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Electrostatic�elds in thetonerimagetransfernip of laserprinterswerecalculatedby exactsolutionof thePoissonequations
for atwo-dimensional(2D) modelandby applyingfor thepapertheapproximationof dielectricthickness.Boththedistribution
and location of the electric �eld strengthcomponentparallel to the papersurfacewere investigatedand �eld valueswere
calculatedfor differentpaperandtonerparameters.Theconditionsof theoccurrenceof Paschendischargein thetonerimage
transfernip wereanalysed.
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1. Intr oduction

In electrophotographicprinters and copiers, the
tonerimageis transferredfrom thephotoreceptoronto
thepaperor ontoanintermediatebelt usinganelectric
�eld. Thequality of the transferredimagedependson
the electric �eld strengthand its con�guration in the
transfernip. Variousaspectsof toner imagetransfer
havebeenwidely investigated[1–11]. An imagetrans-
fer systemis frequentlyquitecomplicatedwith a com-
plex symmetry(Fig. 1), the paperis dielectrically in-
homogeneous,andan exact mathematicaldescription
of chargetransfer(i. e.,of transferof thechargedtoner
particles)is thereforeespeciallycomplex. For this rea-
sontheimagetransferdynamicsareusuallyconsidered
in termsof a simpli�ed one-dimensional(1D) model
[1,4,7] or a model basedon the assumptionthat the
�eld linesareperpendicularto everysurfaceof thesys-
tem layer [2,6]. The latter assumptionallows one to
calculatethe vertical componentof the electric �eld
perpendicularto thepapersurfacein acomplex system
thoughthereis no exact justi�cation for suchapprox-
imation. Besidesit is thenimpossibleto evaluatethe
horizontalelectric �eld componentparallel to the pa-
persurface,which is importantin practice.Theparal-
lel componentcausedby thepaperroughnesshasbeen

Fig. 1. Diagram of the system`photoreceptorcylinder – toner
(PCT) – paper– transfercylinder', where¾is the surfacecharge
densityat thesemiconductor–tonerinterface,Q is the tonerspace
charge density, ½1 is the semiconductorcylinder radius,h is the
distancefrom the PCT centerto the toner edge,d is the paper
thickness,½2 is the radiusof the transfercylinder (all quantities

aredimensionless;seethetext).

evaluatedusingthemethodof �nite elements[8] andit
hasbeenfoundto bequitesmall– about1%of theper-
pendicularelectrical�eld value.In addition,it hasbeen
shown [8] that valuesof theperpendicularcomponent
obtainedusingthe1D modelmaydiffer from theexact
valuesobtainednumericallyby a factorgreaterthan2.
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It is clearthat thesemodelsareonly a crudeapproxi-
mationof a real imagetransfersystem. Not only the
mentionedpaperdielectric inhomogenityand surface
roughness,but alsothe geometryof a real systemcan
haveanessentialrole in thedistributionof electrostatic
�eld. In the toner–paperinterfaceregion the electric
�eld hasnot only a vertical componentperpendicular
to the papersurfacebut also a horizontalcomponent
parallel to the papersurface. The latter component,
togetherwith the Pascheneffect, canplay role in the
wideningof the transferredimageandits quality. The
roleof thegeometryon theelectric�eld distribution in
the toner transfernip is not investigatedin detail but
the rising requirementsto the imagequality make im-
portanttheinvestigationof theimpactof thegeometry
of tonertransfernip.

Variousresearches[8,10,11] have investigatedthe
in�uence of the dielectricheterogeneityof paperand
the role of papermicrostructureon the toner image
transferusing modi�ed 1D models. Finite element
methodscanbe usedto studyvariationin the electric
�eld z componentwith local variationsin paperstruc-
ture anddielectricproperties,althoughthe horizontal
behaviour remainsunclear.

A similar problemof calculatingthe electric �eld
strength in a systemwith a complex con�guration
arisesin theanalysisof thephotoreceptorcharging by
thecylinder [12]. In this case,electric�elds have been
evaluatedusinga 1D modelandit is claimedthat the
resultsarein goodagreementwith experimentaldata,
althoughthereis noanalysisof thelimits of applicabil-
ity of the1D approximation[12].

The presentwork is not concernedwith problems
of chargedynamicsandpaperinhomogeneity. Instead,
theaimis to obtainexactsolutionsof thePoissonequa-
tion takinginto accountthe2D geometryof thesystem,
in orderto determinepropertiesof electrostatic�eld in
a tonerimagetransfersystemandto evaluatethe par-
allel to thepapersurfaceelectric�eld component.Ex-
pressionsof the photoreceptorand toner electrostatic
potentialarederived,thecaseof in�nite dielectricper-
mittivity of paperis analysed,andthehighestvalueof
electrostatic�eld strengthis determined.Also thecom-
mon methodsfor the calculationare formulatedand
othercasesof paperparametersareanalysedusingthe
approximationof dielectricthickness.

Exactcalculationof theelectric�eld distributionand
its dependenceon the transfernip geometryand pa-
perdielectricpermittivity andthicknessenablesoneto
predicttheconditionsof theoccurrenceof Paschendis-
charge.Theresultsobtainedmaybeimportantnotonly

(a)

(b)

Fig. 2. Diagramsof the investigatedsystemin polar coordinates:
(a) " p = 1 and(b) " p = " 0 . S, T arethepointsin thesemicon-

ductorandin thetonerrespectively; A is apoint in theair.

for thede�nition of initial conditionsfor thetransferof
charged tonerparticles,but also for the evaluationof
resultsof 1D models.

2. Distrib ution of electrostaticpotential in the
cylinder–semiconductor–toner system

In all casesconsideredin this work, thephotorecep-
tor cylinderof organicsemiconductorwascoveredby a
constantthicknesstonerlayer(PCT)andonly thepho-
toreceptorand the tonerproperties(thickness,dielec-
tric permittivity) werevaried.Thesystemis unlimited
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in the z direction perpendicularto the plane of the
cross-sectionshown in Fig. 1, andit is symmetricrela-
tive to thexOz plane(Fig. 2).

The radius of the metal cylinder coatedwith the
semiconductorlayer is denotedR (cm), andits poten-
tial, which is equivalentto thetonerimagetransferpo-
tential,is denotedU0 (V). Thepotentialof thetransfer
cylinder is zero. In the analysis,if not stated other-
wise we usedimensionlessquantities: distancesbe-
ing expressedin units of R, andpotentialsin units of
U0. Using suchunits, the radiusof the cylinder and
its potentialareequalto unity (Fig. 1), thepaperthick-
nessd is equalto theactualpaperthicknessddim (cm)
dividedby R (cm), i. e.,d = ddim =R, all dielectricper-
mittivities arerelative to theair dielectricpermittivity.
The latter valueis "0 = 1 but in the text it is denoted
as"0. Dimensionlesselectric�eld strengthis obtained
afterdividing thedimensionalelectric�eld strengthby
cylinder radius:U0 (V) = R (cm) etc. Thedistribution
of the potentialU in the PCT part is then described
in polarcoordinates½and' (Fig. 2) by the following
equation:

@2U
@½2 +

1
½

@U
@½

+
1
½2

@2U
@' 2 = ¡ Q ; (1)

whereQ is thedimensionlessspacechargedensity

Q =
qR2

"aU0
; (2)

whereR and U0 quantitieson the right-handside of
equationaredimensional;" a is the absolutedielectric
permittivity of thesemiconductoror toner, andq is the
dimensionalspacechargedensity(C=m3). Sincein the
PCTregion thepolarradius½variesin a �nite interval
1 · ½· h (Fig.1), andthesystemis symmetricalrela-
tiveto thexOz plane(Fig.2), thegeneralexpressionof
thepotentialis a linearcombinationof partialsolutions
of thehomogeneousequation(1):

Const ; ln ½; ½n cos(n ¢' ) ; ½¡ n cos(n ¢' ) ;

n = 1; 2; : : : ; (3)

plus a partial solutionof the inhomogeneousequation
Uq. AssumingthatQ is independentof both ' and½,
weobtain

Uq = ¡
1
4

Q½2 : (4)

In orderto derive thegeneralexpressionsfor poten-
tials in thesemiconductorandin thetoner, we assume
thatthereis no spacechargein thesemiconductor, i. e.

Uq = 0. Thus,thegeneralexpressionfor thepotential
in thesemiconductoris

US(½;' ) = A0+ A ln ½+
1X

n=1

¡
An½¡ n + an½n¢

cosn' ;

(5)
whereA0, A, An , an areconstants.US mustsatisfy
theboundaryconditionUS(1; ' ) = 1, so thatA0 = 1,
an = ¡ An , and(5) becomes

US(½;' ) = 1 + A ln ½+
1X

n=1

An (½¡ n ¡ ½n ) cosn' ;

(6)
where1 · ½· ½1 (Fig. 1), 0 · ' · ¼(Fig. 2).

SincethetonerspacechargedensityQ 6= 0, thepo-
tentialinsidethetonerUT is givenby

UT (½;' ) = B0 + B ln ½¡
1
4

Q½2

+
1X

n=1

¡
Bn½¡ n + bn½n¢

cosn' ; (7)

whereB0, B , Bn , andbn areconstants.Theboundary
conditionsat ½= ½1 (where½1¡ 1 is thesemiconduc-
tor thickness,seeFig. 1) are

US(½;' ) = UT (½;' ) ; (8)
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where"2 and "2 are the relative dielectric permittiv-
ity of the semiconductorand the toner respectively,
¾ is the dimensionlesssurfacecharge densityon the
semiconductor–tonerinterface

¾=
¾dR

"1aU0
; (10)

with R andU0 dimensional;"1a is theabsolutedielec-
tric permittivity of the semiconductor, and ¾d is the
dimensionalsurfacecharge density, which is assumed
constant.

This work uses the approximation of complete
chargecompensation,therefore

2¼½1¾d = ¡ ¼R(h2 ¡ ½2
1)q; (11)

where¾d, R, qaredimensionalquantities,andh¡ ½1 is
thedimensionlessthicknessof thetoner(Fig. 1). From
(11), (10), after insertingthe tonerabsolutedielectric
permittivity "2a in (2), weobtain

¾=
"2

2"1

h2 ¡ ½2
1

½1
Q : (12)
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Using relations(8) and (9), we obtain the expres-
sion for the B0 coef�cient, which appearsin equation
(7), via the B coef�cient, andthe expressionsfor the
Bn andbn coef�cients via theAn coef�cient (seeAp-
pendixA). Theresultingexpressionof thepotentialin
thetoneris

UT (½;' ) = 1 +
Q
4

µ
½2

1 ¡ ½2 ¡ 2h2 "2
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where½1 · ½· h, 0 · ' · ¼(Fig. 2),
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TheconstantsB andAn areobtainedfrom relation-
shipsbetweenUT andthepotentialUA of theambient
air at thepoint½= h.

3. The caseof in�nite dielectric permitti vity of
paper ("p = 1 )

Whenthedielectricpermittivity of thepaperis in�n-
ity, thesurfacepotentialof thepaperfacingthetoneris
equalto thepotentialof thetransfercylinder, i. e., it is
equalto zero(thepaperis assumedto bein�nite in the
y direction).ThepotentialUA of theair betweentoner
andpapermustsatisfytheboundaryconditionUA = 0
whenx = ¡ h (Fig.2(a)),andit alsomustobey thecor-
respondingcontinuityconditionsbetweenUA andUT .
In orderto simplify themathematicalexpressionsfol-
lowing from theboundaryconditionUA (x = ¡ h) = 0,
UA is thereexpressedin termsof solutionsof Eq.(1) in
two coordinatesystemswith differentpointsof origin:
O (asin Section2) andO0de�ned by x = ¡ 2h, where
thelatterpoint is obtainedby re�ecting O in thepaper
surface(Fig. 2(a)). The analysedregion may be at an
arbitrarydistancefrom O andO0, and the expression
for UA must thereforecontainonly termsthat do not
vanishat in�nity , i. e.

UA (½;' ) = C ln
½
½0+

1X

n=1
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cosn' 0
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At pointsx = ¡ h, we have ½= ½0, ' = ¼¡ ' 0,
cos' 0 = (¡ 1)n cosn' . The boundarycondition
Ua(x = ¡ h) = 0 is satis�edwhenD n = ¡ (¡ 1)nCn ,
and

UA = C ln
½
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(16)
Theradiusvectors½and½0 atany point in spaceare

relatedasfollows (Fig. 2):

½0 = r + ½; (17)

hencethesevectorsandtheir projectionson thex axis
arerelatedby expressions

½0 =
q

r 2 + ½2 + 2r ½cos' ;

x0 = r + x = r + ½cos' = ½0cos' 0;

½0sin ' 0 = ½sin ' ;
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½0 ; (r = 2h) : (18)

The valuesof the constantsC, Cn , B , An areob-
tainedfrom theconditions
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UT (13) is expandedin aFourierseriesrelative to ' , so
that theequationsfor theconstantscanbeobtainedby
equatingthecorrespondingFouriercoef�cients onboth
sidesof equalities(19). After eliminatingB andAn

from theequationsthusobtained,thefollowing system
of algebraicequationsis obtainedfor thedetermination
of C andCn (seeAppendixB):
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Here,
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and' 0 is calculatedfrom Eq.(18)aftersetting½= h.
Equations(20)aresolvedby replacingin�nite sums

with �nite sums: nmax = N , the value of N be-
ing chosenso that any further increasedoesnot af-
fect the �nal resultswithin the permitteduncertainty
limits. Resultsof the calculationof variouscompo-
nentsof the electric �eld strengthin the air between
tonerandpaper(perpendicularcomponentrelative to
the paper surface Ex (x; y) = ¡ @UA =@x, parallel
componentrelative to the papersurfaceEy(x; y) =
¡ @UA =@y, radial componentrelative to toner exter-
nal surface E½(h; ' ) = ¡ (@UA =@½)j½= h , and tan-
gential componentrelative to toner external surface
E ' (h; ' ) = ¡ (1=½¢@UA =@' )j½= h) nearthetonerare
shown in Figs. 3 and4. In the casediscussedin this
section("p = 1 ), the resultsobtaineddo not depend
on the sizeof the supportcylinder, andthe calculated
valueof Ex is thelargestpossiblevalueof Ex thatcan
beobtainedby varying" p andpaperthickness.

4. The case"p = "0

Assuminghypotheticallythat the paperhasdielec-
tric permittivity "p = "0 andhasno spacecharge, the
paperis mathematicallyequivalentto air, andthemag-
nitude of Ex near the toner is the smallestpossible.
The �eld strengthdependson the radiusof the trans-
fer cylinder andon the paperthickness. Considering
thecasewhentransferroller is replacedby theconduc-
tiveplate,i. e. when½2 ! 1 (thecaseof �nite ½2 will
bediscussedseparately),we canthenusetheformulas
of Sec.3, with r replacedby r = 2(h + d). The de-
pendenceof the�eld strengthcomponentsis shown in
Figs.5 and6.

5. The caseof the realpaper

In a 1D system,e.g. madeof an air and dielec-
tric layerhaving nospacecharge,theelectrostatic�eld
strengthin theair doesnot dependon dielectricthick-
nessanddielectricpermittivity separatelybut depends
on their ratio only. In the systemshown in Fig. 1 the
paperandtheair betweenpaperandtoneris not a 1D
systembut it may have somepropertiesof 1D system
locally. Having in mind that the paperthicknessd ·
0.02andobtainingthevaluesof electric�eld strength
at papersurfacefrom Figs.3 and5, we obtainthat the
changeof electric�eld strengthin thepracticalyimpor-
tanty axisregion 0.1 · y · 0.2doesnot exceed10%.
Therebythe local homogeneityon y axis exists at the
mentionedaccuracy and herewith one-dimensionality
existsalso.Thusin theanalysisof a realpapercasewe
considerthat thepaperdielectricpropertiesaredepen-
dentonly on its dielectric thicknessd0 = d="p. The
validity of this approachwe will analyselaterbut here
we will only notethat in the limiting cases" p = 1 ,
"p = "0 (d0 = 0, d0 = d respectively) the dielectric
thicknessapproachis accurate.

At above-mentionedconditionsthereis no needin
the additionalmathematicalapparatusto calculatethe
electric�eld strength:it is suf�cient to replacethepa-
perthicknessd0 by thepaperdielectricthicknessin the
formulasfrom the third section(" p = "0). Thecalcu-
lation resultsarepresentedin Figs.7–9.

6. Discussion

Theresultsarediscussedfor asinglesideof thegap
betweenthe photoreceptorand the paperthat corre-
spondsto y ¸ 0. The electric �eld strengthand its
distribution on the othersideof the gap (y · 0) will
be different becausein a printer the toner is then on
thepaperandthecalculationis not directly applicable
then.

The resultspresentedin Figs.4 and6 indicatethat
theradialandtangentialcomponentsE½andE ' of the
electric �eld on the tonersurfaceexist in an approxi-
mately30-degreewide interval 180± > ' > 150± (this
interval correspondsto adistanceequalto 0.6timesthe
photoreceptorradius,asmeasuredalongthepapersur-
face)and rapidly decreaseto zerowith increasing' .
When "p = 1 , the largestvaluesof E ' and of the
ratio E ' =E½ (seeFig. 4(b,c)) are larger thanthe cor-
respondingvalueswhen" p = "0 (Fig. 6(b,c)), andthe
latter valuesdecreasewith increasingpaperthickness
d. For therealpaper" p > "0, but anincreasein " p has
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Fig. 3. Dependenceof electric�eld strengthin U0 (V) = R (cm)unitson thedistancey in theair betweentonerandpaperatvariousheights
h + x above the paperwhen" p = 1 . Left-handscale: in (a) vertical component(perpendicularto the papersurface),in (b) horizontal
component(parallelto thepapersurface),in (c) their ratio. For all curves,h = 1.005,½1 = 1.001;" 1 = 2; " 2 = 2.5;Q = 200.Right-hand

scale:thebrokenline representstheexternaltonersurface.y andh + x arein R (cm)units.

qualitatively thesameeffectasadecreasein d, andthis
meansthatfor realpaperthelargestvaluesof E ' andof
theratio E ' =E½would not exceedthevaluesobtained
for "p = 1 . Thus,for theanalysedgeometryandthe
h, ½1, "1, "2 valuesindicatedin Figs.4, 6 andfor any
d and"p, E ' doesnot exceed0.04E½ (seeFig. 4(c)).
Therefore,in thementionedcasethe�eld linescanbe
assumedto beperpendicularto thetonersurface.

On thepapersurface,theperpendicularandparallel
topapersurfacecomponentsEx (¡ h; y) andEy(¡ h; y)
are greatestin the interval 0 · y · 0.5 (Figs. 3(a),
5(a,b), 7(a,b)). This correspondsto thementionedin-
terval of ' values(180± > ' > 150±). When"p = "0,
the largest value of the Ey component(EyMAX ) on
the papersurfacedecreaseswith increasingd, but is

equal to zero when d = 0 (when " p = 1 ). It fol-
lows that EyMAX hasa maximumasa function of d.
Theresultsindicatethatthismaximumis atd = 0.005.
However, theratio EyMAX =Ex increaseswith d andit
canexceed0.15 (Fig. 7(c)). This value is essentially
higher as comparedwith that obtainedanalysingthe
paperroughnessin�uence [8]. This ratio also shows
that the assumptionof the perpendicularityof electric
�eld linesto thepapersurface[2,6] maybequitecrude.
Assumingthatthe�eld line is perpendicularto thepa-
persurfaceandthatEyMAX =Ex · 0.03,it follows that
for paperwith e.g. " p = 10 this would be the caseif
thepaperthicknessd · 0.02(Fig. 8(c)). For example,
if thephotoreceptordiameteris 30 mm, thenthepaper
thicknesswould be300¹ m andthepaperwould have
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Fig. 4. Dependenceof electric�eld strengthin U0 (V) = R (cm) unitson theangle' (Fig. 2(a)) in theair nearthe tonersurface(½= h)
when" p = 1 . Left-handscale:in (a) radialcomponent,in (b) tangentialcomponent,in (c) their ratio. h, ½1 , " 1 , " 2 , Q arethesameasin

Fig. 3. Right-handscale:thebrokenline representstheexternaltonersurface.

a large contentof salt addedin order to increasethe
electricalconductivity. In any case,thereis arealprob-
ability thatthecomponentEy on thepapersurfacede-
creasestheresolutionof animage.Thenon-zerovalue
of Ey above thepaperalsocontributesto thiseffect.

An increasein tonerdielectricpermittivity leadsto a
decreasein theeffective distancebetweenthepolesof
potential,i. e.,hasthesameeffect asa decreasein pa-
per thickness.It is alsoclearthat theelectric�eld de-
pendson theratio of thedielectricthicknessesof toner
andpaper((h ¡ ½1)="2 andd="p, respectively). For a
tonerthicknessh ¡ ½= 0.004,anincreaseof tonerdi-
electricpermittivity from 2.5 to 10 leadsto a decrease
in dielectric thicknessof 0.0012. When" p = "0 and
d = 0.02, this is an insigni�cant effect. However, for
real paperwith "p = 3 andd = 0.02, the suggested

increasein "2 hasapproximatelythe sameeffect asa
changein paperthicknessfrom d = 0.02 to 0.0055.
When"p = "0, "2 = 2.5thiswould thusbesigni�cant.
Calculationswith differenttonerdielectricpermittivity
con�rm thesequalitative conclusions.In Fig. 7(b,c),
this is shown only for the Ey component(curves2, 4
and5, 6).

For themodeldiscussedhere,thehorizontalcompo-
nentof the electric�eld Ey is not alwayszero(Ey >
0). This causessomespreadingof charged toner on
the papersurface, particularly in the practically im-
portant region 0 < y < 0.5. Calculations(also see
Fig.7(b))indicatethatfor apaperthicknessd = 0.005–
0.05,thelargestvaluesof this componenton thepaper
surfacearelocatedbetweeny = 0.07and0.19,which
correspondsto valuesof ¼¡ ' from 4± to 11±. The
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Fig. 5. Dependenceof electric�eld strengthin U0 (V) = R (cm)unitson thedistancey in theair betweentonerandpaperatvariousheights
h + x above the paperwhen" p = " 0 , ½2 ! 1 for two valuesof paperthicknessd. Left-handscale: in (a) vertical component,in (b)
horizontalcomponent,in (c) their ratio. For all curves,h = 1.005,½1 = 1.001;" 1 = 2; " 2 = 2.5;Q = 200. Right-handscale:thebroken

line representstheexternaltonersurface.y andh + x arein R (cm)units.

non-zerovalueof Ey in this region is themaindiffer-
encebetweenthediscussedmodelandthe1D approx-
imation. Anotherdifferenceis the dependenceof the
verticalcomponentEx onthedistanceto thepapersur-
face(Figs.3(a), 5(a); alsoseefurther in this section).
An importantcontribution to Ey comesfrom theloga-
rithmic term in potentialUA , which on the papersur-
face(x = ¡ h) is givenby (AppendixB)

¢ Ey(¡ h; y) = y
r (2h ¡ r )

(h2 + y2)[( r ¡ h)2 + y2]
C ; (23)

whereC is theconstantappearingin theexpressionfor
thepotential(16). If thepointO0 in Fig. 2(b) is located
on the axis of the supportcylinder, then,for �nite ½2,
r = h + ½2 + d. Taking into accountthat C < 0 we
obtain¢ Ey < 0 when½2 + d < h. Thus,undercertain
conditionsthefocusingof thetransferredtoneris pos-

sible. This indicatesthatusinga transfercylinder with
a certain�nite diameterit is possibleto obtaina bet-
ter imagethanwhenthetonerimageis transferredonto
an intermediate�at transferbelt (when½2 approaches
in�nity).

The calculatedvaluesof the vertical componentof
the electric�eld on a papersurfacewheny = 0 (i. e.,
Ex (¡ h; 0)) areequalto thevaluesof �eld strengthE
given by the 1D model, when the 1D �eld is calcu-
latedunderthesameconditionsasEx (x; y), i. e.,when
"p = 1 or "p = "0. Thisshouldalsoapplyfor thereal
paper("p 6= "0). Thismeansthattheinterpolatedvalue

of Ex on the real papersurface E (INT )
x (¡ h; y) can

beobtainedusingthemaximumvalueE (MAX )
x (¡ h; y)

when"p = 1 andtheminimumvalueE (MIN )
x (¡ h; y)

when"p = "0.
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Fig. 6. Dependenceof electric�eld strengthin U0 (V) = R (cm) unitson theangle' (Fig. 2(b)) in theair nearthe tonersurface(½= h)
when" p = " 0 , ½2 ! 1 for two valuesof paperthicknessd. Left-handscale:in (a) radialcomponent,in (b) tangentialcomponent,in (c)

their ratio. h, ½1 , " 1 , " 2 , Q arethesameasin Fig. 5. Right-handscale:thebrokenline representstheexternaltonersurface.

CalculatingE for realpaperfrom the1D equality

E = ¡
1 +

Q
2

(h ¡ ½1)2

½1 ¡ 1
"1

+
h ¡ ½1

"2
+

d
"p

; (24)

assumingthe sameweights for E (MAX )
x (¡ h; y) and

E (MIN )
x (¡ h; y) for all y, andtakingthoseweightsfrom

thecasewheny = 0, weobtain

E (INT )
x (¡ h; y) = E (MAX )

x (¡ h; y)

¡
E (MAX )

x (¡ h; 0) ¡ E

E (MAX )
x (¡ h; 0) ¡ E (MIN )

x (¡ h; 0)

£
£
E (MAX )

x (¡ h; y) ¡ E (MIN )
x (¡ h; y)

¤
: (25)

Figure8(a)(curves7 and3) presentsthecomparison
of thecalculationresultsobtainedby usingexpression
(25) andby applyingthepaperdielectricthicknessap-
proximation. The proximity of the resultsshows the
reliability of theusedmethods.

It is known (e.g. [2,7]) andhasbeenmentionedin
theintroductionof thiswork thatoneof thetransferred
tonerimagequalitydeteriorativefactorsonthePaschen
discharge.Theconditionsof thelattereffectarenot in-
vestigatedenough. Our work gives the possibility to
determinetheinitial conditionsof Pascheneffect in the
tonerimagetransfernip. Withoutgoingfurtherinto the
air ionizationphenomenamechanisms,we have taken
thePaschencurve [13] which hasbeendeterminedun-
der conditionswhen the �eld strengthis the sameat
all points in the air gap. Although in the analysed
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Fig. 7. Dependenceof electric �eld strengthin U0 (V) = R (cm) units on the distancey nearthe papersurface. Left-handscale: in (a)
vertical component,in (b) horizontalcomponent,in (c) their ratio, for several valuesof paperthicknessandof tonerandpaperdielectric
permittivity. For all thecurves,h = 1.005,½1 = 1.001;" 1 = 2; Q = 200. Right-handscale:thebrokenline representstheexternaltoner

surface.y andx arein R (cm)units.

imagetransfersystemthe electric �eld in the air gap
is not strictly homogeneous,in thesupposedregion of
Pascheneffect y doesnot exceed0.15R (cm) andthe
degreeof inhomogeneityas seenfrom Fig. 9(b,c) is
not signi�cant.

Figure 9 presentscalculationresultswhen the pa-
per is characterizedby its dielectricthicknessd0. Fig-
ure9(a)illustratesthePascheneffectandshows thatat
U0 = 103 V, R = 0.01m thesemiconductorthickness
½1 ¡ R is 10 ¹ m andtonerthicknessh ¡ ½1 is 40 ¹ m,
andthelargestinterval of thicknessx1 of theair gapbe-
tweenthepaperandthe tonerwheretheeffect is pos-
sible is from 16 to 73 ¹ m. This interval corresponds
to a paperdielectricthicknessd0 = 0. As the dielec-
tric thicknessincreases,the interval for theeffect nar-

rows and,whend0 ¸ 9 ¹ m, it disappearscompletely.
The thicknessx1 and its air coordinatey are related
to eachother by the expressiony =

p
(2h ¡ x1)x1

(seeFig. 9(b), right-handscale),from which it follows
that for the chosenset of transfernip parametersthe
abovementionedinterval of x1 values(16 to 73 ¹ m)
correspondsto y valuesfrom 570 to 1210 ¹ m. Cal-
culations,which arepartly illustratedin Fig. 9(b), in-
dicatethat when the paperdielectric thicknessvaries
from 2 to 200 ¹ m, the y coordinate,which gives the
distancefrom thexOz planeto thepoint of themaxi-
mumhorizontalcomponentof theelectric�eld strength
Ey (i. e., EyMAX ), increasesfrom 390 to 1210 ¹ m.
Thus, it includesthe completeinterval of the maxi-
mum Pascheneffect. Besides,EyMAX increasesfrom
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Fig. 8. Dependenceof electric�eld strengthin U0 (V) = R (cm)unitsonthedistancey nearthesurfaceof paperfor differentvaluesof paper
dielectricthicknessd="p . Left-handscale:in (a) vertical component,in (b) horizontalcomponent,in (c) their ratio. h, ½1 , " 1 , Q arethe

sameasin Fig. 5. y andx arein R (cm)units.

thepapersurfacetowardsthetonersurface.For exam-
ple whenthe paperdielectric thicknessd0 = 40 ¹ m,
EyMAX increasesfrom 3.8 up to 5.3 V andcomprises
3–4% of the vertical componentof �eld strengthin
that region of theair (seeFig. 8). In the region of the
Pascheneffect, theverticalcomponentof �eld strength
Ex doesnotchangesigni�cantly fromthepapersurface
towardsthe toner (seeFig. 9(c)) and it is practically
thesameasin the1D model,which assumesthepaper
thicknessequalto x1. Far from thePascheneffect re-
gion, e.g., wheny ¸ 0.005m, therelative increasein
Ex from thepapertowardsthetoneris morenoticeable
(seeFigs.3(a),5(a)).

At thementionedvaluesof R, ½1, andh thePaschen
effect canonly occurwhen the cylinder potentialex-
ceeds870 V (seeFig. 9(a)). However, in the caseof

paperwith "p = 10 andthickness100 ¹ m (dielectric
thickness0.001) the Pascheneffect will occur when
the potentialexceeds1020 V. The situationis differ-
ent for othervaluesof R, ½1, andh. If R and½1 are
the sameasbeforeandthe tonerthicknessis reduced
by onehalf, thenthe Pascheneffect takesplacewhen
U0 exceeds730V, whereasthemaximumregionof this
effect widens(curve 5 in Fig. 9(a))andits distanceto
thexOz planerangesfrom 390to 1330¹ m. According
to the1D model[7], at U0 = 1000V, paperthickness
80 ¹ m, tonerthickness13.2 ¹ m, andpaperandtoner
relative dielectricpermittivity 2.5and1.7 respectively,
thePascheneffect beginsat air gap18.6¹ m. Our cal-
culationshows that in thecaseof work [7] parameters
andwhenR = 1 cm thePascheneffect is impossible.
For the effect at abovementionedair gap to occur the
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Fig.9. Pascheneffect. (a)conditionsfor thePascheneffect. 1, : : :, 6 aredependencesof potentialchangein theair gaponthelayerthickness
x1 , whenthecylinder radiusis 1 cm,semiconductorandtonerthicknessesare10and40 ¹ m, respectively, dielectricpermittivitiesare" 1 =
2 and" 2 = 2.5, respectively; 7 is Paschencurve [9]. In (b), left-handscaleis variationof thehorizontalcomponentof electric�eld E y in
thePascheneffect region,right-handscaleis dependenceof thicknessof theair gapbetweenpaperandtonerontheair coordinatey (dashed
line). (c) Variationof theverticalcomponentE x in thePascheneffect region (theend-pointsof thecurvescorrespondto thetonersurface).

Ex , Ey arein U0 (V) = R (cm)units;y, x, h + x arein R (cm)units.

potentialmust be increasedup to ¸ 1.5U0. Calcula-
tion alsoshowsthatthePascheneffectpotentialandthe
componentsof electric�eld in theair betweenthetoner
andthepaperdepend(accuracy · 1%)only ontheratio
dtoner ="2 anddo not dependon eitherthe tonerthick-
nessor its dielectricpermittivity separately.

For other valuesof R, e.g. when R varies from
0.5 to 2 cm, theminimumvalueof thepotentialwhich
mustbeexceededin orderfor thePascheneffect to oc-
cur remainsequalto 870V, whereasthedistancefrom
the xOz plane to the maximumregion of the effect
increasesand this region becomeswider (whenR =
2 cm,thefurthestpoint is at1710¹ m).

7. Conclusions

Exactsolutionsof thePoissonequationfor 2D case
of a �at papertransportedin atonerimagetransfersys-
temallow oneto draw thefollowing conclusions:

1. With thephotoreceptorcylinderradiusR = 0.01m,
thesemiconductorthickness10 ¹ m, andthetoner
thickness40 ¹ m, the Pascheneffect occurswhen
the cylinder potential U0 exceeds870 V. When
U0 = 103 V, the distancesfrom the xOz plane
(i. e., the planeperpendicularto the papersurface
passingthroughtheaxisof thecylinder)to theend-
pointsof themaximuminterval wherethePaschen
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effect takesplaceare570and1210¹ m. As thepa-
per dielectricthicknessd0 increasesfrom d0 = 0
(i. e.,from "p = 1 to �nite "p), theinterval of the
effect narrows,andit disappearscompletelywhen
d0 ¸ 9 ¹ m (Fig. 9).

2. In the air betweenthe paperandtonerandon the
papersurface,theelectric�eld strengthhasahori-
zontalcomponentparallelto thepapersurface,Ey ,
the maximumEyMAX of which at papersurface
occursat a distancefrom the xOz planethat de-
pendson thepaperdielectricthickness:asthedi-
electricthicknessincreasesfrom 2 to 200¹ m, the
distanceincreasesfrom 390 to 1210¹ m (Fig. 8).
In the region of the Pascheneffect, the value of
EyMAX canbe up to 4% of the valueof the ver-
tical componentof �eld strengthperpendicularto
thepapersurface.At thepaperdielectricthickness
d0 > 200¹ m andoutsideof thePascheneffect re-
gionthehorizontalcomponentparallelto thepaper
surfacecanbeeven10–15%of theverticalcompo-
nent(Figs.7 and8 ).

3. Theperpendicularto thepapersurfacecomponent
of the electric �eld strengthEx rapidly decreases
with increasingdistancefrom the xOz plane. In
theregion betweenthexOz planeandthefurthest
edgeof thePascheneffect region, thedependence
of Ex on the distanceto the papersurfacein the
nip betweenthe paperand the toner is insigni�-
cantandthatcomponentis practicallyequalto the
�eld strengthobtainedin the1D model(Fig. 9(c)).
However whenthe distancefrom xOz planeout-
sidethePascheneffect furthestedgeis increasing,
the calculatedin a 2D model Ex value depends
substantially(Figs.3 and5) on the distancefrom
the papersurfaceanddiffers essentiallyfrom the
valueobtainedin 1D model.

Appendix

A. Derivation of expression(13) for toner potential

Theexpandedversionsof equations(8) and(9) are

1 + A ln ½1 +
1X

n=1

An
1 ¡ ½2n

1

½n
1

cosn' = B0 +

+ B ln ½1 ¡
1
4

Q½2
1 +

1X

n=1

Bn + ½2n
1 bn

½n
1

cosn' ; (A.1)

A
½1

¡
1X

n=1

Ann
1 + ½2n

1

½n+1
1

cosn' =
"2

"1

µ
B
½1

¡
1
2

Q½1

+
1X

n=1

n
bn½2n

1 ¡ Bn

½n+1
1

cosn' ¡
h2 ¡ ½2

1

2½1
Q

¶
: (A.2)

In thelatterequation,theexpressionof ¾givenin equa-
tion (12) hasbeenincorporated.After equatingtheco-
ef�cients atcosn' andthetermsthatdonotdependon
' onbothsidesof theequations,weobtain

1 + A ln ½1 = B0 + B ln ½1 ¡
1
4

Q½2
1 ;
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µ
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1
2

Qh2
¶

; (A.3)
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From(A.3) it follows that
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After combining (7) with (A.5) and (A.6), equation
(13) is obtained:
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B. The case"p = 1 . Derivation of equationsfor calculating air potential constantsand expressionsfor
componentsof electric �eld strength

After expansion,theconditionsin equation(19)canbewrittenasfollows:
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where

a = r 2 + h2 ; b = 2r h ; ' 0 = arccos
r + h cos'

p
a + bcos'

: (B.3)

The�nal termon theleft-handsideof (B.2) hasbeenobtainedusingtheexpression

@
@½

cosn' 0
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sinn' 0

½0n
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cosn' 0
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¸
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where½= h. The secondequationof (B.4) is obtainedusingequations(18) for ' 0 and½0 whencalculatingthe
partialderivatives@' 0=@½, @½0=@½andreplacingcos' andsin ' with cos' 0andsin ' 0accordingto equation(18).

In orderto derive therelationsof Fouriercoef�cients thatfollow from (B.1) and(B.2), therelationsbetweenthe
freecoef�cients areobtainedby calculatingthefollowing integralof bothsidesof eachequation:
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andtheformula2.554.2presentedin [10] gives
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and(B.2) gives
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After obtainingB from (B.8) andsubstitutingthatexpressionin (B.7),wehave
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Usingequations(18),we transformtheintegrandof the(B.9) integral:
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After integratingthe �nal termof this equationby partsandusingthe following expression(which follows from
equation(18)),
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Whenn = 1, theintegralon theright-handsideof (B.13)(without themultiplier 1=r) is equalto (B.6). Therefore,
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Hence,(B.9) coincideswith the�rst equationof thesystemof equations(20).
Theotherequationsareobtainedby calculatingthefollowing integralsof bothsidesof equations(B.1)and(B.2):
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After multiplying bothsidesof thisequationby hm anddividing by m, andthendividing eachtermof theresulting
equationby (B.15),weobtain

CL m +
1X

n=1

£
¾mn + (¡ 1)nTmn

¤
Cn = 0; m = 1; 2; : : : ; (B.17)

where

Tmn =
hm

gm ¡ 1
2
¼

¼Z

0

·µ
n
m

¡ gm

¶
cosn' 0¡ r

n
m

cos(n + 1)' 0
p

a + bcos'

¸
cosm'

(
p

a + bcos' )n d' ; (B.18a)

L m =
hm

gm ¡ 1

·
r
m

2
¼

¼Z

0

(r + h cos' ) cosm'
a + bcos'

d' ¡ gm
1
¼

¼Z

0

cosm' ln(a + bcos' ) d'
¸

: (B.18b)

Thetermin theintegrandof (B.18a),whichincludesthefactorn=m, is transformedusing(B.10a),andtheresulting
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Thus,weobtainequation(21) insteadof theexpressionfor Tmn (B.18a).
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After integratingthesecondintegralof (B.18b)by partsandrearranging,weobtain

1
¼

¼Z

0

cosm' ln(a + bcos' ) d' =
2r h
¼m

¼Z

0

sinm' sin '
a + bcos'

d' =
2r h
¼m

¼Z

0

cos(m ¡ 1)' ¡ cosm' cos'
a + bcos'

d' ;

andthis leadsto

L m =
hm

gm ¡ 1
r
m

2
¼

¼Z

0

·µ
r ¡

a(1 + gm )
2r

¶
cosm'

a + bcos'
¡ hgm

cos(m ¡ 1)'
a + bcos'

¸
d' :

By applyingformula3.613.1givenin [10], weobtain
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which leadsto thesecondequationin thesystemof equations(20).
We shallnow derive expressionsfor theelectric�eld components.In orderto �nd E x andEy , thequantities½,

½0, ' , ' 0will beexpressedasfunctionsof coordinatesx, y, measuredfrom theorigin O:
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We thenobtain
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where' and' 0 areexpressedaccordingto (B.20). Using thoseequationsin conjunctionwith equation(16), we
obtainexpressionsfor theverticalandhorizontalcomponentsof electric�eld E x andEy in theair betweentoner
andpaper:
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TheradialandtangentialcomponentsE½andE ' arecalculatedasfunctionsof theangle' on theoutersurface
of thetoneronly, i. e.,when½= h. Here,weuseequalities(18)andformulas(B.4), (B.10b).Thus,weobtain

@
@'

cosn' 0

½0n = nh
r sin ' cosn' 0¡ (h + r cos' ) sinn' 0

(
p

a + bcos' )n+2
: (B.23)
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Wethenhave

E½=
1
h

8
>>><

>>>:

¡ r
r + h cos'
a + bcos'

C +
NX

n=1

nCn

2

6
6
6
4

cosn'
hn ¡ (¡ 1)n

cosn' 0¡ r
cos(n + 1)' 0
p

a + bcos'
(
p

a + bcos' )n

3

7
7
7
5

9
>>>=

>>>;

;

E ' = ¡
r sin '

a + bcos'
C +

NX

n=1

nCn

·
sinn'
hn+1 + (¡ 1)n r sin ' cosn' 0¡ (h + r cos' ) sinn' 0

(
p

a + bcos' )n+2

¸
; (B.24)

where

' 0 = arccos
r + h cos'

p
(a + bcos' )

: (B.25)
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Santrauka

Tiksliai sprend�iantPuasonolygt�i, dvima�ciu atvejuapskai�ciuo-
taselektrostatiniolauko stiprio pasiskirstymaslazeriniospausdin-
tuvo tonerinio vaizdo perk�elimo srityje, popieri�u apib̄udinantdi-
elektrinio storio artiniu. Ištirta elektrinio lauko stiprio vektoriaus

sando,lygiagretauspopieriauspaviršiui, pad�etisir jo vert�esbeipo-
pieriauspaviršiui statmenassandas�ivairiemspopieriausbei tone-
rio parametr�u rinkiniams. IšanalizuotosPašenoišlyd�io tonerinio
vaizdoperk�elimosrityjes�alygos.


