
Up exceeds’30V, whereaghemaximumregion of this
effect widens(curve 5 in Fig. 9(a)) andits distanceto
thexOz planerangedrom 390to 1330 m. According
to the 1D model[7], at Uy = 1000V, paperthickness
801 m, tonerthicknessl3.21 m, and paperandtoner
relative dielectricpermittivity 2.5and1.7 respecitiely,
the Paschereffect beginsatair gap 18.61 m. Our cal-
culationshows thatin the caseof work [7] parameters
andwhenR = 1 cm the Paschereffectis impossible.
For the effect at aborementionedair gap to occurthe
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Fig. 9. Paschereffect. (a) conditionsfor thePaschereffect. 1, : : :, 6 aredependencesf potentialchangen theair gaponthelayerthickness

X1, whenthecylinderradiusis 1 cm, semiconductoandtonerthicknesseare10and40! m, respectiely, dielectricpermittivitiesare™”; =

2and", = 2.5,respectiely; 7 is Paschercurve [9]. In (b), left-handscaleis variationof the horizontalcomponenbf electric eld Ey in

thePaschereffectregion, right-handscaleis dependencef thicknesof theair gapbetweerpaperandtonerontheair coordinatey (dashed

line). (c) Variationof theverticalcomponengEy in the Paschereffect region (the end-pointf the curvescorrespondo thetonersurface).
Ex , Ey arein Up (V) =R (cm)units;y, x, h + x arein R (cm) units.

potentialmust be increasedup to , 1.8Jy. Calcula-
tion alsoshavsthatthe Paschereffect potentialandthe
componentsf electric eld in theair betweerthetoner
andthepaperdependaccurayg - 1%)only ontheratio
dioner ="2 anddo not dependon eitherthe tonerthick-
nessor its dielectricpermittivity separately

For othervaluesof R, e.g. whenR variesfrom
0.5to 2 cm, theminimumvalueof the potentialwhich
mustbe exceededn orderfor the Paschereffectto oc-
curremainsequalto 870V, whereaghe distancerom
the xOz planeto the maximum region of the effect
increasesand this region becomeswider (whenR =
2 cm, thefurthestpointis at1710t m).

7. Conclusions

Exactsolutionsof the Poissorequationfor 2D case
of a at papertransportedn atonerimagetransfersys-
temallow oneto draw thefollowing conclusions:

1. With thephotoreceptoeylinderradiusR = 0.01m,
the semiconductothicknesslO* m, andthe toner
thickness40 * m, the Paschereffect occurswhen
the cylinder potential Uy exceeds870 V. When
Up = 1C® V, the distancesfrom the xOz plane
(i. e., the planeperpendiculato the papersurface
passinghroughtheaxisof thecylinder)to theend-
pointsof the maximuminterval wherethe Paschen
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effecttakesplaceare570and1210* m. As thepa-
per dielectricthicknessdg increasedgrom dg = 0
(i.e.,from", = 1 to nite "p), theinterval of the
effect narravs, andit disappearsompletelywhen
do., 9t'm(Fig.9).

2. In the air betweerthe paperandtonerandon the
papersurface theelectric eld strengthhasahori-
zontalcomponenparallelto thepapersurface E y,
the maximumEyuax of which at papersurface
occursat a distancefrom the xOz planethat de-
pendson the paperdielectricthickness:asthe di-
electricthicknesancreasedrom 2 to 2001 m, the
distanceincreasegrom 390to 1210 m (Fig. 8).
In the region of the Pascheneffect, the value of
Eymax canbe up to 4% of the value of the ver-
tical componenbf eld strengthperpendiculato
the papersurface.At the paperdielectricthickness
do > 200! m andoutsideof the Paschereffectre-
gionthehorizontalcomponenparallelto thepaper
surfacecanbeeven10-15%of theverticalcompo-
nent(Figs.7 and8).

3. Theperpendiculato the papersurfacecomponent
of the electric eld strengthEy rapidly decreases
with increasingdistancefrom the xOz plane. In
theregion betweerthexOz planeandthe furthest
edgeof the Paschereffect region, the dependence
of Ex on the distanceto the papersurfacein the
nip betweenthe paperand the toneris insigni -
cantandthatcomponents practicallyequalto the
eld strengthobtainedn the 1D model(Fig. 9(c)).
However whenthe distancefrom xOz planeout-
sidethe Paschereffect furthestedgeis increasing,
the calculatedin a 2D model Ex value depends
substantially(Figs. 3 and5) on the distancefrom
the papersurfaceand differs essentiallyfrom the
valueobtainedn 1D model.

Appendix
A. Derivation of expression(13)for toner potential

The expandedversionsof equationg8) and(9) are

‘o1 W
1+ Aln%+ Ap= i
n=1 @

cosn' = Bg+

157
1 * B+ v
+BlnY i Q%+ ”liihjcosn' (A1)
4 n=1 @
A_X 1+ e Hg g
%| A 1/31-4'1 cosn - q ?l EQl/g_
X beAi By ni 14"
" : A.2
» 1/2+1 cosn' j 7 Q (A.2)

In thelatterequationtheexpressiorof ¥givenin equa-
tion (12) hasbeenincorporated After equatingthe co-
efcients atcosn' andthetermsthatdonotdependn
' onbothsidesof the equationsye obtain

1
1+ Aln% = Bg+ BlnY 21Ql/&;
n H l T[
A= -2 Bj ZQh? ; (A.3)
L 2
An(li ") = Bn + 4"y
maa%%§=ma%%« (A.4)
From(A.3) it follows that
Qu "2 f Mo, f
Bo=1+ ¥i 2-2h%InYy + =i 1 In%B:
1 1
(A.5)
From(A.4),
1. n u 1] ﬂ 5
Bn=3 1+ .~ 1j ;= %" Ap;
2 2 2
by = 1.1 —l| 1+—1/§”A (A.6)
2ygn "y n: '

After combining (7) with (A.5) and (A.6), equation
(13)is obtained:

p 1
Ur (¥ )—1+ = B 2h2 Inl/g
un 1 ﬂ
2 7z
+ —~InYa+In— B
* He, 1/gﬂ
+ An %+ n@ cosn' : (A.7)
n=1
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B. Thecase'p, = 1 . Derivation of equationsfor calculating air potential constantsand expressiongor
componentsof electric eld strength

After expansionthe conditionsin equation(19) canbewritten asfollows:

h * Heosn cosn' © T oM "y 1
Cnp—e—————=—+ C i "p=——— =1+ < Y h?] 2.°h?’InY
q+bcos " A" (1) P =Fcos 4 Ai b " 1
“Il ﬂ )q- + =1 2n—
+ Zlny+ InD B + n®“ (=)™ cosn' ; (B.1)
1 Va 1 hn
2 3
, cos(n+ 1) ©
cosn' 0 rp———2_
rr+hcos §ncosn' (i D" " a+ bcos' 7 _
h a+ bcos ' poet DA h(" a+ bcos )"
_ hi ®,
81 B X v ni .
'ogl 2Qh ht o nA, E cosn' 4 ; (B.2)
where
+
a=r2+h%; b=2rh; '9= arccosp&: (B.3)
bcos'
The nal termontheleft-handsideof (B.2) hasbeenobtainedusingthe expression
) it 0@ 0 ) ' +1) 0
@cosn' © _ i [ sinn C‘—L cosn @'9_ i N sy 0. rcos(n ) ; (B.4)
@ W VNG 7 gt @- 1518 A

wherel2= h. The secondequationof (B.4) is obtainedusingequationg18) for ' °©and%? whencalculatingthe
partialderivatives @ @3 @%=@:andreplacingcos' andsin' with cos' andsin' %accordingo equation(18).

In orderto derive therelationsof Fouriercoefcients thatfollow from (B.1) and(B.2), therelationsbetweerthe
freecoefcients areobtainedby calculatingthefollowing integral of both sidesof eachequation:

Ya
N
Ya o
0
Usingthe4.224.9formulagivenin [10], we obtain
Ya
lZl P
— In a+ bcos d =Inr; (B.5)
Ya
0
andtheformula2.554.2presentedn [10] gives
7
1" r+hcos , 1
?40 atboos 0 1 (B-6)
Equation(B.1) thenleadsto
12" : H " T w. 1
h % cosn Q ) ) h
Clin—j C 1n p——— d =1+ = % h?; 2.°h%In% + “In%+In_- B;
o U P bes a AP ZEIA g in

(B.7)
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and(B.2) gives

cos(n+ 1)' ©

1 0.
)Q_ 1 Z/+ cosn | I‘-p:| . M 1 ﬂ
C+ nCn(j1)"= p__arbcos 4 _ 2 g, lop2 . (B.8)
n=1 Ya (" a+ bcos' )" 0 2
After obtainingB from (B.8) andsubstitutingthatexpressionn (B.7), we have
I“l ll Il ﬂ
h r
i —In1/ + —In—+ In—- C
! 2 h
2 3
H T cosn' 9 rCOS(n + 1) °
R 1 cos' © " " : a+ bcos
+ C 1n+l E +n 2ing+ 2in— P d =
- n(i 1) (" a+ bcos )" AT Ty (" a+ bcos )"
U 1
h
+ 9 ¥ i h?+ 2h%In— (B.9)
s
Usingequationg18), we transformthe integrandof the (B.9) integral:
cosn' 9; rcois(n + 1) °
' ""a+bcos _ , cosn'®  r(cosn' Ccos O sinn' Osin' 9 _
(" a+ bcos )" (" a+ bcos )" ' (" a+ bcos )n+!
pOSM ° b [cosn' qr + hcos' )i hsinn' %in' | =
("a+ bcos )" ' (" a+ bcos )n+2 :
(h? + hr cos' ) cosn' ° _ sinn’ Oin’

(B.10a)

— +rhp— ——
(" a+ bcos )n+2 (" a+ bcos )n+2

After integratingthe nal term of this equationby partsandusingthe following expression(which follows from
equation(18)),

h2 + hr cos'

@
@ a+ bcos' ( )
we have
Zl/4 . 1 O@ipn! 2 1 0
} ., sinn’ “sin 1 (h 3 rhcos' ) cosn q - (B.11)
1/40 ("a+ bcos )02 = ! 1/4 ( a+ bcos™ )n*2 ' '
Thus,
cos(n + 1) ©
g 2 cosn % M
- D - d =0; B.12
Ya (" a+ bcos )" (812
hence,
7/ Z7%
1 +1) 0 11 ' 0
_cos(n ) o ! . cosn q (B.13)

?40 (" a+ bcos )n+L ?40 (" a+ bcos )"
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Whenn = 1, theintegral ontheright-handsideof (B.13) (withoutthe multiplier 1=r) is equalto (B.6). Therefore,

Z/ ,
1 cosn' © 1
ial .
n

1

— — = B.14
Za (" a+ bcos )N r (B.14)

Hence,(B.9) coincideswith the rst equationof the systemof equationg20).
Theotherequationsireobtainedy calculatingthefollowing integralsof bothsidesof equationgB.1) and(B.2):

7a
7 ciicosm' d o, m=1;2
0
(B.1) gives
Vi i _
1 C, * 2" cosn' 9%cosm' ®n+ (h=%2)°""
i C= cosm' In(a+ bcos' )d' + 2+  Cu(j )" p——F—"— d = Am:
'y, ( ) hm = (D7, (" a+ bcos )" hm me
0 (B.15)
and(B.2) gives
+1) 0
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Ya @+ bcos bpmem M Yy (" a+ bcos )" -
n p’ T[Zm 5
m h _
2 mi ®n Am: (B.16)

"ohm %

After multiplying bothsidesof this equatiorby h™ anddividing by m, andthendividing eachtermof theresulting
equatiornby (B.15),we obtain

® £ o]
CLm+ Yon+ (i )"Tn Ch=0; m=1,2:::; (B.17)
n=1
where
Zl/4.u ﬂ
hm 2 n n cos(n + 1) & cosm'
Trn = = — cosn' % r—p P d B.18a
™ gmi 11/40 m ! om ' "m " a+ bcos (" a+ bcos )" ( )
: 2 il
_hm r 2~ (r+ hcos )cosm 1 , o
mZ i 1 5540 2+ bcos i gm%O cosm' In(a+ bcos' )d" : (B.18b)

Thetermin theintegrandof (B.18a),whichincludesthefactorn=m, is transformedising(B.10a),andtheresulting
function

cosm' sinn' Osin®
(" a+ bcos )"+2

is integratedby parts.Using(B.10b),we obtain

Zl/4. ] 1 2-/4 H [ H [
n2 0. .cos(n+ 1) ® cosm 27 sinn' %inm
gy cosn' i rp p ' p

4

0

a+ bcos (" a+ bcos )" l_/40 (" a+ bcos )"

Thus,we obtainequation(21) insteadof the expressiorfor Ty, (B.18a).
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After integratingthe secondntegral of (B.18b)by partsandrearrangingwe obtain

774

1 cosm' In(a+ beos' )d' = 2rh smm sin' 2rh cos(m. 1) | cosm' cos q -
1/4O T Ym , at bcos' " Ym . a+ bcos' '
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s
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By applyingformula3.613.1givenin [10], we obtain
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1Zl cosn' _ 1 “_
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1/40 a+ bcos' r2i h?
It followsthat
GomHhemg, + 1

Ly =
m m r omi 1’

(B.19)

which leadsto the secondequationin the systemof equationg20).
We shallnow derive expressiongor theelectric eld componentsin orderto nd Ex andEy , thequantities?;
¥, Owill beexpressedisfunctionsof coordinate, y, measuredrom the origin O:

q q — — — X +r
14— 24 y2- 14 — + 24 y2- - . 1 0 Sp
Yo x2+vy2; 18 (X+ )+ y?; arccospm, arcco —( TTZT (B.20)
We thenobtain
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@cosn' . sin(n+ 1) @cosn' ©_ o sin(n+ 1) ° (B.21)
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where' and' 9 areexpressediccordingto (B.20). Using thoseequationdn conjunctionwith equation(16), we
obtainexpressiongor the verticalandhorizontalcomponent®f electric eld Ex andEy in theair betweertoner
andpaper:

L X+r . X X © cos(n + 1) 0, Cos(n+ 1) °
Ex(X;y)= Xt )2+ y2 | x21y2 C+ - nCn ¢ X2+ yo)n+ i (i1 (X + r)Z+ y2)n+l
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Theradialandtangentiacomponent& ,andE: arecalculatedasfunctionsof theangle' ontheoutersurface
of thetoneronly, i. e.,when¥2= h. Here,we useequalitieg18) andformulas(B.4), (B.10b). Thus,we obtain

@cosn' 0 ah rsin' cosn' % (h+ rcos )sinn' ©
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We thenhave 8 ) 39
3 .o, gos(n+ 1) O 5
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ELEKTR OSTATINIO LAUKO DVIMA TEJE TONERINIO VAIZDO PERKELIMO SRITYJE
PRIKLA USOMYBE NUO POPIERIAUS SAVYBI U
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sandolygiagretauspopieriaugpavirsiui, packtisir jo vertesbeipo-
pieriauspavirSiui statmenasandasvairiemspopieriausbei tone-
rio parametn rinkiniams. ISanalizuotoPaSenaslyd io tonerinio
vaizdoperkelimo srityje salygos.

Santrauka

Tiksliai sprend iantPuasondygti, dvimaciu atveju apskatiuo-
taselektrostatinidauko stiprio pasiskirstymasazeriniospausdin-
tuvo tonerinio vaizdo perkelimo srityje, popieru apitudinantdi-
elektrinio storio artiniu. IStirta elektrinio lauko stiprio vektoriaus



