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We proposea new methodof creatingsolitonsin elongatedBose–Einsteincondensates(BECs)by sweepingthreelaser
beamsthroughthe BEC. If one of the beamsis in the �rst order (TEM10) Hermite–Gaussianmode, its amplitudehasa
transversal¼phaseslip whichcanbetransferredto theatomscreatingasoliton.Usingthismethodit is possibleto circumvent
therestrictionsetby thediffractionlimit inherentto conventionalmethodssuchasphaseimprinting. Themethodallowsoneto
createmulticomponent(vector)solitonsof thedark–brightform aswell asthedark–darkcombination.In additionit is possible
to createin a controllableway two or moredarksolitonswith very small velocity andcloseto eachotherfor studyingtheir
collisionalproperties.
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1. Intr oduction

Atomic Bose–Einsteincondensates(BECs)have re-
ceived a great deal of interestsince they were �rst
produceda decadeago[1–3]. They canexhibit vari-
ous topologicalexcitations,suchasvorticesandsoli-
tons. Thedynamicsof solitonsin elongatedBECs[4]
is theatom-opticsversionof thenonlinearpropagation
of light pulsesin optical �bres [5]. The BEC offers a
remarkablefreedomin termsof controlling thephysi-
calparameterssuchasdimensionalityandeventhesign
of thestrengthof theatom–atominteraction[4].

Solitonsin BECscanbeof bothdarkandbrighttype.
Dark solitonsare formed in BECs with repulsive in-
teractionbetweenthe atoms[4]. For completelydark
solitonsthecondensatewavefunctionis zeroatthecen-
treandchangesits signwhencrossingthecentralpoint,
i. e.thecondensatewavefunctionhasanin�nitely steep
¼phaseslip at thecentre[4]. On theotherhand,bright
solitonsareformedin BECswith repulsive interaction
betweenthe atoms. The wave function of the BEC is
thenlocalisedat thecentre[4] andgoesto zerofurther
away from this point. Dark solitonswhich manifest
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themselvesasa densityminimummoving with a con-
stantspeedagainst a uniform backgrounddensity, as
well asbrightsolitonswhichareshapepreservingwave
packets,have bothbeenexperimentallyrealised[6–9].
Thedynamicsof solitonsin BECshasbeenextensively
studied. This has included investigationsof the sta-
bility properties[10], as well as soliton dynamicsin
inhomogeneousclouds[11], in multicomponentBECs
[12,13], andin supersonic�o w [14]. Solitonscanbe
createdin variouswayswith a variabledegreeof con-
trollability, e.g.,by colliding cloudsof BEC[15–17]or
engineeringthedensity[18,19].

Traditionally dark solitonsin BECsarecreatedus-
ing phaseimprinting [6,7,20–22],wherea partof the
condensatecloud is illuminatedby a far detunedlaser
pulsein orderto induceasharp¼phaseslip in thewave
function.Thesubsequentdynamicscanindeeddevelop
solitons[6,7]. Thereare,however, somerathersevere
drawbackswith sucha methodof phaseengineering.
The resolutionof the requiredphaseslip is naturally
restrictedby thediffraction limit, i. e. thewidth of the
phaseslip shouldbelargerthananopticalwavelength.
Furthermore,thephaseimprinting doesnot producea
densityminimumcharacteristicof thedarksolitonsin
theregionof thephasechange.Hencecompletelydark
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Fig. 1. (a) Thelevel schemefor thethreelaserbeams­ i (i = 1, 2,
3). (b) Thesequenceof laserbeamsbeingsweptthroughtheBEC
involvesa preparationstage­ 2 ! ­ 1 anda �nal stage­ 1 ! ­ 2

which engineersthe phaseand densityof the BEC to producea
soliton.

stationarysolitonsaredif�cult to achieve, which con-
sequentlyresultsin socalledgrey moving solitonswith
ashallow densitydip.

It is of a signi�cant interest to be able to create
slowly moving, or evencompletelystationarysolitons
in orderto testfor instancetheir scatteringproperties,
wheretheshapesof thecollidingsolitonsarepreserved.
In addition,arelativespatialshift is expected.Thisspa-
tial shift, however, canonly bedetectedfor extremely
slow solitonsdue to the inherentlogarithmic depen-
denceof the spatialshift on the relative velocity be-
tween the solitons [23,24]. The standardphaseim-
printing alsoinevitably createsphononsin thetrapped
cloudbecausetheconstructedinitial stateis not theex-
act soliton solutionlargely dueto the missingdensity
notch[6,7].

In this paperweshow how stateswhichhave there-
quiredphaseslip anddensitypro�le for solitonscanbe
createdby sweepingthreelaserbeamsthroughanelon-
gatedBEC asshown in Fig. 1. If oneof the beamsis
in the�rst order(TEM10)Hermite–Gaussianmode,its
amplitudehasa transversal¼phaseslip which will be
transferredto atomsthusproducingasoliton.Moreim-
portantly, with asequenceof threelaserbeamsit is pos-
sibleto circumventtherestrictionsetby thediffraction
limit. Thelaser�elds reshapeanatomicwave function
sothat it acquiresa zero-point.This leadsto a hole in
the atomicdensity, the width of which is only limited
by theintensityratiosbetweentheincidentlaserbeams
due to the geometricnature[25] of the process.The
formationof theholeis accompaniedby astep-like(in-
�nitely sharp)¼phaseslip in theatomicwave function
whencrossingthe zero-point. The methodis particu-
larly usefulfor creatingmulticomponent(vector)soli-

tonsof the dark–brightform aswell asthe dark–dark
combination. In addition it is possibleto createin a
controllablewaytwo or moreslowly moving darksoli-
tons closeto eachother for studyingtheir collisional
properties.

2. Formulation

2.1.Outlineof theproposedsetup

Consideracigar-shapeatomicBECelongatedin the
z direction.To createsolitonsin theBEC,we propose
to sweepthree incident laser beamsacrossthe con-
densate.The laserbeamsinteractwith thecondensate
atomsin a tripod con�guration [25,26], i. e. theatoms
arecharacterizedby threegroundstatesj1i , j2i , j3i and
anexcitedstatej0i . Thej th laserdrivesresonantlythe
atomictransitionbetweenthegroundstatejj i andthe
excitedstatej0i , seeFig.1(a). Initially theatomsform-
ing theBEC arepreparedin thehyper�ne groundstate
j1i . SubsequentlythelasersaresweptthroughtheBEC
in thex direction,i. e.perpendicularto thelongitudinal
axisz of thecondensate.

The sweepingprocessis madeof two stagesde-
picted in Fig. 1(b). In the �rst stagethe lasers1 and
2 areappliedin a counter-intuitive sequenceto trans-
fer adiabaticallytheatomsfrom thegroundstatej1i to
anothergroundstatej2i . If anadditionallaser3 is on
during the �rst stage,a partial transferof atomsfrom
the groundstatesj1i to j2i is possible[26]. In that
casea coherentsuperpositionof statesj1i and j2i is
createdafter completingthe �rst stage. In the second
stage,the lasers1, 2, and3 areappliedonceagain to
transferatomsfrom the statej2i backto the statej1i
and from the statej1i to the statej2i . If the ampli-
tudeof oneof theselasers­ 1 or ­ 2 changesthesignat
z = z0, theBEC picksup a ¼phaseshift at this point
after the sweeping,anda soliton canbe formed. This
is the casee.g. if one of the beamsis the �rst order
Hermite–Gaussianbeamcentredat z = 0.

It is importantto realizethatat leasttwo laser�elds
areneededto completethe adiabatictransferof pop-
ulation betweenthe groundstates.Thereforethe adi-
abaticity can be violated in the vicinity of the point
z = z0 whereoneof the Rabi frequencies­ 1 or ­ 2

goesto zero. Inclusion of the third (support) laser
3 helps to avoid sucha violation of the adiabaticity.
In fact the atomswould experienceabsorptionin the
vicinity of z = z0 if the supportlaser3 wasmissing
duringthesecondstage.
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It shouldbe mentionedthat therearesimilar previ-
ous proposalsfor creatingvortices in a BEC via the
two-laserRamanprocessesinvolving thetransferof an
optical vortex to theatoms[27–29]. In theseschemes
the lasersare far detunedfrom the single-photonres-
onanceto avoid the absorptionat the vortex core. In
ourschemethelasersarein anexactsingle-photonres-
onance,so the useof the third (support)laser is es-
sentialto avoid the losses.An advantageof the reso-
nantschemeis that an ef�cient andcompletepopula-
tion transferis possiblebetweenthe hyper�ne ground
states,whereasin thenon-resonantcaseonly a fraction
of populationcanbetransferred[29].

2.2.Hamiltonianfor a tripod atom

Let usnow provide a quantitative descriptionof our
scheme. The j th laserbeamis characterizedby the
complex Rabi frequency ~­ j = ­ j exp(ik j ¢r + iSj ),
with j = 1, 2, 3, where­ j is the real amplitude,the
phasebeingcomprisedof thelocalphasek j ¢r aswell
astheglobal(distance-independent)phaseSj . In what
follows, the Rabi frequencies­ 2 and ­ 3 are consid-
eredto be positive: ­ 2 > 0, ­ 3 > 0. Yet, the Rabi
frequency ­ 1 is allowedto benegative. This makesit
possibleto include an additional¼ phaseshift in the
spatialpro�le of the�rst beamwhencrossingthezero-
pointat z = z0.

TheelectronicHamiltonianof atripodatomreadsin
theinteractionrepresentation:

Ĥe = ¡ ~( ~­ 1j0ih1j+ ~­ 2j0ih2j+ ~­ 3j0ih3j)+ H: c: (1)

Thetripodatomshave two degeneratedarkstatesjD 1i
andjD2i of zeroeigenenergy (ĤejDn i = 0) containing
noexcited-statecontribution [25,26],

jD1i =
1

p
1 + ³ 2

¡
j1i 0¡ ³ j2i 0¢ ; (2)

jD2i =
1

p
1 + ³ 2

£
»3

¡
³ j1i 0+ j2i 0¢

¡ »2(1 + ³ 2)j3i 0¤; (3)

wherejj i 0 = jj i exp[i(k3 ¡ k j ) ¢r + i(S3 ¡ Sj )] (with
j = 1, 2, 3) arethe modi�ed atomicstatevectorsac-
commodatingthe phasesof the incident laser �elds,
³ = ­ 1=­ 2 is the ratio betweenthe Rabi frequencies
of the�rst andsecond�elds, and»j arethenormalised
Rabifrequencies(j = 1, 2, 3),

»j =
­ j

­
; ­ =

q
­ 2

1 + ­ 2
2 + ­ 2

3 ; (4)

with »3 > 0 and¡1 < ³ < + 1 . The atomicdark
statesjD1i andjD2i dependon thecentreof massco-
ordinater throughthe spatialdependenceof the Rabi
frequencies­ j andstatevectorsjj i 0.

2.3.General equationsof motion

The full atomic statevector of a multicomponent
BEC is j©(r ; t)i =

P 4
j =1 jj i ª j (r ; t), wherethe con-

stituentwave functionsª j (r ; t) describethe transla-
tional motion of the BEC in the internal statejj i of
thetripod scheme.Thewave functionsª j (r ; t) obey a
multicomponentGross–Pitaevski equationof theform

i~
@
@t

j©(r ; t)i =
·

1
2M

r 2 + Ĥe + V̂
¸
j©(r ; t)i ; (5)

whereĤe from Eq.(1) describesthelight-inducedtran-
sitions betweenthe different internal statesof atoms.
Thediagonaloperator

V̂ =
3X

l>j =0

(Vj + gj l jª l j2)jj ihj j (6)

accommodatesthe trappingpotentialVj (r ) for the j th
internalstate,aswell as the nonlinearinteractionbe-
tween the componentsj and l characterizedby the
strengthgj l = 4¼~2aj l =m, with aj l being the corre-
spondingscatteringlength.

3. Time-evolution of the atom–light system

3.1.Adiabaticapproximationfor thedarkstates

We shallapplytheadiabaticapproximation[25,30,
31] underwhich atomsevolve within their dark-state
manifold during the sweeping. This is legitimate if
the total Rabi frequency ­ is suf�ciently large com-
paredto theinversesweepingduration¿¡ 1

sweep. Thefull
atomicstatevectorcanthenbeexpandedasj©(r ; t)i =
P 2

n=1 ª (D )
n (r ; t)jDn (r ; t)i , wherea compositewave-

functionª (D )
n (r ) describesthetranslationalmotionof

anatomin thedarkstatejDn (r ; t)i . Theatomiccentre
of massmotionis thusrepresentedby atwo-component
wave function

ª =

0

@
ª (D )

1

ª (D )
2

1

A (7)

obeying thefollowing equationof motion[25]:

i~
@
@t

ª =
·

1
2M

(¡ i~r ¡ A )2 + V(r ) + Á¡ ¯
¸
ª ; (8)
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wherethe effective vectorpotentialA andthe matrix
¯ are the 2 £ 2 matricesappearingdueto the spatial
andtemporaldependenceof the dark states,A n;m =
i~hDn (r ; t)jrj Dm (r ; t)i and ¯ n;m = i~hDn (r ; t)j£
£ @=@tjDm (r ; t)i . The former A is known as the
Mead–Berryconnection[32,33], whereasthe latter
matrix ¯ is responsiblefor the geometricphase[34].
The 2 £ 2 matrix Á is the effective trappingpotential
(explicitly presentedin Ref. [25]) appearingdueto the
spatialdependenceof the dark states.Assumingthat
all threebeamsco-propagate(k 1 ¼ k2 ¼ k3), theef-
fectivevectorpotential[25] reducesto

A = ~
»3

1 + ³ 2 r ³

Ã
0 i

¡ i 0

!

: (9)

Lastly, the2£ 2 matrixV originatingfrom theoperator
V̂ , Eq.(6),accommodatesthetrappingpotentialfor the
darkstates[25] aswell astheatom–atomcoupling.

3.2.Time-evolutionduring thesweeping

Supposetheincidentlaserbeamsaresweptthrough
a trappedBEC alongthe x axis with a velocity v , as
shown in Fig. 1(b). This canbedoneeitherby shifting
in the transversal(x) direction the laserbeamsprop-
agating alongthe y axis or by applyinga setof laser
pulsesof theappropriateshapeandsequencepropagat-
ing in the x direction. In the latter case,the sweep-
ing velocity v will coincidewith the speedof light.
In bothcasestheadiabaticdarkstatesdependon time
in the following way: jDn (r ; t)i ´ jDn (r 0)i , where
r 0 = (x0; y; z) ´ (x ¡ vt; y; z) is theatomiccoordinate
in the frameof themoving laser�elds. Let usassume
that the time ¿sweep = d=v it takesto sweepthe laser
beamsthroughaBECof thewidthd, is smallcompared
to thetimeassociatedwith theBECchemicalpotential
¿¹ = ~=¹ which is typically of theorderof 10¡ 5 s. In
that caseonecanneglect the dynamicsof the atomic
centreof massduringthesweeping.Consequentlythe
time evolution of the multicomponentwave function
during the sweepingis governedby the matrix-term
¯ = ¡ vAx featuredin Eq.(8), giving

i~@t ª = vAx ª ; (10)

where Ax is the effective vector potential along the
sweepingdirection.

In passingwe notethat the subsequenttime evolu-
tion of the BEC after the two-stagesweepingwill be
describedby thegeneralGross–Pitaevski equation(5)
with the light �elds off (Ĥe = 0), as we shall do in
Section4.

Returningto Eq. (10), sincevAx commuteswith it-
self atdifferenttimes,onecanrelatethewave function
ª( t) at a �nal time t = t f to theoneat theinitial time
t = t i as

ª( r ; t f ) = exp(¡ i£) ª( r ; t i ) ; (11)

wheretheexponent£ is a2 £ 2 Hermitianmatrix

£ =
1
~

t fZ

t i

Ax (r ¡ v t)v dt =
1
~

x iZ

x f

Ax (r 0) dx0 (12)

and the integration is over the sweepingpath r 0 =
(x ¡ vt; y; z) from x f = x ¡ vt f to x i = x ¡ vt i . In
mostcasesof interestthe initial and�nal timescanbe
consideredto besuf�ciently remote,sothatthespatial
integrationcanbefrom x f = ¡1 to x i = + 1 .

3.2.1.The�r st stage
Let usnow analysetheproposedtwo-stagesetupin

moredetails.In the�rst stagebothRabifrequencies­ 1

and­ 2 arepositive. The lasers1 and2 areappliedin
a counterintuitive order(seeFig. 1(b)),wheretheratio
³ = ­ 1=­ 2 changesfrom ³ (t0

i ) = 0 to ³ (t0
f ) = + 1 .

On the other hand, the laser3 is dominantfor both
the initial and �nal times where »3 = ­ 3=­ = 1.
Initially the BEC hasthe wave function ª( r ) and is
in the internal atomic ground state j1i which coin-
cideswith the �rst darkstateat the initial time t0

i , i. e.
jD1(r ; t0

i )i = j1i . Thefull initial atomicstatevectoris
thereforej©(r ; t0

i )i = ª( r )jD1(r ; t0
i )i . This provides

the following initial conditionfor themulticomponent
wave function:

ª( r ; t0
i ) =

Ã
ª( r )

0

!

: (13)

Equations(9) and(11)–(13)yield themulticomponent
wave functionafterthe�rst stage

ª( r ; t0
f ) = ª( r )

Ã
cos¯

¡ sin¯

!

; (14)

where

¯ =

+ 1Z

¡1

»3
@arctan ³

@x0 dx0 (15)

is themixing anglebetweenthedarkstatesacquiredin
the�rst stage.

Supposewe have the following laserbeams. The
secondbeam­ 2 is a Gaussianbeamcharacterizedby
a waist ¾z in the z direction. The beamis centredat
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Fig.2. Dependenceof themixing angle¯ ontherelativeamplitude
of thethird beam· . Thespatialseparationbetweenthe�rst andthe
secondbeamsis takento be2¢ = 1:2¾x where¾x is thewidth of

thebeamsin thesweepingdirection.

x0 = ¹x + ¢ in thesweepingdirectionandat z = 0 in
thez direction,

­ 2 = Ae¡ z2=¾2
z ¡ (x0¡ ¹x¡ ¢) 2=¾2

x : (16)

The �rst beam­ 1 is characterizedby thesameampli-
tude A, the samewaist ¾z, and the samewidth ¾x .
Yet it is centredat x0 = ¹x ¡ ¢ in the sweepingdi-
rection, where2¢ is the separationbetweenthe two
beams.Thebeamwaistsshouldbeof theorderof the
condensatelength(or larger) in thez direction,sothat
thewholecondensateis illuminatedby thebeams.

The third beamis consideredto changelittle along
thesweepingdirectionx. Furthermore,it hasthesame
width ¾z in thez directionasthe�rst two beams,

­ 3 = A · e¡ z2=¾2
z : (17)

The �rst stageis aimedat creatinga superposition
of statesj1i and j2i . Sincewe take all the beamsto
be Gaussianbeamscharacterizedby the samewidths
¾z, theRabi frequency ratios­ 2=­ 1 and­ 3=­ 1 have
no z dependence.As a resulttheacquiredmixing an-
gle ¯ hasno z dependence,i. e. it is uniform along
the BEC. The magnitudeof ¯ dependson the rela-
tive intensity of the third laser. If the third laser is
weak (»3 = ­ 3=­ ! 0 at the crossingpoint where
³ = ­ 1=­ 2 = 1), the mixing betweenthe statesj1i
and j2i is small: ¯ ¿ 1. On the other hand,if the
Rabi frequency ­ 3 is comparablewith ­ 1 and ­ 2 at
thecrossingpoint where³ = ­ 1=­ 2 = 1, themixing
canbe closeto its maximum: ¯ ¼ ¼=4. In this way,
onecancontrol the mixing angleby changingthe in-
tensityof the third beam,asonecanseefrom Fig. 2.

3.2.2.Thesecondstage
In the secondstagethe Rabi frequency ­ 1 can be

bothpositiveandnegativedependingonthetransversal
coordinatez. Thelaser1 is now applied�rst, sothatthe
ratio³ = ­ 1=­ 2 changesfrom ³ (t i ) = §1 to ³ (t f ) =
0 in thesecondstage.Again the third laserdominates
for the initial and�nal times: ­ 3=­ = 1. Thesecond
stagetakesplaceimmediatelyaftercompletingthe�rst
stage,sothemulticomponentwave functionof the�rst
stage(14) servesasan initial conditionfor thesecond
stage.

Equations(11), (12), and(14) togetherwith (2) and
(3) yield thetotal statevectorafterthesecondstage:

j©(r ; t f )i =

j1i ª( r )
³
sin° cos¯ ¡ eiº 12 cos° sin¯

´

¡ j2i ª( r )
³
cos° cos¯ + eiº 12 sin° sin¯

´
; (18)

whereº 12 = S1 ¡ S2 + S0
2 ¡ S0

1 is thephasemismatch
betweentheRabifrequencies­ 1 and­ 2 in the�rst and
secondstages.Theresultingmixing angleacquiredin
thesecondstageis

° ´ ° z =

+ 1Z

¡1

(1 ¡ »3)
@arctan ³

@x0 dx0: (19)

If the �rst andsecondlasersareweak(­ 3=­ ! 1 at
thecrossingpoint where³ = ­ 1=­ 2 = 1), themixing
angleis small: ° z ¿ 1. On theotherhand,if �rst and
secondlasersarestrongat this point, we have ° z !
¨ ¼=2. Thechangein signof ° z will introducea phase
shift which is neededto createsolitons.

In thesecondstagethe�rst beam­ 1 is a �rst-order
(in thez direction)Hermite–Gaussianbeamcentredat
z = 0 andx0 = ~x + ~¢ :

­ 1 = A
z
B

e¡ z2=¾2
z ¡ (x0¡ ~x¡ ~¢) 2=¾2

x ; (20)

wherez = § B representsadistancewhere­ 1 = § ­ 2
for x0 = ~x. In mostcasesof interestthedistanceB is
muchsmallerthanthe waist of the beams:B ¿ ¾z.
The secondbeam­ 2 is the ordinary Gaussianbeam
centredat z = 0 alongtheBEC andx0 = ~x ¡ ~¢ in the
sweepingdirection:

­ 2 = Ae¡ z2=¾2
z ¡ (x0¡ ~x+ ~¢) 2=¾2

x ; (21)

where2~¢ is the separationbetweenthe two beams.
TheratiobetweentheRabifrequenciesreadsthen:

³ =
­ 1

­ 2
=

z
B

e4 ~¢( x0¡ ~x)=¾2
x : (22)
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Equation(22)providesthefollowing limiting cases:

³ ´ ³ (z; x0) =

8
<

:

0; for x0 ! + 1 ;

§1 ; for x0 ! ¡1 :
(23)

Finally let usdeterminethecrossingpointwhere­ 1 =
­ 2. Using Eq. (22), the condition j³ j = 1 yields the
crossingpoint x0 = x0

cr for a �x edz coordinate:

x0
cr = ~x +

¾2

4~¢
ln

z
B

: (24)

Speci�cally, if z = B , the crossingpoint is x0
cr = ~x.

SinceB ¿ ¾, the Rabi frequenciesat z = B and
x0 = ~x are

­ 1 = ­ 2 ¼ Ae¡ ~¢ 2=¾2
x : (25)

In thenext subsectionweshallanalysein moredetail
themulticomponentwavefunctionaftercompletingthe
secondstage.

3.3.Multicomponentwavefunctionalter thesweeping

Supposethatthereisnophasemismatchbetweenthe
lasersof the �rst andsecondstages:º 12 = 0. In that
caseEq.(18)yields

j©(r ; t f )i = ª( r )[¡ sin(° z ¡ ¯ )j1i + cos(° z ¡ ¯ )j2i ] :
(26)

If ¯ = 0, thesecondcomponentis populatedafter the
�rst stage. After the whole sweepingthe statevector
thentakestheform

j©(r ; t f )i = ª( r )[¡ sin° z j1i + cos° z j2i ] : (27)

In thiscasethe�rst componentaltersthesignatz = z0

where the Rabi frequency ­ 1 or ­ 2 (and hence° z)
crossesthe zero-point. On the otherhand,the second
componentismaximumatthispointandsymmetrically
decaysto zeroaway from thispoint. Suchamulticom-
ponentwavefunctionhasashapecloseto thatof asoli-
ton of thedark–brightform (seeFig. 3). This will in-
deedleadto theformationof suchasoliton,asweshall
seefrom theanalysisof thesubsequenttime-evolution
presentedin thenext Section.

On theotherhand,̄ = ¼=4 correspondsto thecase
where both componentsare initially populatedwith
equalprobabilities.Thuswehaveafterthesweeping:

j©(r ; t f )i = ¡ ª( r ) [¡ sin(° z ¡ ¼=4)j1i

+ sin(° z + ¼=4)j2i ] : (28)

In thatcasebothcomponentsof thewave functionac-
quire a ¼ phaseshift in a vicinity of z = z0 where

Fig. 3. Multicomponentwavefunctionaftercompletingthesecond
stagein the casewherethe secondcomponentis populatedafter
the�rst stage(¯ = 0) andthereis no phasemismatchbetweenthe
lasersof the �rst andsecondstages(º 12 = 0). The secondand
third laserbeamsare taken to be the Gaussianbeamswith equal
widths¾z . The�rst laserbeamis the�rst orderHermite–Gaussian
beamwith samewidth ¾z . Theparametersusedare2 ~¢ =¾x = 1.2,
B =¾z = 0.1,and· = 0.1. Thewave functionof the�rst (second)

componentis plottedin asolid (dashed)line.

Fig. 4. Multicomponentwavefunctionaftercompletingthesecond
stagein the casewhereboth componentsare initially populated
after the�rst stage(¯ = ¼=4) andthereis no phasemismatchbe-
tweenthelasersof the�rst andsecondstages(º 12 = 0). Thesec-
ondandthird laserbeamsaretakento betheGaussianbeamswith
equalwidths ¾z . The �rst laserbeamis the �rst orderHermite–
Gaussianbeamwith samewidth ¾z . The parametersusedare
2~¢ =¾x = 1:2, B =¾z = 0:1, and· = 0:1. The wave function
of the�rst (second)componentis plottedin asolid (dashed)line.

­ 1 = 0, asonecanseeclearly in theFig. 4. Notethat
thezero-pointsof eachcomponentareslightly shifted
with respectto eachother. This makes it possibleto
producetwo-componentdark–darksolitonsoscillating
aroundeachother, asweshallseein thefollowing Sec-
tion.
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If ¯ = ¼=4 , yet there is a ¼=2 phasemismatch
(º 12 = ¼=2), Eq.(18) reducesto

j©(r ; t f )i = ¡ ª( r )ei° z
1

p
2

[j2i ¡ ij1i ] : (29)

In that caseboth componentsarecharacterizedby the
samespatialmodulationexp(i° z) andhave a relative
phase¼=2 after thesweeping.Thereforebothcompo-
nentsinitially have thesamevelocity distribution pro-
portionalto r ° z. Furthermore,thereis no hole in the
atomicdensityof neithercomponentafter the sweep-
ing, like is thecasein thephaseimprinting techniques.

In thisway, thecreationof solitonscanbecontrolled
by changingthe mixing angle ¯ and the phasemis-
matchº 12

4. Subsequentdynamicsand soliton formation

Theopticalpreparationof theinitial stateof thetwo-
componentBose–Einsteincondensatedescribedin the
previous section,is fastcomparedto any characteris-
tic dynamicsin the Bose–Einsteincondensate.This
is the caseif the time ¿sweep = d=v it takesto sweep
thelaserbeamsthrougha BEC of thewidth d is small
comparedto the time associatedwith theBEC chemi-
cal potential¿¹ = ~=¹ which is typically of theorder
of 10¡ 5 s. With thepreparedinitial stateandfor suf�-
ciently low temperatureswe canthereforedescribethe
subsequentdynamicsusing a two-componentGross–
Pitaevskii equation[12]

i~
@
@t

ª 1 = (30)

=
·

¡
~2

2m
r 2 + V(z) + g11jª 1j2 + g12jª 2j2

¸
ª 1 ;

i~
@
@t

ª 2 = (31)

=
·

¡
~2

2m
r 2 + V(z) + g22jª 2j2 + g12jª 1j2

¸
ª 2 :

Theexternalpotentialis herechosento bequadraticin
thez direction,

V (z) =
1
2

m! 2z2 ; (32)

where! is the trapfrequency andm theatomicmass.
Thetwo-bodyinteractionsaredescribedby

gij =
4¼~2aij

mS
; i; j = f 1; 2g; (33)

with the scatteringlengths aij which representthe
intra- and inter-collisional interactionsbetweenthe
atoms in the states1 and 2. In Eq. (33) we have
introducedthe effective cross-sectionS of the elon-
gated cloud. Strictly speakingthe elongated Bose–
Einsteincondensateis three-dimensional.If, however,
the transversaltrappingis suf�ciently strong,the dy-
namicscanbeconsideredeffectively one-dimensional,
asin Eqs.(31) and(32). This requiresthat the corre-
spondingtransversalgroundstateenergy is muchlarger
than the chemicalpotential of the condensate. We
choosethenormalisationas

R
dzjª i (z)j2 = N i , where

N i is theparticlenumberin condensatei (i = 1; 2).
With the initial statesfrom the previous section

we can simulatethe dynamicsof the Bose–Einstein

(a) (b)

Fig. 5. Thedark–brightsoliton.Thetwo �gures show theone-dimensionaldensityasa functionof time for component1 and2. Thelighter
(darker) colourscorrespondto higher(lower)atomicdensities.
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(a) (b)

Fig. 6. Theboundstatedark–darksoliton. For suf�ciently low initial solitonvelocitiesthetwo darksolitonsperformanoscillatorymotion
aroundeachother. The�gures show theone-dimensionalatomicdensityasa functionof time for component1 and2. Thelighter (darker)

colourscorrespondto higher(lower)densities.

(a) (b)

Fig. 7. Theco-propagatingdark–darksolitons.If theinitial phasegradientsof thetwo solitonsolutionsarechosento bethesame,thedark
solitonspropagatein unison.Thetwo �gures show theone-dimensionaldensityasa functionof time for component1 and2. The lighter

(darker) colourscorrespondto higher(lower)atomicdensities.

condensate. We considera condensatewith g11 : g12 :
g22 = 1.0: 0.97: 1.03,whereg12N1 = 286 andN1 =
N2. Theunit of lengthis

p
~=(m! ) andtimeis in units

of ! ¡ 1. In Fig. 5 we show thedark–brightsolitondy-
namicswhoseinitial stateis preparedby choosinḡ =
0 andº 12 = 0. Thetwo-componentsystemwhich has
onedark soliton in component1 anda bright soliton
in component2 is stable,i. e. the solitonsarestation-
ary. This shows that the initial stateis indeedcloseto
theexactsolitonsolution.If theinitial stateis prepared
with ¯ = ¼=4 andº 12 = 0, on theotherhand,thedy-
namicsis strikingly different,seeFig. 6. In this case
we createtwo darksolitonswith oppositephasegradi-

ents,hencethereis an oscillatorymotion, sometimes
referredto asa solitonmolecule.Sucha boundstateis
only stableif thesolitonvelocitiesarelow [12] which
is indeedthe casehere. Alternatively, with ¯ = ¼=4
andº 12 = ¼=2, thesolitonsmove in unisonasshown
in Fig. 7. The large oscillatory motion appearingin
Fig. 7 stemsfrom the fact that the condensatedensity
is not homogeneous,hencethe solitonsexperiencean
effective trap[11].
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5. Conclusions

In summary, we have proposeda new methodof
creatingsolitonsin elongatedBose–Einsteinconden-
sates(BECs) by sweepingthreelaserbeamsthrough
theBEC.If oneof thebeamsis the�rst order(TEM10)
Hermite–Gaussianmode,its amplitudehasa transver-
sal¼phaseslip which will betransferredto theatoms
thuscreatinga soliton. Using this methodit is possi-
ble to circumvent the restrictionsetby the diffraction
limit. The methodallows one to createmulticompo-
nent(vector)solitonsof thedark–brightform aswell as
thedark–darkcombination.In additionit is possibleto
createin a controllableway two or moreslowly mov-
ing dark solitonscloseto eachother for studyingthe
collisionalproperties.For this the�rst beam­ 1 should
representa superpositionof thezeroandsecondorder
Hermite–Gaussianmodesin thesecondstage.Thesoli-
ton collisions will be consideredin more detail else-
where.
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360 G. Juzelīunasetal. / LithuanianJ. Phys.47, 351–360(2007)

SOLIT ON �U SUKŪRIMAS ATOM �U BOZ �E IR EINŠTEINO KONDENSATUOSE, ADIAB ATIŠKAI
KEI �CIANT TAMSIAS BŪSENAS
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Santrauka

Pasīulytas naujasbūdassolitonamssukurti pailguoseBoz�e ir
Einšteinokondensatuose.Solitonaisukuriamibraukianttrimis la-
zeri �u pluoštaisperkondensat�a. Jeivienasiš pluošt�u aprašomaspir-
moseil�es(TEM10) Ermito ir Gausomoda,elektrinio lauko amp-
litud�e pluoštocentreturi skersin�i ¼dyd�io faz�esšuol�i, kuris gali
būti perkeltasatomams,taip sukuriantsoliton�a. Naudojantmūs�u

būd�a, galima išvengti difrakcijos apribojimo faz�es šuoliui, pasi-
reiškian�cio �iprastamesoliton�u suk̄urimo metode,apšvie�ciant dal�i
kondensatoir taip u�rašant faz�e. Mūs�u metodasleid�ia sukurti
daugiakomponen�cius(vektorinius)tamsaus–tamsausbei tamsaus–
šviesauspavidalo solitonus.Be to, galimakontroliuojamaisukurti
du ar daugiaul �etai judan�ciussolitonus,esan�ciusarti vienaskito, ir
taip tirti j �u susid̄urimus.


