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dt
|ψ (t)〉 = h (ωt, t) |ψ (t)〉

periodic dependence with respect to the first argument h (ωt+ 2π, t) = h (ωt, t)

any other characteristic energies of the system, or in other words�ω �
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h(n) (t) einωt matrix elements
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d

dt
|ψ (t)〉 = heff (t) |ψ (t)〉
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Motivation
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053602 (2017)

Shaken optical lattice

Drive 
amplitude

Main task and motivation



Let us study whole family of the solutions:

i�
d

dt
|ψθ (t)〉 = h (ωt+ θ, t) |ψθ (t)〉 θ ∈ [0, 2π)

with initial conditions

|ψθ+2π (tin)〉 = |ψθ (tin)〉

Hamiltonian         acts on a Hilbert space h (ωt+ θ, t) H

Introduce the space    of    -periodic functionsT θ

Construct the space L = H ⊗ T

Apply unitary transformation U = exp

[
ωt

∂

∂θ

]

K (t) = U†H (ωt, t)U − i�U† dU
dt

= −i�ω
∂

∂θ
⊗ 1H +

+∞∑

n=−∞
einθ ⊗ h(n) (t)

Orthonormal basis of the space
einθ√
2π

↔ |n〉

T

K (t) =
+∞∑

n=−∞
|n〉n�ω 〈n| ⊗ 1H +

+∞∑

n,m=−∞
|m〉 〈n| ⊗ h(m−n) (t)

Extension of the space



Apply unitary operator           that block-diagonalize the Kamiltonian

K (t) =
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.

· · · h(0) − �ω h(−1) h(−2) h(−3) · · ·
· · · h(1) h(0) h(−1) h(−2) · · ·
· · · h(2) h(1) h(0) + �ω h(−1) · · ·
· · · h(3) h(2) h(1) h(0) + 2�ω · · ·
· · · h(4) h(3) h(2) h(1) · · ·
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)t(D KD (t) = D†KD − i�D† dD
dt

KD (t) =
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· · · heff (t)− �ω 0H 0H 0H · · ·
· · · 0H heff (t) 0H 0H · · ·
· · · 0H 0H heff (t) + �ω 0H · · ·
· · · 0H 0H 0H heff (t) + 2�ω · · ·
· · · 0H 0H 0H 0H · · ·
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Full dynamics of the state vector: |ψ (tfn)〉 = UMicro (ωtfn, tfn)Ueff (tfn, tin)U
†
Micro (ωtin, tin) |ψ (tin)〉

“Kamiltonian” operator and e�ective Hamiltonian



Main idea is to gradually diagonalize the Hamiltonian.

H (s)|s=0 = initial Hamiltonian H (s)|s=+∞ = fully diagonal Hamiltonian

run flow equation

For discrete flow:

H (s+ 1) = U (s)H (s)U † (s) = eη(s)H (s) e−η(s)

For continuous flow:

H (s+ ds) = eη(s)dsH (s) e−η(s)ds = H (s) + [η (s) , H (s)] ds+O
(
(ds)

2
)

dH (s)

ds
= [η (s) , H (s)]

The quantity            remains invariant over any unitary transformation.Ip = Tr [Hp (s)]

I2 =
∑

n

H2
nn (s) +

∑

n

∑

m �=n

|Hnm (s)|2 = Idiag2 (s) + Ioff2 (s)

dIdiag2 (s)

ds
≥ 0 if            whereηnk (s) = Hnk (s) f (Hnn (s)−Hkk (s)) f (−x) = −f (x)

F. Wegner: Ann. Phys. (Leipzig) 506, 77 (1994)

Flow towards diagonalization



For descrete flow:

K (s+ 1, t) = eiS(s,t)K (s, t) e−iS(s,t) − i�eiS(s,t) ∂e
−iS(s,t)

∂t

For continuous flow:

∂K (s, t)

∂s
= i [S (s, t) ,K (s, t)]− �

∂S (s, t)

∂t

Over the flow, the Kamiltonian preserves Floquet structure

K (s, t) = �ωN ⊗ 1H +

+∞∑

m=−∞
Pm ⊗H(m) (s, t)

N =

+∞∑

n=−∞
|n〉n 〈n|

with

Pm =

+∞∑

n=−∞
|n+m〉 〈n|

if            whereS (s, t) =

+∞∑

m=−∞
Pm ⊗ S(m) (s, t)

[
S(m) (s, t)

]†
= S(−m) (s, t)

Block diagonalization of the “Kamiltonian”



We assume that: h(m) (t) ∼ O
(
(�ω)0

) djh(m) (t)

dtj
∼ O

(
(�ω)0

)

Each Fourier harmonic can be presented as an expansion in the powers of inverse 
frequencies:

H(m) (s, t) = H
(m)
0 (s, t) +H

(m)
1 (s, t) +H

(m)
2 (s, t) +O

(
(�ω)−3

)

For example, at the begining of the flow (s=0):

H(m) (0, t) = h(m) (t) + 0H + 0H +O
(
(�ω)−3

)

The main idea is, at each flow step, to eliminate the leading order term in the expansion for 
the non-zero Fourier harminics:

H(m �=0) (s, t) =
+∞∑

i=s

H
(m)
i (s, t) E�ective Hamiltonian heff (t) =

s−1∑

i=0

H
(0)
i (s, t) +O

(
(�ω)−s

)

Surprisingly, such scenario can be achieved with a generator

iS (s, t) =
∑

m�=0

Pm

m
⊗ H

(m)
s (s, t)

�ω

V. Novičenko, G. Žlabys, E. Anisimovas: Phys. Rev. A 105, 012203 (2022)

Generator for the discrete flow in the presence of 
high-frequency



Partial inner product                    can be interpreted as an element of a block matrix.

A. Verdeny, A. Mielke, F. Mintert: Phys. Rev. Lett. 111, 175301 (2013)

〈n| iS |k〉

ηnk (s) = Hnk (s) f (Hnn (s)−Hkk (s))

〈n| iS (s, t) |k〉 = 〈n| K (s, t) |k〉 f (〈n| K (s, t) |n〉 − 〈k| K (s, t) |k〉)

where the function           is generalized to act on the operator:f (·) f (x1H ) = 1H f (x)

For the case of                      we obtain generator:f (x) = x iS (s, t) = �ω
∑

m �=0

mPm ⊗H(m) (s, t)

Flow equations:

∂H(0) (s, t)

∂s
=

2

�ω

+∞∑

m=1

m
[
H(m) (s, t) , H(−m) (s, t)

]

∂H(n) (s, t)

∂s
= −n2H(n) (s, t) +

i

ω
nḢ(n) (s, t) +

1

�ω
∑

m�=n

(m− n)
[
H(m) (s, t) , H(n−m) (s, t)

]

Generator for continuous flow adapted to block-diagonalize the 
Kamiltonian



In order to preserve the band structure of the Hamiltonian during the flow we can use 
following generator form:

A. Mielke: Eur. Phys J. B 5, 605 (1998)

ηnk (s) = Hnk (s) sgn (n− k)

iS (s, t) =
∑

m �=0

sgn (m)

�ω
Pm ⊗H(m) (s, t)

If         then           for any    .H(m) (0, t) = 0H H(m) (s, t) = 0H s

The expansion in powers of inverse frequency for the finite close algebra can be done 
automatically, if

h(n) (t) =
L∑

l=1

c
(n)
l (t)Gl

and [Gl, Gm] =
L∑

n=1

γlmnGn

Toda block-diagonalizator which preserves band structure



Initial Hamiltonian:

hlab (ωt, t) =
�Ω
2

σz + 2g (t) cos (ωt+ φ)σx We assume that �Ω− �ω = ∆ ∼ O
(
(�ω)0

)

Ũ (t) = exp [−iωtσz/2]

h(0) =
∆

2
σz + g (t) cos (φ)σx + g (t) sin (φ)σy

h(2) =
[
h(−2)

]†
=
g (t)

2
eiφσx +

g (t)

2
ieiφσy

Example of Rabi model



The end


