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The Mansouri–Sexl theory is a well known test theory of relativity. Tangherlini [1] produced a theory that is a limit case for
the Mansouri–Sexl theory. We will show that Tangherlin’s theory disagrees with the waveguide theory, predicting a different
result than special relativity (SR), so, the Tangherlini theory is not equivalent with SR. We will also show that for a theory to be
equivalent to the special relativity, contrary to Robertson [2] it is not sufficient to predict the same results for the Michelson–
Morley, Kennedy–Thorndike, and Ives–Stilwell experiments, it must also predict the same results for a waveguide-based
experiment described in Section 4 of our paper.
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1. The Mansouri–Sexl test theory

Various test theories differ in their assumptions
about the form of the Lorentz transforms. The main
test theories of special relativity (SR) are named after
their authors, Mansouri and Sexl [3–5]. These test the-
ories can also be used to examine potential alternative
theories to SR – such alternative theories predict partic-
ular values of the parameters of the test theory, which
can easily be compared to values determined by exper-
iments analysed with the test theory.

2. The Mansouri–Sexl theory of the Doppler effect

In his 1905 paper, “On the Electrodynamics of
Moving Bodies” [6], Einstein produces an interest-
ing blueprint for deriving the general formula for the
Doppler effect. He starts by considering a generic elec-
tromagnetic wave of phase Φ, frequency ν − ω/(2π),
and of wave-vector (l,m, n) propagating with speed c
towards the origin O of a frame K. From the perspec-
tive of a system K, of coordinates (x, y, z, t) the phase
is

Φ = ω

(

t− lx+my + nz

c

)

. (1)

Fig. 1. Reference frames K and k.

Let k be a system moving with the speed v along
the positive x axis of K (see Fig. 1). We want to de-
termine the form of the phase from the perspective of
k, departing from the light source. Since K and k are
in a translation motion along the x axis with respect to
each other we replace the Lorentz transformations in
Einstein derivation:

ξ = γ(x− vt) , ψ = y , ζ = z ,

τ = γ

(

t− vx

c2

)

, γ =
1

√

1 − v2/c2
, (2)
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with the corresponding Mansouri–Sexl transforms

x = b(v) (X − vT ) , y = d(v)Y , z = d(v)Z ,

t = (a− bεv)T + bεX . (3)

The Tangherlini transforms [1, 7–9] are a particular
case of the Mansouri–Sexl transforms in the case

b = γ , a = 1/γ , ε = 0 , d = 1 . (4)

In this particular case the Mansouri–Sexl transforms
(3) become the Tangherlini transforms:

x = γ(v) (X − vT ) , y = Y , z = Z ,

t = T/γ(v) . (5)

We stress once again that the Tangherlini theory is
not a test theory of SR, it is just one of the many theo-
ries claimed to be equivalent to SR. In (3) (X,Y, Z, T )
represent the coordinates in the preferential frame Σ
while (x, y, z, t) are the corresponding coordinates in
the lab frame S. c′ is the (anisotropic) light speed in S
while c is the isotropic light speed in Σ. In the prefer-
ential frame Σ

Φ = ω

(

T − lX +mY + nZ

c

)

. (6)

In the lab frame S, the phase φmust have a form similar
to the form (6):

φ=ω′

(

t− l′
x

c′
−m′

y

c′
− n′

z

c′

)

= ω′

[

(a− bεv)T +

+ bεX − bl′

c′
(X − vT ) − dm′

c′
Y − dn′

c′
Z

]

=

=ω′

(

a−bεv+ bvl′

c′

)[

T −
(

a−bεv+ bvl′

c′

)−1

×

× cb

(

l′

c′
− ε

)

X

c
−

(

a−bεv+ bvl′

c′

)−1 dm′Y

c
−

−
(

a−bεv+ bvl′

c′

)−1 dn′Z

c

]

. (7)

In the lab frame, by comparing (6) with (7) we obtain
the Mansouri–Sexl aberration formula and the Doppler
shifted frequency for a receding light source [10, 11]:

ω′

R = ω
1 − v

c
cos θ

a
, (8)

Fig. 2. The Ives–Stilwell measurements.

and, for approaching the light source

ω′

A = ω
1 +

v

c
cos θ

a
. (9)

The formula

ω′ = ω Γ(1 ± β cos θ) (10)

represents the general formula for the Mansouri–Sexl
Doppler effect measured in the lab frame S where
Γ(v) = 1/a(v) and β = v/c, and c is the isotropic
light speed in Σ. A quick sanity check shows that
in SR a = 1/γ resulting into Γ = γ and so ω′ =
ω γ[1 − (v/c) cos θ], in perfect agreement with Ein-
stein’s derivation [6]. For the case of the Tangherlini
theory Γ(v) = γ(v) and the Tangherlini Doppler effect
is identical with the special relativity one. Therefore,
the Tangherlini theory will predict the same outcome
as special relativity (SR) for the Ives–Stilwell experi-
ment.

3. The Ives–Stilwell experiment

As seen in [6], the general form of the longitudinal
Doppler effect, where the emitter path makes an angle
θ with the line of sight is

ωR = γ ω0(1 − β cos θ) < γ ω0 (11)

for the receding wave (red shift) and

ωA = γ ω0[1 − β cos(θ + π)] =

= γ ω0(1 + β cos θ) > γ ω0 (12)

for the approaching wave (blue shift).
Substituting θ = π/2 in (11) we obtain the trans-

verse Doppler effect (TDE) formula ωt = γ ω0. The
problem is that for low ion speeds ωt is very close to ω0.
Ives and Stilwell came up with a very clever scheme of
separating the very small transverse effect directly from
the much larger longitudinal effect. Let

δωt = γ ω0 − ω0 . (13)

Looking at Fig. 2 let δωR be the total red shift of the
receding wave and let δωA be the total blue shift of
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the approaching wave with respect to the reference ω0.
Then

δωA = (ωA−γω0) + δωt = β γ ω0 cos θ + δωt , (14)

δωR = (γω0−ωR) − δωt = β γ ω0 cos θ − δωt . (15)

Ives and Stilwell could measure on a spectrograph the
quantities δωR and δωA because they represent the de-
viation from the reference value ω0. From (14) and (15)
they obtained

δωt =
δωA − δωR

2
. (16)

By taking the sum

δωA + δωR = 2β γ ω0 cos θ , (17)

Ives and Stilwell calculated the speed v of the ions from

β γ =
δωA + δωR

2ω0 cos θ
. (18)

Arranging for θ to be very close to zero they ob-
tained

u/c
√

1 − (u/c)2
=
δωA + δωR

2ω0
. (19)

Solving (19) for u Ives and Stilwell produced the
graphs δωt as a function of the ions’ speed u, a very
clever way of separating the transverse Doppler effect
(TDE) from an experiment that is essentially longitudi-
nal.

4. The Tangherlini theory for electromagnetic wave
propagation in waveguides

An earlier paper by Gagnon [12] makes clever use
of the Earth’s revolution around the Sun and of the
Earth’s diurnal rotation. Let v represent the Earth rev-
olution speed. Let Σ(ξ, ψ, ζ) represent the preferen-
tial reference frame from the Tangherlini theory. In
the lab frame, according to [13] the Tangherlini trans-
formation of the standard [14] wave equation ∇2E =
(1/c2)(∂2E/∂t2) is

∇2E− 2

c2
(v ·∇)

∂E

∂t
−
(

1− v2

c2

)

1

c2
∂2E

∂t2
= 0 , (20)

whereE = E(x, y, z, t) = uxEx+uyEy+uzEz . From
wave theory we know that the solution for equation (20)
is of the form

Ez = X(x)Y (y) ei(kz−ωt) , (21)

with the boundary condition

Ez(x=0) = Ez(x=a) = Ez(y=0) = Ez(y=b) = 0 .
(22)

Let X(x) and Y (y) be two functions continuous
with continuous second order derivatives. The problem
is now reduced to finding the solution for the differen-
tial equation

0 = Y
d2X

dx2
+X

d2Y

dy2
+X Y

[

− k2 + 2
vzω

c2
k +

(

1 −

− v2

c2

)

ω2

c2

]

− i
2ω

c2

(

vxY
dX

dx
+ vyX

dY

dy

)

, (23)

with the boundary conditions

X(0) = X(a) = 0 , Y (0) = Y (b) = 0 , (24)

where v2 = v2
x + v2

y + v2
z .

Let

C = −k2 + 2
vzω

c2
k +

(

1 − v2

c2

)

ω2

c2
. (25)

Assuming XY 6= 0 we can divide expression (23) by
XY :

−C =

(

1

X

d2X

dx2
− 2iωvx

c2
1

X

dX

dx

)

+

+

(

1

Y

d2Y

dy2
− 2iωvy

c2
1

Y

dY

dy

)

. (26)

Since X(x) is a function only of x and Y (y) is a
function only of y and since the left-hand side of (26)
is a constant it results immediately that

1

X

d2X

dx2
− 2iωvx

c2
1

X

dX

dx
= −α , (27a)

1

Y

d2Y

dy2
− 2iωvy

c2
1

Y

dY

dy
= −β . (27b)

Equation

d2X

dx2
− 2iωvx

c2
dX

dx
+ αX = 0 (28)

must have a solution of the type

X(x) = eirx , (29)
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i. e. two differential equations of degree two with imag-
inary coefficients follow, each producing the character-
istic equation

−r2 + 2
vx

c

ω

c
r + α = 0 , where (30)

r1,2 =
vx

c

ω

c
±

√

√

√

√

(

vx

c

ω

c

)2

+ α , (31)

X(x) = C1 eir1x + C2 eir2x = eix vx

c

ω

c ×

×
(

C1 eix
√

α+( vx

c

ω

c
)2 + C2 e−ix

√
α+( vx

c

ω

c
)2
)

. (32)

0 = X(0) = C1 + C2 implies

C2 = −C1 , (33)

therefore

X(x) = eix vx

c

ω

c C1 ×

×
(

eix
√

α+( vx

c

ω

c
)2 − e−ix

√
α+( vx

c

ω

c
)2
)

, (34)

0 =X(a) = eia vx

c

ω

c C1 ×

×
(

eia
√

α+( vx

c

ω

c
)2 − e−ia

√
α+( vx

c

ω

c
)2
)

, (35)

0 = 2i sin






a

√

√

√

√α+

(

vx

c

ω

c

)2






, (36)

a

√

√

√

√α+

(

vx

c

ω

c

)2

= mπ , (37)

α =

(

mπ

a

)2

−
(

vx

c

ω

c

)2

. (38)

Similarly,

Y (y) = eiy
vy

c

ω

c C3 ×

×
(

eiy
√

β+(
vy

c

ω

c
)2 − e−iy

√

β+(
vy

c

ω

c
)2
)

, (39)

β =

(

nπ

b

)2

−
(

vy

c

ω

c

)2

. (40)

Thus, from previous definitions it follows that

−k2 + 2
vzω

c2
k +

(

1 − v2

c2

)

ω2

c2
= C = α+ β , (41)

k2 − 2
vzω

c2
k −

(

1 − v2

c2

)

ω2

c2
+ (α+ β) = 0 , (42)

k2− 2
vzω

c2
k −

(

1− v2

c2

)

ω2

c2
+

(

mπ

a

)2

+

(

nπ

b

)2

−

−
(

vx

c

ω

c

)2

−
(

vy

c

ω

c

)2

= 0 , (43)

k2 − 2
vzω

c2
k −

(

1 − v2
z

c2

)

ω2

c2
+
ω2

mn

c2
= 0 , (44)

where

ω2
mn

c2
=

(

mπ

a

)2

+

(

nπ

b

)2

. (45)

Solving (44) for k we obtain

k(ω, vz) =
vz

c

ω

c
± 1

c

√

ω2 − ω2
mn . (46)

k is a real number if and only if ω ≥ ωmn, ωmn is the
“cutoff pulsation” below which k becomes imaginary
and the wave attenuates instead of propagating properly
to the end of the waveguide.

Ez =B sin

(

mπ

a
x

)

sin

(

nπ

b
y

)

×

× cos

[

kz +
vx

c

ω

c
x+

vy

c

ω

c
y − ωt

]

. (47)

There is a second waveguide in the experiment, driven
at the same pulsation ω but with a very different “cut-
off” pulsation ωpq, we can write immediately the elec-
trical field:

E′

z =B′ sin

(

pπ

a′
x

)

sin

(

qπ

b′
y

)

×

× cos

[

kz′ +
vx

c

ω

c
x+

vy

c

ω

c
y − ωt

]

, (48)

with

ω2
pq

c2
=

(

p π

a′

)2

+

(

q π

b′

)2

, (49)
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k′(ω, vz) =
vz

c

ω

c
± 1

c

√

ω2 − ω2
pq . (50)

We have enough degrees of freedom in selecting the
geometries of the waveguides such that

B′ sin

(

pπ

a′
x

)

sin

(

qπ

b′
y

)

=

= B sin

(

mπ

a
x

)

sin

(

nπ

b
y

)

= E0 , (51)

Ez = E0 ×

× cos

[

amnz+
vx

c

ω

c
x+

vy

c

ω

c
y+

vz

c

ω

c
z−ωt

]

, (52)

E′

z = E0 ×

× cos

[

apqz+
vx

c

ω

c
x+

vy

c

ω

c
y+

vz

c

ω

c
z−ωt

]

, (53)

amn = −1

c

√

ω2 − ω2
mn , (54)

apq = −1

c

√

ω2 − ω2
pq . (55)

The phase difference between Ez and E′

z is

∆Φ = (amn − apq) z . (56)

The two waveguides in the experiment have differ-
ent cutoff pulsations [12] so the expression (56) is non-
null. By contrast, special relativity predicts ∆Φ = 0
for the Gagnon experiment [12], that is, light speed is
isotropic. The Tangherlini theory predicts a non-null
one way light speed anisotropy contrary to the null pre-
diction in SR. Thus, the Tangherlini theory is not equiv-
alent to SR.

5. Conclusion

We have demonstrated that Tangherlini’s theory,
while producing identical predictions with SR for the
Ives–Stilwell experiment produces different predic-
tions in the case of electromagnetic wave propaga-
tion in waveguides. Thus, the Tangherlini theory is

not equivalent to SR. Contrary to Robertson [2], the
fact that the Tangherlini theory passes the experiments
of Michelson–Morley, Kennedy–Thorndike and Ives–
Stilwell is not sufficient to make the Tangherlini the-
ory indistinguishable from SR since it predicts a dif-
ferent result for the electromagnetic-type experiments
suggested in [10–13, 15, 16].
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BŪTINOS EKVIVALENTUMO SPECIALIAJAI RELIATYVUMO TEORIJAI SĄLYGOS

A. Sfarti

Kalifornijos universitetas Berklyje, JAV

Santrauka
Mansouri–Sexl teorija gerai žinoma kaip testinė reliatyvumo

teorija. Tangherlini [1] pasiūlė teoriją, kuri yra ribinis Mansouri–
Sexl teorijos atvejis. Parodyta, kad Tangherlini teorija nesutampa
su bangolaidžio teorija, numatydama kitokį rezultatą, nei specia-
lioji reliatyvumo teorija. Taigi, Tangherlini teorija nėra ekvivalenti

specialiajai reliatyvumo teorijai. Taip pat parodoma, kad, priešin-
gai nei teigia Robertson [2], būtinos tam tikros teorijos ekviva-
lentumo specialiajai reliatyvumo teorijai sąlygos nėra tik tų pa-
čių rezultatų numatymas Michelson–Morley, Kennedy-Thorndike
ir Ives–Stilwell eksperimentuose, bet ir vienodo rezultato prognozė
bangolaidžio eksperimente, aprašytame šio straipsnio 4 skyriuje.


